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Thus	2n	≥	n2	for	every	integer	n	≥	4.	Determine	with	explanation	whether	f	16.	Indeed,	Result	3.19	could	have	been	stated	as	The	sum	of	two	rational	numbers	is	rational.	Input:	An	odd	positive	integer	n	and	a	sequence	s:	a1	,	a2	,	.		There	are	occasions	when	we	are	interested	in	integers	that	are	near	some	given	real	number,	namely	those	obtained
by	rounding	up	or	rounding	down	the	real	number	to	the	nearest	integer.	160	CHAPTER	5.	Define	the	function	g	:	Q	×	Q	→	C	by	g((a,	b))	=	a	+	b	2	for	all	(a,	b)	∈	Q	×	Q.	(d)	R4	=	{(1,	2),	(3,	4)}.	When	the	outdegrees	of	the	vertices	of	a	digraph	are	summed,	each	directed	edge	is	counted	exactly	once.	Outputs	the	information	that	the	number	of
interest	is	not	in	the	sequence	if	the	index	equals	1	plus	the	size.	w2	...	(a)	3n	=	Θ(n).	Let	15.1.	FUNDAMENTAL	CONCEPTS	OF	DIGRAPH	THEORY	563	C	=	(v1	,	v2	,	.	Thus	f	is	not	bijective,	producing	a	contradiction.	Then	different	elements	of	A	must	have	different	images	in	B.	.............r	.....	Finally,	suppose	that	P	and	Q	are	both	false.	By	the	same
reasoning,	if	R	is	the	empty	relation	on	S,	then	R	is	transitive.	By	Corollary	14.8,	G	contains	a	vertex	v	with	deg	v	≤	5.	Let	P	be	a	longest	path	in	G.	(a)	Determine	the	domain,	codomain	and	range	of	f	.	Before	describing	why	this	is	the	case,	let	us	return	to	finite	sets.	Then	x	∈	A	and	x	∈	/	B.	Full	column	rank	r	=	n.	The	smaller	of	these	two	numbers	is
removed	from	the	relevant	list	and	becomes	the	first	term	of	the	desired	list.	Then	a	∨	b	=	a	∨	c	=	1	and	a	∧	b	=	a	∧	c	=	0.	It	is	simply	too	complicated	and	too	time-consuming	(and	too	expensive)	to	compare	every	pair	of	computer	programs	by	running	them	with	the	same	data	set.	However,	since	P	is	true,	the	defendant	committed	the	robbery.
Consequently,	a	∧	b	=	a	if	and	only	if	a	∨	b	=	a.	(g)	Q.	Suppose	that	3n2	−	n	−	2	=	0.		initial	list	sorted	list	Figure	6.9:	Sorting	the	list	in	Example	6.42	by	the	Insertion	Sort	Algorithm	The	Merge	Sort	Algorithm	A	more	efficient	algorithm	for	sorting	the	numbers	in	a	list	is	the	Merge	Sort	Algorithm	–	so	named	because	in	the	process	of	using	this
algorithm,	pairs	of	sorted	lists	are	merged	into	larger	sorted	lists	until	the	final	desired	sorted	list	has	been	obtained.	(b)	{(a,	b),	(b,	a)}.	Investigate,	for	all	real	numbers	x,	the	truth	or	falseness	of	the	implication	P	(x)	⇒	Q(x):	If	x	−	2	=	0,	then	x2	−	x	−	2	=	0.	Notice	that	even	though	D	is	empty,	its	power	set	P(D)	is	nonempty.	(b)	If	you	study	discrete
mathematics,	then	you	should	do	well	in	this	course.	,	an	},	then	express	in	words	what	the	sum	n	X	(g	◦	f	)(ai	)	=	(g	◦	f	)(a1	)	+	(g	◦	f	)(a2	)	+	·	·	·	+	(g	◦	f	)(an	)	i=1	represents.	(b)	Assuming	that	S	is	true	and	that	I	went	to	the	party	tonight,	does	this	mean	that	I	got	paid	today?	Then	there	exist	a	positive	constant	C	and	a	positive	integer	k	such	that	n2
≤	C(5n	+	7)	for	7C	every	integer	n	≥	k.	Observe	that	for	n	≥	1,	2n+1	<	1	+	2	·	2n	≤	1	+	(n	+	1)2n	.	For	example,	consider	the	expression	3n2	−n+3,	where	n	∈	N.	When	i	reaches	the	value	b,	the	step	or	steps	are	executed	for	the	last	time.	539	14.2.	COLORING	GRAPHS	H:	2	2	1	2	4	3	..	Then	by	Kruskal’s	algorithm,	T	be	a	minimum	spanning	tree	of
G.	That	the	statements	P	⇒	Q	and	(∼	P	)	∨	Q	are	logically	equivalent	is	verified	in	the	truth	table	in	Figure	1.12.	.,	an	of	n	≥	2	i=1	9.	Hence	Gn	has	exactly	one	isolated	vertex.	(e)	{−2,	−1,	.	In	Step	4,	p	is	assigned	the	value	⌊(6	+	10)/2⌋	=	8.	159	5.3.	FUNCTIONS	5.3	Functions	In	a	relation	from	a	set	A	to	a	set	B,	an	element	of	A	may	be	related	to	all,
some	or	no	elements	of	B.	Prove	that	n4	is	odd	if	and	only	if	n	is	odd.	s	s	s	s	s	s	s	.	Section	12.4	1.	Thus,	as	we	claimed,	∅	⊆	A	for	every	set	A.	Then	IAI	=	0	when	A	is	singular.	In	particular,	ak	=	k	2	and	ak−1	=	(k	−	1)2	.	Once	again,	a	proof	by	contradiction	was	used	as	the	proof	technique	to	verify	Result	3.45.	=	2	2	2	2	By	the	Strong	Principle	of
Mathematical	Induction,	Fn	≤	ger	n.	(5.4)	Consequently,	we	have	the	following,	which	is	the	contrapositive	of	the	implication	(5.4):	If	|A|	<	|B|,	then	there	is	no	onto	function	from	A	to	B.	2(k	+	2)(k	+	3)	2k	+	6	By	the	Principle	of	Mathematical	Induction,	positive	integer	n.	Next,	we	show	that	f	−1	(B1	)	∩	f	−1	(B2	)	⊆	f	−1	(B1	∩	B2	).	(d)	D	=	{{a},
{b}}.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	639	17.	(b)	If	x,	y	6=	g,	then	X(x,	y)	=	0	and	X(x,	y)	=	1	if	one	of	x	and	y	is	g.	Next,	we	show	√	that	f	is	onto.	A	bottle	(without	markings)	contains	4	ounces	of	liquid.	In	the	first	addition,	when	computing	a	+	b	for	any	two	integers	a	and	b	expressed	in	base	2,	we	add	the	two	bits	a0	and
b0	,	write	down	0	if	we	are	adding	0	+	0	or	1	+	1	or	write	down	1	if	we	are	adding	1	+	0	or	0	+	1.	(3k	+	1)(3k	+	4)	3k	+	4	By	the	Principle	of	Mathematical	Induction,	positive	integer	n.	On	the	other	hand,	if	we	use	a	proof	by	contrapositive,	then	we	begin	by	assuming	that	n	is	an	odd	integer.	Since	k	−	2n	+	3	is	an	integer,	n	is	odd.	Therefore,	none	of
the	sentences	3–5	are	statements.	Let	x	∈	R.	Then	the	orientation	D	of	G	obtained	from	D1	,	D2	and	D3	by	adding	the	arcs	(u,	v)	and	(x,	y)	has	the	desired	property.	When	each	term	of	a	string	is	a	bit,	S	=	{0,	1}	and	the	string	is	called	a	binary	string	or	a	bit	string.	Next,	we	verify	the	converse,	that	is,	if	3m	+	5n	is	even,	then	m	and	n	are	of	the	same
parity.	(b)	State	∀n	∈	S,	P	(n)	in	words	and	determine	its	truth	value.	Also,	since	5k	and	4	are	integers,	so	is	5k	+	4.	1	b	......	These	types	of	relations	have	a	familiar	name	and	will	be	discussed	in	this	section.	Since	x	∈	A	−	C,	it	follows	that	x	∈	A	and	x	∈	/	C.	6,0,0	..	Thus,	ak+1	=	2k	+1	for	every	positive	integer	k.	Since	2	is	an	element	of	D,	it	follows
that	{2}	⊆	D.	The	Principle	of	Finite	Induction	Let	P	(n)	be	an	open	sentence	over	the	domain	S.	(iii)	Suppose	next	that	Dickens	went	to	Las	Vegas.	Let	x	∈	[a].	548	CHAPTER	14.	if	b	<	x	then	x	:=	b	[if	b	<	x,	then	x	is	assigned	the	value	b]	3.	3	6	9	10	Exercise	7	.......		Example	1.68	You	are	given	two	wicks	(the	wicks	only,	not	as	parts	of	candles),	each
of	which	takes	one	hour	to	burn	completely	and	neither	of	which	burns	at	a	constant	rate.	All	light	switches	are	in	the	down	position	and	so	all	light	bulbs	are	dark.	Step	4	then	outputs	x,	namely	4.	(b)	C	×	B	×	A.	2		2	According	to	Example	6.19	then,	2n	+	6	=	Θ(3n	+	3n).	{(a,	a),	(a,	b),	(a,	c),	(b,	a),	(b,	b),	(b,	c)}.	In	the	proof,	we	used	the	phrase	to	the
contrary.	Here,	some	sort	of	information	is	input,	which	is	processed,	resulting	in	an	output	of	some	type.	Robbins	was	not	only	a	well-known	statistician	but	a	co-author	(with	Richard	Courant)	of	the	popular	mathematics	book	What	is	Mathematics?	Let	S	=	{	2	,	2}.	Theorem	6.23	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions.	Since	y	∈	A,	it	follows
that	y	∈	A	−	C.	(b)	What	is	the	domain,	codomain	and	range	of	f	?	But	Proof	Analysis.	There	exist	irrational	numbers	a	and	b	such	that	ab	is	rational.	Then	2a	=	2b.	Let	f	and	g	be	two	functions	defined	by	f	(n)	=	12	n2	+	5n	+	1	and	g(n)	=	2n2	+	3.	35.	Since	sin2	x	+	cos2	x	=	1,	it	follows	that	(sin2	x	+	cos2	x)4	=	14	=	1.	Example	1.62	For	every	two
statements	P	and	Q,	the	statement	(∼	Q)	∨	(P	⇒	Q)	is	a	tautology.	In	fact,	as	we	have	seen,	if	f	:	A	→	B,	then	A	and	B	need	not	even	be	sets	of	numbers.	The	singular	of	automata	is	automaton.	So	P(A)	6=	P(B).	(b)	C	(c)	Figure	2:	Venn	diagrams	for	Exercise	5	9.	c2	.........	(a)	A	=	{{∅}}.	This	method	of	proof	is	called	a	proof	by	contrapositive.	More
specifically,	we	have	the	following	definition.	(d)	The	elements	1,	2	and	3	belong	to	E.	Is	f	a	function	from	S	to	S?		There	are	instances	when	we	encounter	quantified	statements	containing	both	universal	and	existential	quantifiers.	x	=	2,	y	=	1.	−5	is	odd	is	a	necessary	and	sufficient	condition	for	23	+	1	to	be	even.	x	.......	R−	:	the	set	of	negative	real
numbers.	(a)	a	≤	2	or	a	>	−2.	1	2	3	4	r	r	r	r	r	ra	rb	rc	rd	B	...........	Since	P	is	a	longest	path	in	T	,	the	arcs	(v,	v1	)	and	(vk	,	v)	do	not	belong	to	T	,	for	otherwise,	a	longer	path	exists.	If	P	(i)	for	each	i	∈	N	with	1	≤	i	≤	k,	then	P	(k	+	1).	It	turns	out	that	this	is	true	in	general.	Since	ba	=	ab,	it	follows	that	ba	≥	0	and	so	b	R	a.	countable	set:	a	set	that	is
either	finite	or	denumerable.	Blaise	Pascal	himself	was	not	aware	of	what	al-Karaji	had	done	but	during	the	middle	of	the	17th	century	Pascal	wrote	the	following:	Even	though	this	proposition	may	have	an	infinite	number	of	cases,	I	shall	give	a	very	short	proof	of	it	assuming	two	lemmas.	The	graph	H	surely	does	not	contain	K5	as	a	subgraph	since	K5
has	five	vertices	of	degree	4	and	H	has	no	vertices	of	degree	4	or	more.	In	the	second	addition,	we	add	1	+	1,	which	is	2	(in	decimal)	and	10	(in	binary).	For	example,	a	finite-state	automaton	might	model	the	road	network	of	a	town	(see	Figure	15.28).	if	y	<	ai	<	x	then	y	:=	ai	[if	ai	>	y	but	ai	6=	x,	then	a	value	larger	than	y,	but	not	the	largest	number
in	s,	has	been	found	and	y	is	replaced	by	ai	]	8.	4	3	.	Whether	one	is	considering	science,	medicine	or	space	exploration,	nearly	every	human	endeavor	has	seen	its	history	marked	by	advances,	corrections	and	reversals.	He	gave	an	argument	for	n	=	1	and	an	argument	for	n	=	2	based	on	his	argument	for	n	=	1	and	an	argument	for	n	=	3	based	on	what
he	did	for	n	=	2.	4	....	Adding	these	two	expressions	for	A,	namely	A=	A=	1	+	n	+	2	+	(n	−	1)	+	3	+	(n	−	2)	+	···	+	···	+	(n	−	2)	+	3	+	(n	−	1)	+	2	+	n	1	we	obtain	2A	=	(n	+	1)	+	(n	+	1)	+	·	·	·	+	(n	+	1).	In	general,	for	n	∈	N,	f	(n)	is	the	nth	number	encountered	in	this	manner	that	has	not	been	previously	encountered.	RELATIONS	AND	FUNCTIONS	f
.....	f2	=	{(a,	0),	(b,	1)}.	Theorem	5.84	If	A	and	B	are	disjoint	denumerable	sets,	then	A	∪	B	is	denumerable.	Hence	G1	∼	=	G2	.	P13	=	{{c},	{a,	b,	d}}.	Determine	whether	the	following	is	true.	.......................................................................................................................................................	Since	the	vertex	s	is	adjacent	to	every	vertex	of	C,	it	follows	that
χ(G)	≥	4.	(b)	State	the	contrapositive	of	this	implication.	s	s	s	s	s	s	1,	1	Figure	15.33:	The	state	digraph	for	the	finite-state	machine	in	Exercise	3	4.	Definition	5.71	Two	nonempty	sets	A	and	B	(finite	or	infinite)	are	defined	to	have	the	same	cardinality,	written	|A|	=	|B|,	if	there	exists	a	bijective	function	from	A	to	B.	Since	R	is	an	equivalence	relation,
there	is	an	equivalence	class	associated	with	each	element	of	N	×	N.	If	we	use	the	Principle	of	Mathematical	Induction,	then	m	would	have	the	value	1,	which	means	that	this	is	also	an	application	of	the	Principle	of	Mathematical	Induction	as	stated	in	Section	4.1.	Result	4.9	For	every	positive	integer	n,	2n	>	n.	Hence	P	contains	at	least	δ	+	1	vertices
and	so	its	length	is	at	least	δ.	For	A	=	{a,	b},	determine	A	×	P(A).	if	c	<	x	then	x	:=	c	[if	c	<	x,	then	x	is	assigned	the	value	c]	4.	If	the	order	of	G′	is	2n,	what	is	the	size	of	G′	?	0,	0..............	Also,	if	[a]	∩	[b]	6=	∅,	then	[a]	=	[b].	Using	a	direct	proof	seems	to	be	the	appropriate	method.	3...	Assume	that	n	is	an	even	integer.	A	few	additional	comments	are
useful	when	giving	a	direct	proof	of	the	quantified	statement	∀x	∈	S,	P	(x)	⇒	Q(x).	Equivalently,	f	is	onto	provided	the	range	of	f	is	f	(A)	=	B.	These	are	the	internal	states	of	the	machine.	D.	qq	.	LD,	N	.......	(a)	∼	(P	⇒	Q)	⇒	P	.	By	the	inductive	step	again,	If	P	(2),	then	P	(3).	0,	1	1,1.	Therefore,	for	every	integer	n	≥	2,	3n2	+	6	≤	3(n3	+	n).	(b)	There	exists
a	positive	even	integer	n	such	that	2n−2	is	an	even	integer.	(b)	If	18	is	odd,	then	3	is	even.	So	w(T	′	)	=	w(T	).	Proof	Strategy:	In	order	to	show	that	f	is	onto,	it	is	necessary	to	show	that	every	real	number	is	the	image	of	some	real	number.	If	(u	=	v0	,	v1	,	v2	,	.	On	the	other	hand,	f	(s1	,	a)	=	s0	and	f	(s2	,	c)	=	s0	.	........................	Prove	that	1	+	r	+	r2	+	·
·	·	+	rn	=	11.	Sets	2.1.	2.2.	2.3.	2.4.	3.	Definition	5.14	A	relation	R	on	a	nonempty	set	is	an	equivalence	relation	if	R	is	reflexive,	symmetric	and	transitive.	statement:	a	declarative	sentence	that	is	true	or	false	but	not	both.	The	three	dots	“.	Prove	that	n3	is	even	if	and	only	if	n	is	even.	Of	course,	if	the	six	committee	meetings	are	scheduled	one	after
another,	then	this	will	take	9	hours	and	it	will	be	a	long	day,	to	everyone’s	displeasure.	To	prove	that	∀x	∈	S,	P	(x)	⇔	Q(x)	is	true,	we	must	prove	that	both	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true	and	∀x	∈	S,	Q(x)	⇒	P	(x)	is	true.	(a)	bijective.	(d)	If	Rob	can’t	get	a	car	to	drive,	then	he	won’t	take	Sue	to	the	movies.	v	u	.......	Unlike	uv	and	vu,	which	represent	the	same
edge	in	a	graph,	the	directed	edges	(u,	v)	and	(v,	u)	in	a	digraph	are	not	the	same.	proof	by	contradiction:	see	contradiction,	proof	by.	Therefore,	(b)	is	false.	Let	(u,	v)	and	(v,	w)	be	two	arcs	of	T	.	In	any	case,	bi	=	0	for	some	integer	i	(1	≤	i	≤	k	+	1).	So	max(9,	14,	7,	17)	=	17	and	max(11,	16,	16,	13)	=	16.	q	y	y	...	one-to-one	correspondence:	a	bijective
function.	649	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	McGwire	......	(c)	What	can	you	say	about	the	graph	G	in	(a)	and	the	digraph	D	in	(b)?	Describe	this	relation	by	a	diagram.	Since	G	−	u	and	G	−	v	are	both	trees	of	order	n	−	1,	the	sizes	of	G	−	u	and	G	−	v	are	both	n	−	2.	Taking	C	=	1	and	k	=	4	in	the	definition,	we	see	that	n2	=
O(2n	).	14x6	y	5	.	25	s1	s2	s3	s3	s0	s1	s2	s3	f	50	LD	s2	s0	s3	s1	s3	s2	s3	s0	FS	s0	s1	s2	s0	25	N	N	N	25	50	N	N	25	50	g	LD	N	N	N	det	FS	N	N	N	sof	These	ideas	are	further	illustrated	with	some	abstract	examples	of	finite-state	machines.	(g)	exclamatory.	Because	3b2	is	an	integer,	a2	is	even.	(d)	I.	Example	5.60	Determine	whether	the	function	g	:	R+	→
R	defined	by	g(x)	=	√	x	for	all	x	∈	R+	is	bijective.	(See	also	Exercise	12.)		In	Example	2.31	of	Chapter	2	we	verified	the	following:	Let	A,	B	and	C	be	sets.	By	assigning	z	the	color	k	+	1,	a	(k	+	1)-coloring	of	H	is	obtained,	which	implies	that	χ(H)	≤	k	+	1.	The	nth	term	of	the	sequence	is	therefore	an	.	The	day	of	their	visit,	however,	happened	to	be	one	of
the	days	when	final	exams	were	given	in	the	high	school.	A	finite	sequence	is	also	referred	to	as	a	string.	Some	still	do.	Since	2kℓ	+	k	+	ℓ	is	an	integer,	mn	is	odd.	Example	6.39	Use	the	Insertion	Sort	Algorithm	to	sort	the	list	s	:	5,	2,	4,	6,	1,	3	from	smallest	to	largest.	ALGORITHMS	AND	COMPLEXITY	We	now	use	a	for	loop	to	write	a	more	general
algorithm	that	finds	the	largest	number	in	a	potentially	long	list	of	numbers.	By	Steps	1	and	2,	a	=	1	and	b	=	9.	Another	logical	question	that	could	be	asked	about	the	proof	of	Result	4.31	is	why	the	Strong	Principle	of	Mathematical	Induction	was	used	rather	than	the	standard	Principle	of	Mathematical	Induction.	w	............	What	we	want	to	do
therefore	is	to	write	algorithms	that	will	solve	the	problems	mentioned	above	for	lists	containing	a	great	many	numbers.	(d)	2,	8,	18,	32,	.	(b)	P2	=	{{1,	4},	{2,	8},	{3,	5,	7}}.	y	=	f	(x)	...	So	we	begin	by	assuming	that	k!	>	2k	.	What	is	wrong	with	the	preceding	proof?	For	every	vertex	v	~	v)	≤	2.	Suppose	that	all	lights	are	off	originally.	A	coloring	of	the
arcs	of	D	is	called	a	proper	coloring	if	no	two	arcs	leaving	the	same	vertex	of	D	are	colored	the	same.	Then	mn	is	odd	if	and	only	if	m	and	n	are	both	odd.	(a)	State	P	(n)	for	each	n	∈	S	and	determine	the	truth	value	of	each	such	statement.	For	example,	a0	,	a1	,	a2	,	.	Of	course,	the	problem	with	comparing	m	and	3n	−	6	is	that	it	may	be	that	m	≤	3n	−
6,	in	which	case	we	have	learned	nothing.	(a)	Find	an	input	string	that	results	in	a	directed	path	in	D	whose	output	string	is	a	number	(expressed	in	base	2)	of	maximum	value.	Assume,	to	the	contrary,	that	there	is	a	largest	negative	rational	number	r.	2	1	.	In	this	chapter,	however,	we	will	be	content	to	introduce	the	basic	concepts,	notation	and	ideas
of	elementary	set	theory.	Hence	5n	+	2	=	5(2k)	+	2	=	10k	+	2	=	2(5k	+	1).	(See	Figure	14.29.)	Therefore,	interchanging	the	colors	of	the	vertices	in	H1	has	no	benefit	as	the	neighbors	of	v	are	still	colored	with	five	colors.	When	this	occurs,	we	ordinarily	choose	to	prove	only	one	case,	saying	that	we	are	doing	this	without	loss	of	generality	(that	is,
nothing	is	lost	by	considering	only	one	of	the	cases).	Since	n	is	even,	n	=	2k	for	some	integer	k.	598	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	25.	(a)	219.	Section	9.3	1.	In	Step	4,	i	is	increased	to	n	+	2.	Let’s	take	another	look	at	the	proof	we	just	gave	of	Result	4.32.	Prove	that	if	every	vertex	of	a	digraph	D	has	positive	outdegree,
then	D	contains	a	directed	cycle.	Example	2.38	For	the	sets	A	=	{1,	2}	and	B	=	{x,	y,	z},	determine	A	×	B,	B	×	A,	A	×	A	and	B	×	B.	A	relation	R	on	a	nonempty	set	A	is	defined	to	be	circular	if	whenever	a	R	b	and	b	R	c,	then	c	R	a	for	all	a,	b,	c	∈	A.	Because	2	≤	3,	we	perform	Steps	3	and	4.	One	such	edge	is	v3	u1	and	a	cycle	containing	this	edge	is	C	′
=	(v3	,	u1	,	u2	,	u3	,	u4	,	u5	,	u7	,	u6	,	v4	,	v3	).	Ordered	3-tuples	are	also	called	ordered	triples.	(b)	x	R2	y	if	y	≤	2x	+	1.	1/3.	(2)	The	graph	G	+	uv	is	nonplanar.	2	......	implication,	P	⇒	Q:	if	P	,	then	Q,	where	P	is	the	hypothesis	of	P	⇒	Q	and	Q	is	the	conclusion	of	P	⇒	Q.	(c)	It	is	impossible	to	determine	whether	(a)	or	(b)	occurs.	Therefore,	the	decision	to
use	a	proof	by	contrapositive	was	based	on	allowing	us	to	make	an	initial	assumption	that	leads	to	a	clear	and	simple	proof.	A	is	lighter	5	...	197	198	CHAPTER	6.	For	an	open	sentence	R(x)	over	a	domain	S,	the	negation	of	∀x	∈	S,	R(x)	is:	∼	(∀x	∈	S,	R(x)):	It	is	not	the	case	that	R(x)	for	every	x	∈	S.	These	examples	are	meant	only	to	show	that	there	is
not	always	just	one	technique	that	can	be	used	to	verify	the	truth	of	a	given	statement.	x	=	5	implies	that	x2	=	25.	Then	2a	=	2b	and	so	2a	=	2b.	Thus	f	is	onto.	transition	table	(or	state	table):	a	table	describing	the	states	and	functions	in	a	finite-state	machine	or	a	finite-state	automaton.	Assume,	to	the	contrary,	that	a	≤	2k,	b	≤	2k	+	1	and	c	≤	2k.
Prove	or	disprove	the	following:	(a)	Let	n	be	a	positive	integer.	All	of	the	relations	R1	,	R3	,	R4	and	R5	are	transitive.	Theorem	5.22	Let	R	be	an	equivalence	relation	on	a	nonempty	set	A	and	let	a	and	b	be	elements	of	A.	Theorem	5.78	Every	infinite	subset	of	a	denumerable	set	is	denumerable.	2	ˆ	A	tournament	T	is	transitive	if	and	only	if	no	two
vertices	of	T	have	the	same	outdegree.	Q(n):	7n	−	3	=	0.	•	The	set	R	of	real	numbers	is	uncountable.	On	the	other	hand,	u	and	w	are	necessarily	connected	in	G.	.....................................................	Define	f	:	V	(G1	)	→	V	(G2	)	by	f	(u1	)	=	v2	,	f	(v1	)	=	w2	,	f	(w1	)	=	z2	,	f	(x1	)	=	u2	,	f	(y1	)	=	x2	,	f	(z1	)	=	y2	and	g	:	V	(H1	)	→	V	(H2	)	by	g(p1	)	=	r2	,	g(q1	)	=
s2	,	g(r1	)	=	p2	,	g(s1	)	=	q2	,	g(t1	)	=	t2	.	2.......	On	the	other	hand,	f	(A1	)	=	f	({1,	2})	=	{a,	b}	and	f	(A2	)	=	f	({2,	3})	=	{a,	b};	so	f	(A1	)∩f	(A2	)	=	{a,	b}.	Then	m	6=	0	and	n	6=	0.	B	C	Figure	5:	An	internet	weighted	directed	graph	The	information	supplied	by	Figure	5	can	also	be	given	in	the	table	(the	matrix)	é	ê	ê	ê	ê	ê	ë	0	0	1	1	2	1	3	1	3	1	3	0	0	1	2	1
2	0	ú	0	ú	ú	1	ú	2	ú	û	0	0	ù	A	deeper	look	at	this	information	requires	more	mathematics,	such	as	the	subject	of	linear	algebra.	3,2,1	...	,	n	−	2	and	one	vertex	of	one	of	these	degrees.	Note	that	G	is	connected	and	(1)	every	vertex	of	G1	in	G	has	degree	r1	+	n2	+	n3	,	which	is	even,	(2)	every	vertex	of	G2	in	G	has	degree	r2	+	n1	+	n3	,	which	is	even	and	(3)
every	vertex	of	G3	in	G	has	degree	r3	+	n1	+	n2	,	which	is	even.	Since	(1	+	x)1	=	1	+	1x,	the	inequality	holds	when	n	=	1.	Let	v	∈	V	(G)	with	deg	v	=	δ(G).	Compositions	of	Bijective	Functions	If	f	and	g	are	two	functions	for	which	the	composition	g	◦	f	is	defined,	then	g	◦	f	is	one-to-one	whenever	f	and	g	are	one-to-one.	For	the	function	f	:	R	→	R	defined
by	f	(x)	=	3x	+	2,	which	is	bijective,	we	write	y	=	3x	+	2.	if	ai	=	k	then	output	k	“is	in	the	sequence”	and	i	:=	n	+	1	[it	is	determined	whether	ai	=	k]	4.	Next,	suppose	that	χ(H)	=	k	and	let	c	be	a	k-coloring	of	H	with	the	colors	1,	2,	.				Pn	Pn	Pn	27.	Now	(k	+	1)!	=	(k	+	1)k!	>	(k	+	1)k	2	=	k	3	+	k	2	=	k	2	+	k	·	k	2	≥	k	2	+	16k	=	k	2	+	2k	+	14k	>	k	2	+	2k
+	1	=	(k	+	1)2	.	(c)	∼	(P	⇔	Q)	≡	P	⇔	(∼	Q).	For	the	converse,	let	G	be	a	graph	of	order	n	that	is	not	complete.	The	set	of	nonnegative	integers	and	the	set	of	nonpositive	integers	are	not	disjoint,	however,	since	0	belongs	to	both	sets.	Assume	that	m	and	n	are	of	the	same	parity.	Possibly	exercises	could	be	presented	to	serve	as	examples.	q	2	q	1	q	0	1
−1	y	=	⌈x⌉	q	...........	..r.........................................r	........	′	............	Since	r	and	s	are	rational	numbers,	r	=	a/b	and	s	=	c/d,	where	a,	b,	c,	d	∈	Z	and	b,	d	6=	0.	(e)	(0.51)5	+	(0.49)5	≈	0.063.	If	P	and	Q	are	statements,	then	P	⇒	Q	is	a	statement	that	is	true	unless	P	is	true	and	Q	is	false.	(a)	If	5n	+	3	is	odd,	then	n	is	even.	(c)	Every	connected	3-regular	graph
is	Hamiltonian.	Therefore,	if	a	graph	G	contains	K5	or	K3,3	as	a	subgraph,	then	G	is	nonplanar.		Disjunction	A	new	statement	can	also	be	produced	from	two	given	statements	by	combining	the	given	statements	with	the	word	“or.”	Definition	1.17	For	two	statements	P	and	Q,	the	disjunction	of	P	and	Q	is	the	statement	P	or	Q	denoted	by	P	∨	Q.	These
definitions	of	even	and	odd	integers	are	consequences	of	the	fact	that	any	even	integer	has	a	remainder	of	0	when	divided	by	2	and	an	odd	integer	has	a	remainder	of	1	when	divided	by	2.	Before	considering	some	consequences	of	this	definition	for	infinite	sets,	we	make	a	few	observations.	Since	1	·	2	=	1(1+1)(1+2)	3	k(k+1)(k+2)	1	·	2	+	2	·	3	+	3	·	4
+	·	·	·	+	k(k	+	1)	=	for	a	positive	integer	k.	Progress	in	every	area	is	due	to	the	imagination	and	creativity	of	people	–	often	only	a	few	people.	2	By	the	Principle	of	Mathematical	Induction,	it	follows	that	1+	2+	3	+	···	+	n	=	n(n	+	1)	2	for	every	positive	integer	n.	2√	is	irrational.	a=6	a6	a7	a8	b	=	10	15	16	18	22	20	...	List	1	3	4	7	8	3	4	7	8	3	4	7	8	4	7	8	7
8	7	8	7	8	1	9	9	9	9	9	9	9	List	2	5	2	5	5	5	5	2	6	6	6	6	6	6	∅	Comparison	1	k.	Prove	that	1	+	5	+	9	+	·	·	·	+	(4n	−	3)	=	n(2n	−	1)	for	every	positive	integer	n.	Since	ab	=	ba,	it	follows	that	(a,	b)	R	(a,	b)	and	so	R	is	reflexive.	(a)	The	domain	of	f	is	A,	the	codomain	of	f	is	B	and	the	range	of	f	is	{x,	z}.	This	is	referred	to	as	a	round	robin	tournament.	√	√	Proof.	T
T	F	F	T	T	T	F	F	T	F	F	Figure	1.1:	Truth	tables	giving	the	different	assignments	of	truth	values	for	P	and	Q	separately	and	for	P	and	Q	simultaneously	14	CHAPTER	1.	Furthermore,	suppose	that	there	is	some	element	y	∈	A	−	X	such	that	f	(X	∪	{y})	=	C.	Investigate,	for	all	real	numbers	x,	the	truth	or	falseness	of	the	implication	P	(x)	⇒	Q(x):	If	x2	−	9	=
0,	then	(x	−	3)2	=	0.	Assume,	to	the	contrary,	that	G	contains	K3,3	as	a	subgraph.	D:	....	We	show	that	there	is	a	real	number	x	such	that	f	(x)	=	r.	D	′′	.............	Prove	that	if	x3	+	x	=	0,	then	x2	−	x	≤	0.	1	2x	.	This	proof,	however,	involved	a	large	number	of	cases	and	required	substantial	use	of	computers	to	verify	the	details	in	each	case.	Because	x	=
11,	this	is	the	maximum	of	the	numbers	in	the	sequence	s.	3.3.	PROOF	BY	CONTRAPOSITIVE	97	We	will	prove	this	implication	with	a	direct	proof.	.,	a10	=	22.	Example	5.7	Listed	below	are	five	(of	the	512	possible)	relations	on	the	set	S	=	{x,	y,	z}.	Show	that	(A	−	B)	∩	(A	−	C)	=	A	−	(B	∪	C).	METHODS	OF	PROOF	which	is	rational	and	verifies	that
the	statement	is	true.	In	mathematics,	however,	the	single	word	“or”	is	understood	to	mean	the	“inclusive	or.”	Indeed,	the	“exclusive	or”	is	seldom	encountered	in	mathematics.	Algorithm	Find	a	maximal	element	in	a	finite	poset.	Yes.	Therefore,	ak+1	=	2k	when	k	=	1	and	k	=	2.	A	relation	R	is	defined	on	R	by	a	R	b	if	ab	≤	0.	For	a	set	A,	the	power	set
P(A)	contains	three	distinct	elements	∅,	B	and	C.	We	show	that	1(1!)	+	2(2!)	+	·	·	·	+	(k	+	1)[(k	+	1)!]	=	(k	+	2)!	−	1.	.................................................................................................................................	Three	people	1,	2,	3	happen	to	find	themselves	talking	to	one	another.	1		+1	=	2	1	3	=	12	12	+	31	=	6	+	4	=	10,	which	is	even.	Let	H	be	the	subgraph	of
G	induced	by	p	such	vertices	and	let	a	coloring	of	H	with	1	+	∆	colors	be	given.	If	n	∈	N,	then	f	(2n)	=	n.	In	order	to	illustrate	how	this	is	done,	suppose	that	we	wish	to	merge	two	sorted	lists	s1	:	2,	4,	5,	6,	8,	9,	and	s2	:	1,	3,	7	into	a	single	sorted	list.	For	example,	if	R(x,	y)	is	an	open	sentence	with	variables	x	and	y	such	that	the	domain	of	x	is	S	and
the	domain	of	y	is	T	,	then	the	quantified	statement	∀x	∈	S,	∃y	∈	T,	R(x,	y)	(3.4)	can	be	expressed	as	For	every	x	∈	S,	there	exists	y	∈	T	such	that	R(x,	y).	6	........	Since	a	+	b	+	c	is	an	integer,	10	is	odd,	which	is	a	contradiction.	The	lattice	(S,	≤)	is	complemented	if	n	=	2;	while	(S,	≤)	is	not	complemented	for	n	≥	3.	(a)	P	⇔	Q	≡	(∼	P	)	⇔	(∼	Q).	Thus	x−	1	=
0	and	so	x	=	1.	Hence	3x	−	2x2	=	3	·	1	−	2	·	12	=	3	−	2	=	1	≥	0.	So	3m	+	5n	=	3(2a)	+	5(2b)	=	6a	+	10b	=	2(3a	+	5b).	For	integers	a,	b	and	c,	consider	the	biconditional	At	least	two	of	a,	b	and	c	are	odd	if	and	only	if	at	least	two	of	ab,	ac	and	bc	are	odd.	A	number	m	∈	A	is	a	least	element	of	A	if	x	≥	m	for	every	x	∈	A.	,	T10	have	decided	to	apply	for	a
channel	for	an	FM	radio	station.	Give	an	example	of	a	function	f	:	N	→	N	that	is	(a)	one-to-one	and	onto.	(h)	declarative	(F).	(e)	The	set	A	⊕	B	consists	of	those	members	of	the	department	with	whom	you	have	had	a	conversation	or	you	have	had	as	an	instructor,	but	not	both.	s	s	s	s	s	s	s	1,1	(a)	(b)	0,	0	......................................................	Break	each	of
those	four	pills	in	half	and	take	half	of	each	pill	on	day	9	and	the	remaining	four	half-pills	on	day	10.	Since	2·3	1	1	1	k	1	1	that	2·3	+	3·4	+	·	·	·	+	(k+1)(k+2)	=	2k+4	where	k	is	a	positive	integer.	(d)	f	(x)	=	x4	+	2x2	+	3.	(f)	declarative	statement	(F).	(b)	2n	+	(−2)n	.	Therefore,	A	=	{2,	3,	4,	6,	9},	B	=	{1,	3,	6,	7,	8}	and	the	universal	set	is	U	=	{1,	2,	.	(b)
reflexive.	9	....................	33.	We	write	log	n	for	log2	n.	METHODS	OF	PROOF	Proof.	q	.	For	A	=	{1,	2}	and	B	=	{1},	determine	P(A	×	B).	Prove	that	D	either	contains	an	even	number	of	vertices	having	indegree	0	or	an	even	number	of	vertices	having	outdegree	0.	However,	there	is	a	5-coloring	of	F	in	Figure	14.20	and	so	χ(F	)	≤	5.	Venn	diagrams	for
the	intersection	and	union	of	two	general	sets	A	and	B	are	shown	in	Figure	2.4.	The	shading	indicates	the	portion	of	the	diagram	that	represents	the	set	being	considered.	The	color	of	v3	is	not	affected,	however,	and	is	still	colored	3	in	this	new	5-coloring	of	G	−	v.	pp	p	w	u	v	Figure	15.18:	A	step	in	the	proof	of	Theorem	15.11	570	CHAPTER	15.	of
integers	is	defined	recursively	by	a1	=	4,	a2	=	7	and	an	=	2an−1	−	an−2	+	2	for	n	≥	3.	These	two	concepts	give	rise	to	a	wide	variety	of	counting	problems.	Thus	there	exists	a	smallest	integer	m	≥	2	such	that	m∈	/	T.	If	the	implication	(∼	R)	⇒	S	is	true,	then	what	can	be	said	about	R?	1.	This	algorithm	finds	a	maximal	element	in	a	finite	poset	(S,	),
where	s	:	a1	,	a2	,	.	(1)	Either	he’s	not	checking	his	email	or	he’s	not	answering	his	email.	Which	of	these	are	onto?	(f)	the	contrapositive	of	P	⇒	Q.	(a)	The	counterfeit	coins	can	be	identified	in	two	weighings.	Show	that	the	function	f	:	R	→	R	defined	by	f	(x)	=	ax	+	b,	where	a,	b	∈	R	and	a	6=	0	is	bijective.	(a)	For	the	transition	function	f	,	determine	f	(s2
,	i)	for	i	=	1,	2,	3.	Prove	that	100	cannot	be	expressed	as	the	sum	of	three	odd	integers.	From	this	it	can	be	seen	that	it	is	necessarily	valid	for	all	rows;	for	it	is	valid	for	the	second	row	by	the	first	lemma;	then	by	the	second	lemma	it	must	be	true	for	the	third	row	and	hence	for	the	fourth	row	and	so	on	to	infinity.	q	..........	We	only	assumed	that	P	(x)	is
true	for	an	arbitrary	element	x	∈	S	in	the	course	of	giving	the	proof.	29.	For	the	symmetric	property,	we	must	show	that	if	a	R	b,	where	a,	b	∈	Z,	then	b	R	a.	T1	T2	T3	T4	T5	T6	T7	T8	T9	T10	T1	∗	60	50	T2	60	∗	65	75	55	65	T3	T4	T5	65	∗	60	70	75	60	∗	50	55	70	50	∗	70	55	60	65	T6	50	65	T7	T8	T9	60	50	∗	55	55	55	55	∗	60	T10	65	70	∗	50	55	60	∗	75	75
∗	555	CHAPTER	14	HIGHLIGHTS	11.	Associative	Laws:	P	∨	(Q	∨	R)	≡	(P	∨	Q)	∨	R	and	P	∧	(Q	∧	R)	≡	(P	∧	Q)	∧	R.	√	(c)	Is	f	a	function	from	Z	to	N	if	f	(n)	=	|	−	n2	|	for	each	n	∈	Z?	2	r	3..r...............................1..r..............................2..r	...	R	=	{(1,	5),	(2,	5),	(2,	6)}	3.	RELATIONS	AND	FUNCTIONS	Proof.	Chapter	6:	Algorithms	and	Complexity	Section	6.1
1.	Next	show	that	1	+	3	+	·	·	·	+	(2k	+	1)	=	3	612	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	5.	Since	R	is	uncountable,	we	have	the	following.	This	principle	is	also	known	by	several	other	names,	including	the	Strong	Form	of	Mathematical	Induction,	the	Second	Principle	of	Mathematical	Induction	and	the	Alternate	Form	of
Mathematical	Induction.	output	x	What	Algorithm	6.4	Does	1.	B	Q	T	C	A	S	P	W	R	Y	Figure	14.31:	The	map	in	Exercise	2	3.	Assume	that	2k	>	k	for	a	positive	integer	k.	Suppose	that	s	is	rational.	(b)	(t,	x,	u,	y).	Assume	first	that	v	is	not	the	initial	vertex	of	C	(and	so	v	is	not	the	terminal	vertex	either).	For	example,	if	S	=	{x,	y,	z}	and	T	=	{w,	x,	y,	z},	then
S	6=	T	since	T	contains	an	element,	namely	w,	that	does	not	belong	to	S.	If	the	statement	is	false,	then	P	is	false.	For	every	two	statements	P	and	Q,	use	truth	tables	to	verify	the	following.		u2	u1	D1	:	............	The	composition	g	◦	f	:	X	→	Z	is	therefore	defined.	For	A	=	{1,	2},	B	=	{−1,	0,	1}	and	the	universal	set	U	=	{−2,	−1,	0,	1,	2},	determine	(a)	A	∪
B.	Of	course,	we	could	assign	a	different	color	to	each	of	the	six	vertices	of	H	and	so	there	are	colorings	of	H	that	are	6-colorings.	Also,	if	A′	=	{1,	2,	3},	then	f	(A′	)	=	{a,	b}.	72	CHAPTER	2.	4.4.	THE	STRONG	PRINCIPLE	OF	MATHEMATICAL	INDUCTION	137	(a)	Determine	s1	,	s2	and	s3	.	1	......	a1	.........................................	s3	.	Consequently,	there	is
no	confusion	in	writing	A	∪	B	∪	C	without	parentheses.	Suppose	that	there	exists	no	positive	integer	n	such	that	f	(n)	<	n	and	that	f	is	not	the	identity	function	on	N.	On	the	other	hand,	if	k	≥	2,	then	k	+	1	≥	3	and,	as	we	just	mentioned,	ak+1	=	2ak	−	ak−1	+	2.	Therefore,	n2	−	n	=	(2a)2	−	(2a)	=	4a2	−	2a	=	2(2a2	−	a).	(3.16)	Let	m,	n	∈	Z.	That	is,	(x,
z)	∈	R1	and	(z,	z)	∈	R1	(so	a	=	x	and	b	=	c	=	z).		Next,	we	look	at	an	example	of	a	relation	having	a	geometric	flavor.	A	proof	of	a	statement	R	ordinarily	consists	of	a	sequence	of	statements,	each	following	logically	from	those	that	precede	it	and	which	terminates	with	the	desired	conclusion	that	the	statement	R	is	true.	The	following	is	an	open
sentence	where	x	is	a	positive	integer:	P	(x)	:	(2x	−	1)(x	+	3)	=	0.	However,	2n	6=	O(n),	2n	6=	O(n2	),	and	n!	6=	O(2n	).	That	is,	P	(x,	y)	is	true	only	when	x	=	0	and	either	y	=	2	or	y	=	−2.	....5	..	Let	v	be	a	vertex	of	T	such	that	(v,	u)	is	a	directed	edge	of	T	.	Next,	consider	x	=	3.	For	two	statements	P	and	Q,	give	an	explanation	why	the	biconditional	P	⇔
Q	can	be	expressed	as	“P	is	necessary	and	sufficient	for	Q.”	12.	binary	adder:	a	finite-state	machine	that	computes	the	sum	of	two	positive	integers	expressed	in	base	2.	Since	a	·	a	=	a2	≥	0,	it	follows	that	a	R	a	for	all	a	∈	Z	and	so	R	is	reflexive.	By	the	Principle	of	Mathematical	Induction,	n!	>	n2	for	every	integer	n	≥	4.	A	sequence	{an	}	is	defined
recursively	by	a1	=	1,	a2	=	4,	a3	=	9	and	an	=	an−1	−	an−2	+	an−3	+	2(2n	−	3)	for	n	≥	4.	Being	a	successful	student	in	discrete	mathematics	takes	a	certain	amount	of	dedication.	Give	an	example	of	a	partition	S	of	the	power	set	P(A	×	B)	such	that	|S|	>	|A	×	B|.	(b)	4/9.	x	(b)	s	x	(c)	Figure	15.38:	The	digraphs	in	Exercise	15	16.	Since	22	=	4	>	2!	=	2,
the	statement	is	true	for	n	=	2.	1	...........	12	CHAPTER	1.	A	fraction	a/b	is	reduced	to	lowest	terms	if	a	and	b	contain	no	common	integer	factors	greater	than	1.	.................................................................................................	MATHEMATICAL	INDUCTION	1	+	2	+	3	+	·	·	·	+	(k	+	1)	=	(k	+	1)(k	+	2)/2.	By	the	First	Theorem	of	Graph	Theory,	the	size	of	G	is
m=	1	X	1	deg	v	=	(2	+	4	+	4	+	4	+	5	+	5	+	7	+	7)	=	19.	A	digraph	D	is	Hamiltonian	if	it	contains	a	Hamiltonian	cycle.	Q:	23	+	1	is	even.	What	this	shows	is	that	for	two	statements	P	and	Q,	the	two	implications	P	⇒	Q	and	Q	⇒	P	need	not	have	the	same	truth	value.	Since	1	=	i	≤	n	=	4,	the	two	steps	(Steps	3	and	4)	between	begin	and	end	are
performed.	Since	x	and	y	are	integers,	it	follows	that	x	≤	0	and	y	≤	0.	5	.....................	(b)	b	=	1.	Necessarily,	D	contains	no	directed	cycle,	for	otherwise,	if	u	and	v	belong	to	a	cycle,	then	r(u)	=	r(v),	which	is	impossible.	(e)	{∅}	∈	E.	Thus	f	(a)	=	−x	and	f	(b)	=	−y.	(declarative	sentence)	2.	Since	every	infinite	set	that	we	have	seen	is	denumerable,	it
might	appear	that	every	two	infinite	sets	have	the	same	cardinality	and	that	when	it	comes	to	sets,	there	is	only	one	kind	of	“infinity.”	We	have	already	stated	that	this	is	not	the	case,	however.	(a)	|a|	=	2	is	sufficient	for	a4	=	16.	In	this	sequence,	n	=	4	and	a1	=	17,	a2	=	8,	a3	=	11,	a4	=	5.	For	example,	the	finite	sequence	a1	,	a2	,	.	Also,	by	Theorem
6.20,	g	=	Θ(f	).	Because	|A|	=	|B|	and	|B|	=	|C|,	there	exist	bijective	functions	f	:	A	→	B	and	g	:	B	→	C.	Prove	that	if	n	is	a	nonnegative	integer	and	n	∈	S,	then	2−n	(n2	+	3)	is	odd.	7	8	CHAPTER	1.	Two	well-known	properties	of	sets	involving	unions,	intersections	and	complements	are	named	after	the	British	mathematician	Augustus	De	Morgan,	whom
we	encountered	in	Chapter	1.	Since	G	contains	no	bridges,	G	contains	cycles	and	by	our	earlier	observation,	G	contains	subgraphs	having	a	strong	orientation.	DIRECTED	GRAPHS	This	produces	the	sequence	s0	,	s0	,	s1	,	s1	,	s1	,	s1	,	s0	of	states	and	the	output	string	1	0	0	1	0	1.		Proof	Analysis.	D:	Figure	15.3:	The	digraph	in	Example	15.2	Two
vertices	u	and	v	in	a	digraph	D	are	adjacent	if	D	contains	at	least	one	of	the	directed	edges	(u,	v)	and	(v,	u).	Let	f	:	N	→	R+	,	g	:	N	→	R+	and	h	:	N	→	R+	be	three	functions.	If	there	is	no	element	a′	such	that	a′	≺	a,	then	a	is	a	minimal	element	of	(S,	),	contradicting	our	assumption	that	m	is	the	only	minimal	element	of	(S,	).	Since	f	:	A	→	B	and	f	−1	:	B	→
A,	the	composition	f	−1	◦	f	:	A	→	A	exists	and	(f	−1	◦	f	)(a)	=	f	−1	(f	(a))	=	f	−1	(b)	=	a.	(b)	−1.	METHODS	OF	PROOF	Exercises	for	Section	3.5	1.	•	The	Strong	Principle	of	Mathematical	Induction	For	a	fixed	integer	m,	let	S	=	{i	∈	Z	:	i	≥	m}.	If	one	of	x	and	y	is	v,	say	x	=	v,	then	x	is	adjacent	to	y	and	so	(x,	y)	is	a	path.	Thus	there	exists	j	with	1	≤	j	≤	n
−	2	such	that	(vj	,	v),	(v,	vj+1	)	∈	E(T	).	Thus	there	is	an	arc	labeled	a	from	s1	to	s0	and	an	arc	labeled	c	from	s2	to	s0	.	Assume	1.	Prove	that	if	r	and	s	are	rational	numbers	and	s	6=	0,	then	r/s	is	rational.	132	CHAPTER	4.	Let’s	see	how	this	addition	is	carried	out,	bit	by	bit,	from	right	to	left.	r	rv	y	r	y	r	rw	r	ur	u	r	r	......	Prove	that	there	exist	a	rational
number	a	and	an	irrational	number	b	such	that	ab	is	irrational.	Let	m	be	the	smallest	positive	integer	such	that	f	(m)	>	m.	Chapter	6	Algorithms	and	Complexity	At	this	point	a	number	of	the	fundamental	concepts	that	occur	throughout	discrete	mathematics	have	been	discussed	and	proof	techniques	have	been	introduced	to	establish	the	truth	of
certain	mathematical	statements.	Then	r	≤	m	=	a	≤	b	and	s	≥	M	=	b	≥	a.	(f)	A.	The	preceding	theorem	then	has	the	following	corollary.	Under	what	conditions	is	D	=	T	?	................p	p	p	p	......	Of	Steps	5	–	7,	only	a4	>	k	is	true	and	b	is	assigned	4	−	1	=	3.	Then	5n	+	7	is	even	only	if	n	is	odd.	Draw	a	Venn	diagram	for	each	of	the	following:	(a)	the	set	A
=	{1,	2,	5,	6}.	109	3.7.	PROOF	BY	CONTRADICTION	We	now	give	some	illustrations	of	proof	by	contradiction.	If	a	graph	G	contains	K4	as	a	subgraph,	then	χ(G)	≥	4.	The	state	table	for	the	finite-state	machine	in	Example	15.19	is	given	below.	If	n	is	even,	then	Cn	is	a	bipartite	graph	and	so	χ(Cn	)	=	2	by	Theorem	14.22.	See	Figure	3.	.}	[1]	=	=	{x	∈	Z
:	x	R	1}	=	{x	∈	Z	:	x	+	1	is	even}	{x	∈	Z	:	x	is	odd}	=	{.	.,	53	∅,	54	|A|,	54	Z,	N,	R,	R+	,	Q,	54	{x	:	P	(x)},	54	A	⊆	B,	A	6⊆	B,	55	A	⊂	B,	55	P(A),	59	A	∪	B,	62	Tn∩	B,	AS	n	i=1	Ai	,	64	i=1	Ai	,	A	−	B,	65	A	⊕	B,	65	A,	66	I,	68	A	×	B,	70	An	,	71	R−	,	72	∀,	∃,	80-81	,	90	n!,	124	{an	},	128	a	R	b,	a	6	Rb,	147	N−	,	148	[a],	153	R∗	,	157	f	:	A	→	B,	159	f	(A),	f	(X),
159	|x|,	162	⌊x⌋,⌈x⌉,	163	g	◦	f	,	165	f	−1	,	177	|A|	=	|B|,	183	Q+	,	185	C,	188	|A|	<	|B|,	|A|	≤	|B|,	189	f	=	O(g),	f	6=	O(g),	206	f	=	Θ(g),	209	f	=	Ω(g),	211	a	|	b,	a	∤,	231	div,	mod,	241	a	≡	b	(mod	n),	244	a	6≡	b	(mod	n),	244	gcd(a,	b),	250	lcm(a,	b),	253	(ak	,	ak−1	,	.	B...................	R	G1	:	R	R3	R	R7	R5	R1	...........	(b)	Observe	that	(0,	1]	⊆	[0,	1]	and	(0,	1]	does
not	have	a	least	element.	The	chemicals	that	can	react	with	a	given	chemical	are	indicated	below:	c	1	:	c	2	,	c3	,	c5	,	c6	c	2	:	c	1	,	c3	,	c4	,	c5	,	c6	,	c7	c	3	:	c	1	,	c2	,	c6	,	c7	c	4	:	c	2	,	c5	,	c6	,	c7	c	5	:	c	1	,	c2	,	c4	,	c6	c	6	:	c	1	,	c2	,	c3	,	c4	,	c5	,	c7	c	7	:	c	2	,	c3	,	c4	,	c6	What	is	the	smallest	number	of	packages	in	which	these	chemicals	can	be	shipped
safely?	If	A	is	a	set	with	|A|	=	n,	then	the	cardinality	of	its	power	set	is	|P(A)|	=	2n	.	For	example,	[(1,	2)]	=	=	=	{(x,	y)	∈	N	×	N	:	(x,	y)	R	(1,	2)}	{(x,	y)	∈	N	×	N	:	2x	=	y}	{(1,	2),	(2,	4),	(3,	6),	.	Suppose	that	these	red	edges	join	vertex	1	to	the	three	vertices	2,	3	and	4	(see	Figure	3).	r	5	r	4	(e)	r	4	Figure	34:	The	colorings	in	Exercise	1	T	2	G:	A
...................	Express	the	following	in	words.	(c)	(A	−	B)	∩	C.	P	∼	P	∼	(∼	P	)	T	F	F	T	T	F	Figure	1.8:	Verifying	P	≡	∼	(∼	P	)	Theorem	1.28	For	every	statement	P	,	P	≡	∼	(∼	P	).	4	..	Observe	that	every	two	integers	are	of	the	same	parity	or	of	opposite	parity	(but	not	both).	Since	2b2	+	b	is	an	integer,	n2	−	n	is	even.	Thus	m−	2	≤	m′	≤	3(n−	1)−	6.	(e)
Either	you	don’t	receive	a	speeding	ticket	or	you	are	driving	over	70	miles	per	hour.	is	defined	recursively	by	a1	=	1,	a2	=	4	and	an	=	2an−1	−	an−2	+	2	for	n	≥	3.	√	15.	A	subset	of	A	that	contains	an	can	be	expressed	as	C	∪	{an	},	where	C	⊆	B.	Which	of	the	following	sets	are	equal?	We	need	to	exhibit	a	real	number	x	such	that	f	(x)	=	π.	Notice	that
Q1	is	false	and	∼	Q1	is	true,	while	Q2	is	true	and	∼	Q2	is	false.	The	following	theorem	is	a	consequence	of	the	First	Theorem	of	Digraph	Theory	(see	Theorem	15.3).	Disprove:	Every	positive	integer	can	be	expressed	as	the	sum	of	two	positive	integers.	The	proof	of	this	theorem	is	somewhat	subtle,	however.
.......................................................................................................	(b)	Exactly	five	vertices	of	G	have	degree	3	or	more.	Prove	that	no	odd	integer	can	be	expressed	as	the	sum	of	three	even	integers.	Definition	3.15	An	integer	n	is	even	if	n	=	2a	for	some	integer	a.	62	CHAPTER	2.	Let’s	consider	an	illustration	of	the	previous	theorem.	Each	placement	of
coins	corresponds	to	the	4-bit	string	a1	a2	a3	a4	,	where	ai	=	1	(1	≤	i	≤	4)	if	a	black	coin	is	placed	on	square	i	and	ai	=	0	if	a	red	coin	is	placed	on	square	i	(or	interchange	red	and	black).	If	2x	−	1	=	0,	then	2x2	−	3x	−	2	=	0.	P	(n):	n	=	1;	Q(n):	n	=	2;	a	=	1,	b	=	2	and	c	=	3.	(4.4)	2	Therefore,	we	have	obtained	and	verified	a	formula	for	the	sum	of	the
first	n	positive	integers.	However,	{∅}	∈	C.	Let	s	be	the	color	of	the	first	ball	and	t	the	color	of	the	second	ball.	This	is	the	element	(g	◦	f	)(a).	Assume,	to	the	contrary,	that	χ(G)	=	3.	Not	surprisingly	then,	this	relation	is	an	equivalence	relation.	Q(n):	n3	=	n.	(a)	n	=	2.	Next,	suppose	that	P	is	false	and	Q	is	true.	Suppose	that	we	had	attempted	to	give	a
proof	of	Result	4.32	using	the	Principle	of	Mathematical	Induction.	(c)	P	∧	Q.	For	each	of	the	sets	listed	in	(a)-(e)	below,	determine	whether	(1)	the	set	is	always	a	subset	of	A,	(2)	the	set	is	always	a	subset	of	B,	(3)	A	is	always	a	subset	of	the	set,	(4)	B	is	always	a	subset	of	the	set,	(5)	none	of	the	above.	2	.....2	2	......	This	produces	a	k-coloring	of	G	×	K2
and	so	χ(G	×	K2	)	≤	χ(G).	Therefore,	ak+1	=	(k	+	1)2	for	every	positive	integer	k.	base	(or	basis	step,	anchor)):	the	step	in	an	induction	proof	that	establishes	the	truth	of	a	statement	for	a	specific	value.	Show	that	g	6=	O(f	).	Shortly	afterwards	then	(at	time	t1	),	the	machine	is	at	state	s1	.	(b)	onto	but	not	one-to-one.	Indeed,	this	mathematics	has
become	important	for	many	areas	of	study	and	has	developed	into	a	major	area	of	mathematics	of	its	own.	6	Result	4.6	For	every	positive	integer	n,	1	3	+	2	3	+	3	3	+	·	·	·	+	n3	=	n2	(n	+	1)2	.	Q(n):	n2	is	odd.	Hence	the	sequence	in	(f)	is	an	arithmetic	sequence	with	k	=	3.	u	v	........................	So	m	=	1	and	n	=	1	is	a	counterexample.	(b)	s1	=	0.	Example
5.35	For	a	nonempty	set	A,	the	function	f	:	A	→	A	defined	by	f	(a)	=	a	for	every	a	∈	A	is	called	the	identity	function	on	A.	(a)	Determine	s1	,	s2	and	s3	.	We	previously	mentioned	the	following	fundamental	property	of	real	numbers:	If	a	and	b	are	real	numbers	such	that	ab	=	0,	then	either	a	=	0	or	b	=	0.	(b)	All	(positive	integer)	values	of	x.	Since	T	is	a
tournament,	there	is	an	arc	between	v	and	each	vertex	vi	(1	≤	i	≤	k)	of	P	.	Now	let	B1	,	B2	,	.	(b)	Show	that	f	is	onto.	Example	3.5	For	the	open	sentences	P	(n):	n2	is	even.	A	ballot	consists	of	six	possible	choices	depending	on	a	student’s	1st	preference,	2nd	preference	and	3rd	preference	for	president:	choice	1	A	B	C	choice	2	A	C	B	choice	3	B	A	C
choice	4	B	C	A	choice	5	C	A	B	choice	6	C	B	A	The	outcome	is	as	follows:	choice	1	(6	votes),	choice	2	(5	votes),	choice	3	(2	votes),	choice	4	(7	votes),	choice	5	(4	votes),	choice	6	(4	votes).	FS,	N	............	MATHEMATICAL	INDUCTION	The	Strong	Principle	of	Mathematical	Induction	The	statement	∀n	∈	N,	P	(n)	:	For	every	positive	integer	n,	P	(n).
(declarative	sentence)		We	use	the	symbol		to	indicate	the	conclusion	of	a	discussion	of	an	example	or	of	a	solution	of	a	problem.	(Of	course,	if	there	exists	a	one-to-one	function	f	from	A	to	B	that	is	also	onto,	then	|A|	=	|B|.)	We	say	that	|A|	<	|B|	if	|A|	≤	|B|	and	|A|	=	6	|B|,	that	is,	|A|	<	|B|	if	there	exists	a	one-to-one	function	f	from	A	to	B	but	no	bijective
function	from	A	to	B.		Conjunction	New	statements	can	also	be	created	from	two	given	statements	in	a	variety	of	ways.	Not	only	is	the	set	of	positive	rational	numbers	denumerable,	the	set	of	all	rational	numbers	is	denumerable.	9	.	(a)	a	=	b	=	c	=	1.	It	is	far	better	to	read	the	textbook	and	understand	the	examples	in	the	textbook	before	attempting	to
do	the	exercises	assigned.	Assume	that	1	+	5	+	9	+	·	·	·	+	(4k	−	3)	=	k(2k	−	1)	for	an	arbitrary	positive	integer	k.	Moreover,	for	each	x	∈	A,	there	are	two	possibilities,	namely	either	x	∈	Ax	or	x	∈	/	Ax	.	Therefore,	if	we	wanted	directions	on	how	to	drive	to	s8	,	the	input	string	(15.1)	serves	as	driving	directions	–	and	it	is	not	necessary	to	know	where	we
are	currently	located.	(b)	The	smallest	cycle	in	the	Petersen	graph	is	a	5-cycle.	−1920.	28.	Proof	by	contradiction	is	the	common	method	of	proof	in	such	instances.	(b)	If	n	=	2k	is	even,	then	let	S	=	{(i	−	1,	1	−	i)	:	0	≤	i	≤	k	−	1}	∪	{(i	+	1,	2	−	i)	:	0	≤	i	≤	k}.	The	digraph	D	is	shown	in	Figure	15.3.	Actually,	this	digraph	is	an	oriented	graph.	Thus	f	(s1	,
1)	=	s2	,	f	(s1	,	2)	=	s3	and	f	(s1	,	3)	=	s1	.	Consider	the	expression	(n	+	2)(n	+	3)/2,	where	n	∈	N.	(b)	First,	consider	the	starting	state	s0	.	We	are	being	asked	to	show	that	the	statement	is	false.	a	....................	Assume	that	a	R−1	b	and	b	R−1	a,	where	a,	b	∈	S.	Let	G	be	a	connected	graph	of	order	n	≥	3.	On	the	other	hand,	the	decimal	expansion	of	a
rational	number	always	repeats	itself	from	some	point	on.	That	is,	A	×	B	=	{(a,	b)	:	a	∈	A	and	b	∈	B}.	,	vn	,	v1	).	A	function	f	from	A	to	B	is	a	relation	from	A	to	B	that	associates	with	each	element	of	A	a	unique	element	of	B.	(b)	If	n	is	odd,	then	7n	−	8	is	even.	A	major	event	in	the	history	of	the	Four	Color	Problem	occurred	in	1879,	when	the	British
barrister	(lawyer)	Alfred	Bray	Kempe	wrote	a	paper	which	contained	a	“proof”	that	every	planar	graph	is	4-colorable.	There	are	other	formulas	for	sums	of	integers	that	are	similar	to	those	we	have	seen.	(c)	Q	−	I.	Proofs	of	most	theorems	are	given.	Then	2r	−	1	≤	|A|	≤	2r	and	2r	−	1	≤	|B|	≤	2r.	(b)	Here	the	elements	2,	4	and	5	do	not	belong	to	B.
composition	(of	f	and	g),	g	◦	f	:	for	functions	f	:	A	→	B	and	g	:	B	→	C,	the	composition	g	◦	f	:	A	→	C	is	the	function	defined	by	(g	◦	f	)(x)	=	g(f	(x))	for	each	x	∈	A.	Since	R1	and	R2	are	equivalence	relations	on	S,	it	follows	that	(a,	a)	∈	R1	and	(a,	a)	∈	R2	.	(b)	Is	the	converse	of	(a)	true?	This	is	the	number	rn−2	of	pairs	of	rabbits	at	the	beginning	of	Month	#
(n	−	2).	2r	3	........	The	second	line	of	the	proof	should	read:	Assume,	for	an	arbitrary	nonnegative	integer	k,	that	2i	=	0	for	every	integer	i	with	0	≤	i	≤	k.	Therefore,	3n	+	14	=	3(2k	+	1)	+	14	=	6k	+	17	=	2(3k	+	8)	+	1.	t	...........	Result	4.35	For	every	integer	n	≥	2,	Fn	≤	2Fn−1	.	Taking	the	red	road	out	of	s1	moves	us	to	s2	and	so	on.	616	ANSWERS
AND	HINTS	TO	ODD-NUMBERED	EXERCISES	5.	Then	m	=	2a+1	and	n	=	2b	for	integers	a	and	b.	(a)	The	vertex	set	of	a	digraph	D	is	V	(D)	=	{M1	,	M2	,	M3	,	M4	},	where	M1	,	M2	,	M3	and	M4	are	the	four	2	×	2	matrices									0	1	0	0	1	1	0	0	M1	=	,	M2	=	,	M3	=	and	M4	=	.	(i)	{1,	7}.	Prove	that	if	a	is	a	rational	number	and	b	is	an	irrational	number,
then	a	−	b	is	irrational.	Suppose	that	there	is	an	Eulerian	graph	of	order	n	≥	3,	where	at	most	two	vertices	have	the	same	degree.	One	empty	bottle	has	a	capacity	of	7	ounces	and	a	second	empty	bottle	has	a	capacity	of	3	ounces.	(b)	The	distinct	equivalence	classes	are	S1	,	S2	,	.	y	.............	Because	i	=	4	≤	4,	Steps	3	and	4	are	executed	once	again.	12
.......	566	CHAPTER	15.	Let	D	=	(V,	E)	be	a	digraph.	Every	subset	of	A	containing	ak+1	can	be	expressed	as	C	∪	{ak+1	},	where	C	⊆	B.	AT	is	n	by	In,	AT	A	is	square,	symmetric,	positive	semidefinite.	f	s0	s1	s2	s3	5	s1	s2	s3	s3	10	s2	s3	s3	s3	C	s0	s1	s2	s0	g	5	10	C	L	N	N	N	N	N	N	N	N	N	5	N	N	5	10	ch	le	L	s0	s1	s2	s0	The	state	digraph	is	shown	in
Figure	36.	158	CHAPTER	5.	Output:	“the	term”	ai	“is	a	negative	number	in	s”	or	“there	is	no	negative	number	in	s”,	as	appropriate.	4,	0,	0	...............................................	Determine	f	−1	:	B	→	A.	But	5	>	2	and	so	(k	+	1)	·	2k	≥	5	·	2k	>	2	·	2k	=	2k+1	.	−3	r	9.	When	k	=	0,	we	have	2k+1	=	2	>	1	=	k+1.	Exercises	for	Section	14.1	1.	(g)	{({x},	{y})}	⊆
{{x},	{y}}.	Find	a	positive	constant	c	such	that	c	<	35	and	Fn	≤	cn	for	every	positive	integer	n,	where	the	Fn	is	the	nth	Fibonacci	number.	Determine	whether	each	of	the	following	is	true	or	false.	Show	that	odD	u	=	odD	v.	For	the	statements	P	,	Q	and	R	below,	write	a	sentence	that	corresponds	to	each	row	in	the	table	in	(a).	Therefore,	5n	+	7	=
5(2a	+	1)	+	7	=	10a	+	5	+	7	=	10a	+	12	=	2(5a	+	6).	Then	ab	<	0.	(b)	For	every	set	A,	A	6⊆	A.	95	3.3.	PROOF	BY	CONTRAPOSITIVE	To	prove	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true	using	a	proof	by	contrapositive,	we	begin	by	assuming	that	Q(x)	is	false	for	an	arbitrary	element	x	∈	S	and	then	we	show	that	P	(x)	is	also	false.	Prove	that	if	2a	+	3b	≥	12m	+	1,
then	a	≥	3m	+	1	or	b	≥	2m	+	1.	If	a	set	S	consists	of	the	numbers	1	and	2,	then	we	write	this	set	as	S	=	{1,	2}.	number	2	to	the	(irrational)	power	2;	that	is,	consider	ab	,	where	a	=	2	Observe	that		√	√2	√	2	√	√2·√2	√	2	b	a	=	2	=	2	=	2	=	2,	Result	3.38	106	CHAPTER	3.	647	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	31	(a)	See	Figure
24.	For	statements	P	and	Q,	determine	whether	the	compound	statement	(P	∧	(∼	Q))	⇒	(P	∨	Q)	is	a	tautology,	a	contradiction	or	neither.	The	biconditional	P	⇔	Q	is	expressed	in	words	as	P	if	and	only	if	Q.	(c)	{−3,	−2,	−1,	0,	1,	2,	3,	4}.	Although	we	are	not	concerned	with	derivatives	here,	let	us	consider	an	example	of	composition	that	might	have
occurred	in	calculus.	Fibonacci	died	in	the	1240s.	This	verifies	the	inductive	step.	(a)	Show	that	there	do	not	exist	nonnegative	integers	x	and	y	such	that	7	=	3x	+	5y.	Assume,	to	the	contrary,	that	there	exists	a	planar	graph	G	of	order	n	≥	7	such	that	every	vertex	of	G	has	degree	6	or	more.	For	integers	a	and	b,	consider	the	biconditional	a	+	b	is	even
if	and	only	if	3a	and	5b	are	even.	The	range	of	f	is	{y	∈	R	:	y	≥	−3}.	The	statement	P	in	the	implication	P	⇒	Q	is	the	hypothesis	of	P	⇒	Q,	while	Q	is	the	conclusion	of	P	⇒	Q.	Using	the	quadratic	formula		√	non	c	−	c	−	1	=	0,	we	see	that	√	√	c	=	1+2	5	.	Since	P	is	a	partition	of	S,	it	follows	that	x	∈	Si	for	some	integer	i	with	1	≤	i	≤	k.	Use	induction	to
prove	that	i=0	(a	+	i)	=	21	(n	+	1)(2a	+	n)	for	every	nonnegative	integer	n.	Since	5a	+	6	is	an	integer,	5n	+	7	is	even.	.,	n(n+1)	;	namely,	the	sum	of	these	fractions	is	formula	for	the	sum	of	the	fractions	1·2	n	.	Discrete	mathematics,	unlike	much	of	calculus	and	precalculus,	may	not	build	on	other	courses	the	student	has	already	taken.	,	n.	Example	6.7
Illustrate	Algorithm	6.6	for	the	sequence	s	:	3,	7,	8,	4.	y	7	..............	What	is	A?	Express	the	following	in	symbols:	There	is	some	integer	n	such	that	|n	−	2|	+	|n	−	1|	=	|n|.	By	the	Principle	of	Mathematical	Induction,	nn	>	n!	for	every	integer	n	≥	2.	qqq	.............	One	of	these	is	“if	m	and	n	are	of	the	same	parity,	then	3m+5n	is	even.”	Either	we	want	to
use	a	direct	proof	or	a	proof	by	contrapositive.	Also,	for	an	odd	integer	n	≥	3,	we	know	that	χ(Cn	)	=	3	and	∆(Cn	)	=	2.	Since	D	is	connected,	there	is	a	vertex	w	on	C	that	is	incident	with	arcs	not	on	C.	The	Principle	of	Mathematical	Induction	therefore	states	that	all	of	the	statements	P	(1),	P	(2),	P	(3),	.	Let	G	be	a	connected	graph	containing	exactly
two	vertices	u	and	v	of	odd	degree.	Observe	that	f	(n)	=	21	n2	+	5n	+	1	≤	12	n2	+	5n2	+	33	4	=	2	n	+	4	=	4	(2n	+	3)	=	4	g(n)	11	for	every	positive	integer	n.	A	=	{x	∈	R	:	x2	−	x	−	6	=	0}	and	B	=	{x	∈	R	:	x2	+	1	=	0}.	620	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	9.	√		23.	v	.............	,	vn	so	that	r(vi	)	=	i	for	1	≤	i	≤	n.	Since	3	is	not
even,	b2	is	even	and	so	b	is	even.	On	the	other	hand,	if	a,	b,	c	∈	N	such	that	a	R	b	and	b	R	c,	then	a	<	b	and	b	<	c.	4	...	First,	we	show	that	φ	is	one-to-one.	(b)	{n	∈	Z	:	n	3	∈	Z}.	Then	f	(a1	)	=	f	(a2	)	=	bj	and	so	f	is	not	one-to-one.	Let	G	be	a	planar	graph	of	order	k	+	1.	Suppose	that	we	direct	the	edges	of	C	cyclically,	obtaining	the	directed	edges	(v1	,
v2	),	(v2	,	v3	),	.	.............1	.	an	,	where	ai	belongs	to	some	set	S	(1	≤	i	≤	n).	Prove	that	there	exists	no	positive	integer	x	such	that	x	<	x2	<	2x.	LOGIC	Therefore,	∼	(P	∨	(∼	Q))	≡	(∼	P	)	∧	(∼	(∼	Q))	≡	(∼	P	)	∧	Q.		Contrapositive	of	an	Implication	We	will	have	numerous	opportunities	to	consider	the	converse	of	an	implication.	The	quantified	statement	in
(a)	can	also	be	expressed	as	For	every	even	integer	n,	3n	+	5	is	an	even	integer.	Then	n	is	odd	if	and	only	if	7	−	n	is	even.	If	|2n	−	1|	≤	5,	then	n	≤	3	and	n	≥	−2.	......4	4	...	After	doing	this,	it	would	probably	be	wise	to	run	the	program	with	some	data	sets	for	which	the	answer	is	known.	~	v)	=	1	and	d(v,	~	u)	6=	1.	Certainly,	b	<	a	is	not	true;	so	b	6	R
a	and	R	is	not	symmetric.	What	is	R?	What	the	algorithm	does	to	the	sequence	s	is	shown	in	Figure	6.6.		original	sequence	17	8	11	5	i=1	j=1	8	17	11	5	i=2	j=1	8	11	17	5	i=3	j=1	8	11	5	17	i=1	j=2	8	11	5	17	i=2	j=2	8	5	11	17	i=1	j=3	5	8	11	17	final	sequence	5	8	11	17	Figure	6.6:	Applying	the	Bubble	Sort	Algorithm	to	a	sequence	of	numbers	Example
6.38	Determine	the	time	complexity	of	the	Bubble	Sort	Algorithm.	t	.......	When	i	=	1,	the	current	a1	and	a2	(8	and	11)	are	not	swapped;	and	when	i	=	2,	the	current	a2	and	a3	(11	and	5)	are	swapped.	state	each	of	the	following	in	words	and	determine	whether	they	are	true	or	false.	0	............		If	an	open	sentence	R(x)	over	a	domain	S	is	the
biconditional	P	(x)	⇔	Q(x)	for	open	sentences	P	(x)	and	Q(x),	then	the	quantified	statement	∀x	∈	S,	P	(x)	⇔	Q(x)	can	be	•	•	•	expressed	in	words	in	any	of	the	following	ways:	For	every	x	∈	S,	P	(x)	if	and	only	if	Q(x).	(a)	a	=	0.	is	defined	recursively	by	a1	=	2,	a2	=	3	and	an	=	2an−1	−	an−2	for	n	≥	3.	(a)	−1.	Since	not	all	integers	are	multiples	of	3,	the
function	f	is	not	onto.	R	=	{(1,	2),	(2,	3),	(2,	5),	(4,	3),	(5,	2)}.	However,	m	=	9	<	12	=	3n	−	6.	(5)	State	the	negation	∼	(P	∧	Q)	of	P	∧	Q	by	using	the	phrase	“it	is	not	the	case	that.”	(6)	Use	an	appropriate	De	Morgan’s	Law	to	restate	∼	(P	∧	Q).	(a)	∀n	∈	Z,	P	(n).	g	..........	+	1	n	for	every	positive	integer	n.	635	ANSWERS	AND	HINTS	TO	ODD-NUMBERED
EXERCISES	19.	Let	S	=	{−3,	−2,	−1,	0,	1,	2,	3,	4}.	v	v5	v	t	v	v	v	Figure	14.28:	The	situation	in	Case	1	in	the	proof	of	Theorem	14.35	Case	2.	As	expected,	we	assumed	that	the	statement	is	false,	that	is,	we	assumed	that	there	is	some	even	integer	that	is	the	sum	of	an	even	integer	and	an	odd	integer.	For	example,	suppose	that	R(x,	y)	is	an	open
sentence	containing	variables	x	and	y,	where	the	domain	of	x	is	S	and	the	domain	of	y	is	T	.	(d)	{∅,	{1},	{{1}},	A}.	Prove	that	3	3	is	irrational.	P	T	T	F	F	Q	T	F	T	F	∼P	F	F	T	T	P	∨Q	T	T	T	F	(∼	P	)	⇒	Q	T	T	T	F	Section	1.4	1.	Let	R	and	S	be	two	compound	statements	with	the	same	component	statements,	where	S	is	a	contradiction.	Let	a	5-coloring	of	G	−
v	be	given,	using	the	colors	1,	2,	3,	4,	5.	x	=	−1,	6.	Since	m	is	even,	j=1	(2ℓj	+	1)	=	m	−	2	i=1	ki	is	even.	However,	since	f	(x)	=	4x−9,	we	must	x	=	r+9	4	and	that	is	why	we	decided	to	consider		have	4x	−	9	=	r.	Output:	A	nondecreasing	sequence	whose	terms	are	those	of	s.	Observe	that			2k+2	=	2	·	2k+1	<	2	1	+	(k	+	1)2k	=	2	+	(k	+	1)2k+1	=	2	+	(k
+	2)2k+1	−	2k+1		=	1	+	(k	+	2)2k+1	+	1	−	2k+1	<	1	+	(k	+	2)2k+1	.	There	is,	however,	another	approach	–	a	more	mathematical	approach.	(c)	Give	a	step	by	step	description	of	what	this	algorithm	does	for	the	sequence	7,	5,	5.	Suppose	that	x	is	an	even	integer	and	y	is	an	odd	integer.	Then	the	equivalence	classes	resulting	from	R	are	A1	,	A2	,	A3	,
A4	.	Prove	that	if	11n	−	9	is	even,	then	n	is	odd.	Assume	that	m	is	odd	and	n	is	even.	Section	10.2	1.	During	each	phase	of	the	traffic	light,	those	cars	in	lanes	for	which	the	light	is	green	may	proceed	safely	through	the	intersection	into	certain	permitted	lanes.	We	will	see	many	examples	of	proofs	in	this	and	later	chapters.	z	Figure	31:	A	minimum
spanning	tree	T	in	Exercise	19	21.	T	T	F	F	T	F	T	F	F	T	T	F	Figure	1.5:	The	truth	table	for	exclusive	or	As	with	negation,	the	conjunction,	disjunction	and	exclusive	or	of	two	open	sentences	can	also	be	formed.	Suppose	that	this	statement	is	false.	(v)	u3	.	Sets	the	temporary	maximum	equal	to	the	first	number	on	the	list.	(Bonacci	is	the	plural	of
Bonaccio.)	Fibonacci	traveled	a	great	deal	in	his	early	years	about	the	Mediterranean	coast	and	returned	to	Pisa	in	1200.	Since	x	∈	/	A	∩	B,	it	follows	that	x	∈	/	B.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	................................................	Necessarily,	no	transitive	tournament	is	strong.	Let	(a,	b),	(c,	d)	∈	N	×	N	such	that	(a,	b)	R	(c,	d).	Suppose	that
G1	,	G2	,	.	or	There	exists	an	even	integer	n	such	that	3n	+	5	is	odd.	Consider	the	functions	f	:	A	→	A	and	g	:	A	→	B,	where	f	=	{(a,	c),	(b,	a),	(c,	a),	(d,	b)}	and	g	=	{(a,	z),	(b,	w),	(c,	y),	(d,	x)}.	For	example,	if	A	=	{0,	1}	and	B	=	{1,	2,	3},	then	A	×	B	=	{(0,	1),	(0,	2),	(0,	3),	(1,	1),	(1,	2),	(1,	3)}.	(2)	The	graph	G	is	nonplanar.	580	CHAPTER	15.	Now
because	y	∈	A	and	y	∈	/	B,	we	conclude	that	y	∈	A	−	B.	or	Let	x	∈	S.	A	different	“proof”	for	Result	3.45	might	have	occurred	to	you.	However,	since	this	relies	on	the	accuracy	of	the	graph	and	our	interpretation	of	the	graph,	it	is	not	clear	if	our	answer	for	the	range	is	correct.		Example	1.10	For	an	integer	n,	consider	the	open	sentence	Q(n):	4n	+	2	is
even.	Prove	that	there	exist	distinct	irrational	numbers	a	and	b	such	that	ab	is	rational.	Since	2b2	−	b	+	1	is	an	integer,	n2	−	3n	+	5	is	odd.	(a)	((∼	P	)	⇒	P	)	⇒	(P	⇒	(∼	P	)).	(c)	Repeat	(a)	for	a1	=	1	and	a2	=	1.	(b)	The	statement	is	false.	Let	f	:	Z	→	Z	be	defined	by	f	(x)	=	x3	for	each	x	∈	Z.	(b)	What	is	the	value	of	k	2	+	k	+	5	when	k	=	7?	Typically,	R(x)	is
an	implication,	that	is,	R(x):	P	(x)	⇒	Q(x)	for	open	sentences	P	(x)	and	Q(x)	over	a	domain	S.	(a)	G	is	planar.	12	31	....	In	this	case,	a	proof	requires	showing	only	that	there	is	some	element	a	∈	S	for	which	R(a)	is	true.	We	will	encounter	him	again	but	for	the	present,	we	are	most	interested	in	laws	of	logic	associated	with	him.	However,	being	aware	of
what	is	already	known	as	well	as	learning	to	ask	probing	questions	are	important	initial	steps.	Let	A	=	{0,	1}.	From	this,	it	follows	that	g(f	(a1	))	=	g(f	(a2	)).	Let	R∗	denote	the	set	of	nonzero	real	numbers.	Since	K3,3	has	no	bridges,	the	boundary	of	every	region	of	K3,3	is	a	cycle	and	every	edge	lies	on	the	boundaries	of	two	regions.	L3	Figure	14.25:
Traffic	lanes	at	street	intersections	in	Example	14.32	Solution.	a	<	0	and	b	<	0.	Then	C	=	(T,	x,	u)	is	an	Eulerian	circuit	in	H.	L4	......	2	3	(c)	Figure	14.23:	The	graph	G	in	Example	14.30	We	show	in	fact	that	χ(G)	=	4.	For	n	∈	N,	suppose	that	the	decimal	expansion	of	an	is	0.an1	an2	an3	·	·	·,	where	if	an	is	a	rational	number	with	two	decimal	expansions,
then	we	select	that	decimal	expansion	containing	all	9s	from	some	point	on.	(d)	The	set	B	−	A	consists	of	those	members	of	the	department	with	whom	you	have	had	a	conversation	but	you	have	never	had	as	an	instructor.	Draw	the	digraph	D.	3	t	v	v4	v	Figure	14.27:	The	neighbors	of	v	in	the	planar	graph	G	Consider	two	vertices	adjacent	to	v	that	do
not	appear	consecutively	as	we	proceed	about	v,	say	v1	and	v3	.	Assume,	to	the	contrary,	that	3	is	rational.	Of	course,	the	negation	of	the	statement	in	(a)	could	also	be	expressed	as	There	exists	an	integer	n	such	that	2n2	+	5n	+	1	is	even.		If	an	open	sentence	R(x)	over	a	domain	S	is	itself	an	implication,	say	R(x)	is	the	implication	P	(x)	⇒	Q(x)	for	open
sentences	P	(x)	and	Q(x),	then	the	quantified	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	can	be	•	•	•	expressed	in	a	variety	of	ways:	For	every	x	∈	S,	if	P	(x)	then	Q(x).	We	show	that	a	∨	(b	∧	c)	=	(a	∨	b)	∧	c.	(b)	P	∧	(Q	∧	R)	≡	(P	∧	Q)	∧	R.	For	which	of	the	following	is	f	(n)	=	O(n2	)?	If	roll	#k	(1	≤	k	≤	10)	is	the	one	containing	the	counterfeit	coins,	then	the	weight	of
these	55	coins	will	be	550	+	k	grams.	Therefore,	at	the	beginning	of	Month	#3,	there	are	two	pairs	of	rabbits	(one	adult	pair	and	one	juvenile	pair).	Let	m	=	2	and	n	=	4.	C	C6	C5	C4	Figure	14.24:	The	graph	G	in	Example	14.31	Observe	that	the	subgraph	H	of	G	induced	by	{C2	,	C4	,	C5	,	C6	}	is	a	complete	graph	of	order	4	and	so	G	contains	K4	as	a
subgraph.	Let	a,	b	∈	Z	such	that	f	(a)	=	f	(b).	(d)	Q	⇒	P	.	Since	this	is	not	the	case,	P	⇔	Q	is	false.	We	start	with	the	second	number	2	and	determine	whether	it	should	precede	or	follow	5.	The	number	e,	encountered	throughout	calculus,	is	also	irrational.	This	is	illustrated	in	the	diagram	shown	in	Figure	15.28.	4.	Assume,	to	the	contrary,	that	there
exists	a	bijective	function	g	:	A	→	P(A).	........................................................................................................................	Here	we	1	1	=	to	establish	the	base	step.	(a)	{(−3,	0),	(−2,	2),	(−1,	1),	(0,	0),	(1,	1),	(2,	−2),	(3,	0)}.	................12	.....	If	(a,	b)	∈	R,	then	a	is	said	to	be	related	to	b;	while	if	(a,	b)	∈	/	R,	then	a	is	not	related	to	b.	Since	the	order	of	G	is	at	least
5,	at	least	one	of	V1	and	V2	contains	3	or	more	vertices,	say	|V1	|	=	k	≥	3.	So	we	write	down	the	0	and	carry	1	to	the	next	column,	getting	1	+	0	+	1,	which	again	is	10	in	binary.	Then	the	function	f	:	N	→	A	∪	B	defined	f	(i)	=	bi	for	1	≤	i	≤	n	and	f	(i)	=	ai−n	for	i	≥	n	+	1	is	bijective	and	so	A	∪	B	=	{b1	,	b2	,	.	FS,	softener	...	e(e−1)	2!	.	See	the	table
below.	Let	S	be	a	nonempty	set.		20	CHAPTER	1.	Since	x	∈	A	∪	B,	it	follows	that	x	∈	A	or	x	∈	B.	Assume	that	n	is	an	odd	integer.	,	an	of	n	distinct	numbers	and	a	number	k.	(c)	{(1,	1),	(1,	{1}),	({1},	1),	({1},	{1})}.	,	an	of	n	≥	2	Numbers	Input:	An	integer	n	≥	2	and	a	sequence	s	:	a1	,	a2	,	.	Suppose	that	f	:	Z	→	Z	is	a	function	with	the	property	that	f	(a
+	b)	=	f	(a)	+	f	(b)	for	every	two	integers	a	and	b.	For	each	integer	j	(1	≤	j	≤	n	−	1),	there	are	n	−	j	comparisons,	one	for	each	integer	i	with	1	≤	i	≤	n	−	j.	The	important	subject	of	equivalence	relations	is	introduced	in	this	chapter.	Now	a4	=	11	and	so	11	is	in	the	sequence	is	output.	Discover	the	error.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	4.
Illustrate	Algorithm	6.8	for	k	=	17	and	s	:	16,	14,	18.	Then	there	are	two	possibilities,	namely	heads	(H)	or	tails	(T).	16	.......	s	x	t	y	z	Figure	14.46:	The	graph	G	in	Exercise	26	27.	On	the	other	hand,	if	75¢	has	been	deposited,	then	the	machine	releases	a	bottle	of	detergent	or	softener	(depending	on	which	button	is	pushed)	and	the	machine	is	returned
to	the	state	s0	(nothing	deposited).	First,	we	prove	that	if	n	is	an	odd	integer,	then	3n	+	8	is	odd.	a1	=	−1/22	=	−1/4,	a2	=	1/24	=	1/16,	a3	=	−1/26	=	−1/64,	a4	=	1/256.	Since	3a	+	5b	+	2	is	an	integer,	3m	+	5n	is	odd.	Algorithm	6.4	Find	the	Maximum	Number	in	a	List	of	Numbers.	is	defined	recursively	by	a1	=	1,	a2	=	−1	and	an	=	an−1	+	2an−2	for
n	≥	3.	,	2},	list	the	elements	of	the	set	A	=	{n	∈	S	:	0	<	|n|	<	2}.	Observe	that	∼	(P	∨	((∼	P	)	∧	Q))	≡	≡	≡	(∼	P	)	∧	(∼	((∼	P	)	∧	Q))	≡	(∼	P	)	∧	((∼	(∼	P	))	∨	(∼	Q))	(∼	P	)	∧	(P	∨	(∼	Q))	≡	((∼	P	)	∧	P	)	∨	((∼	P	)	∨	(∼	Q))	(∼	P	)	∨	(∼	Q).	Prove	that	2n	>	n2	for	every	integer	n	≥	5.	How	many	regions	does	G	have?	513	graph	432,	481	directed	559	oriented	559
graph	of	a	function	161,	191	Graves,	John	465	greater	than	388	greater	than	or	equal	to	388	greatest	common	divisor	250,	267	element	399,	425	lower	bound	403,	425	Guthrie,	Francis	536-537	Guthrie,	Frederick	537	I	Idempotent	Laws	for	Boolean	Algebras	413,	427	for	lattices	405,	427	identity	function	162	if	and	only	if	36	if,	then	25	image	159,	191
imperative	sentence	7	implication	25,	47	implies	28	incident	(vertex	and	edge)	432	Inclusion-Exclusion,	Principle	of	280,	282-283,	308	inclusive	or	16,	47	incomparable	elements	390,	425	increasing	sequence	218	indegree	(of	a	vertex)	560,	590	independent	events	368,	382	induced	subgraph	437,	482	induction	hypothesis	116,	138,	144	mathematical,
proof	by	115-128,	137-143,	144	proof	116,	144	inductive	hypothesis	116,	138,	144	step	116,	138,	144	initial	values	130,	144	vertex	of	an	arc	559	vertex	of	a	walk	444	injection	170,	191	injective	function	170,	191	inner	product	434,	482	input	set	576,	590	string	578	H	Hadamard,	Jacques	Salomon	238	Haken,	Wolfgang	547	Hamilton,	William	Rowan
465-466,	537	Hamiltonian	cycle	in	a	digraph	572,	590	in	a	graph	467,	482	Hamiltonian	digraph	572,	590	graph	467,	482	664	insert	223,	396	Insertion	Sort	Algorithm	223,	228	integer	even	91	odd	91	interrogative	sentence	7	intersection	of	sets	62,	64,	75	inverse	of	a	bijective	function	177,	191	function	177,	191	image	194	of	an	implication	35	relation
401	inverter	421,	426	irrational	number	54,	75	irregular	graph	442	isolated	vertex	436,	482	isomorphic	digraphs	564,	590	graphs	438,	482	isomorphism	438,	482	J	Jarn´ık,	Vojtˇech	516	join	of	two	elements	403,	426	of	two	graphs	461,	482	two	vertices	432	K	Kempe,	Alfred	Bray	545	Kirchhoff,	Gustav	491,	505	Kolmogorov,	Andrey	351	K¨onigsberg
Bridge	Problem	457,	482	Kronecker,	Leopold	231	Kruskal,	Joseph	Bernard	513	Kruskal’s	Algorithm	514,	521	Kuratowski,	Kazimierz	533	Kuratowski’s	Theorem	533,	552	L	lattice	403,	406,	426	bounded	407,	425	complemented	408,	425	distributive	407,	425	modular	411	leaf	436,	481-482	least	common	multiple	253,	267	least	element	146,	399,	426	of
a	lattice	399	of	a	set	146	least	upper	bound	403,	426	INDEX	left	child	499	subtree	499	Legendre,	Adrien-Marie	238,	528	length	of	a	cycle	438	of	a	directed	path	561,	590	of	a	path	438	of	a	path	in	weighted	graph	472,	482	of	string	129,	144	of	a	walk	444,	482	less	than	388	less	than	or	equal	to	388	level	498,	520	lexicographic	order	392,	426	line	(of	a
graph)	432	linear	combination	255,	267	linear	order	391,	426	Linear	Search	Algorithm	218,	228	linear	time	complexity	213,	228	linearly	ordered	poset	391,	426	link	(of	a	graph)	432	logarithmic	function	164	logical	connective	18,	47	logically	equivalent	18,	47	loop	in	an	algorithm	199	for	199	in	a	pseudograph	440,	482	while	199	lower	bound	349,
399,	426	greatest	403,	425	Lucas	numbers	134-135	M	machine	finite-state	576,	590	MacMahon,	Percy	Alexander	271	mathematical	induction	Principle	of	116,	124,	144	proof	by	115-128,	137-143,	144	Strong	Principle	of	138,	141,	144	matrix	434,	482	adjacency	(digraph)	561,	590	adjacency	(graph)	436,	480	maximal	element	393,	426	planar	graph
529,	552	maximum	degree	436,	482	meet	403,	426	Merge	Sort	Algorithm	224-225,	228	minimal	element	393,	426	665	INDEX	minimum	degree	436,	482	spanning	tree	512,	520	Spanning	Tree	Problem	513,	520	mixed	vertex	487	mod	241,	244,	267	modular	lattice	411	modulo	n,	congruent	244	modus	ponens	42,	47	tollens	42,	47	Montmart,	Pierre	R
´emond	de	287	multigraph	440,	482	multiple	231,	267	common	253,	266	edges	440	least	common	253,	267	Multiplication	Principle	272-273,	308	multiset	328,	348	mutually	exclusive	events	355-356,	382	N	natural	number	54,	75	necessary	28	and	sufficient	36	negation	(of	a	statement)	14,	47	operator	14	neighbor	432,	482	neighborhood	432,	482
Newton,	Isacc	318	next-state	function	576,	590	node	432	nonadjacent	vertices	432	nondecreasing	sequence	218	nonempty	graph	433,	482	set	54	nonplanar	graph	526,	552	nontrivial	graph	433,	482	NOT	gate	421,	426	not	P	14	null	set	54	O	octal	expansion	262,	267	odd	cycle	446,	482	distance	graph	456	integer	91	vertex	437,	482	one-to-one
correspondence	174,	191	function	170-171,	191	only	if	28	onto	function	172,	191	open	sentence	9,	47	walk	445,	482	operation,	binary	22,	404,	425	opposite	parity	99	OR	gate	421,	426	order	of	a	digraph	560	of	a	graph	433,	482	ordered	pair	70,	75	n-tuple	71	orientation	of	a	graph	559,	590	oriented	graph	559,	590	outcome	352,	382	outdegree	(of	a
vertex)	560,	590	uniform	583,	591	output	function	576,	590	set	576,	590	out-regular	digraph	583,	590	P	pairwise	disjoint	sets	64,	75	parallel	edges	440,	482	parent	(rooted	tree)	498,	520	parity	opposite	99	same	99	partial	fractions	344	partial	order	388,	426	relation	388	partially	ordered	set	388,	426	k-partite	graph	451	complete	451	partite	sets	449-
451,	480	partition	of	a	set	73,	75	Pascal,	Blaise	115,	297,	313,	318,	351,	355	Pascal	triangle	313-314,	348	path	438,	445,	482	directed	561	length	of	438,	561	pendant	vertex	436,	482	periodic	digraph	583,	590	permutation(s)	191,	292,	308	r-	295,	308	with	repetition	325	Pigeonhole	Principle	286,	288,	309	Pisa,	Leonardo	da	134	666	plaintext	246
planar	graph	526,	552	maximal	529,	552	plane	graph	526,	552	point	(of	a	graph)	432	polynomial-time	complexity	213,	228	poset	388,	426	positive	slope	graph	444	Poussin,	Charles	de	la	Vall´ee	238	power	of	a	matrix	435,	483	set	59,	75	Prim,	Robert	Clay	516	Prim’s	Algorithm	517,	521	prime(s)	235,	267	relatively	254,	267	twin	238	Prime	Number
Theorem	238,	267	Principle	of	Addition	275-276,	308	Finite	Induction	146	Inclusion-Exclusion	280,	282-283,	308	Mathematical	Induction	116,	124,	144	Multiplication	272-273,	308	Pigeonhole	286,	288,	309	Well-Ordering	146,	255	private	key	247,	267	cryptosystem	249,	267	probability	354,	382	conditional	366,	382	probability	function	354,	382
uniform	355,	382	product	of	generating	functions	340	matrices	435,	483	product-of-sums	expansion	420,	426	proof	88	analysis	90	by	cases	98-102,	112	by	contradiction	108-111,	112	by	contrapositive	94-98,	112	direct	87-94,	112	existence	105-108,	112	by	mathematical	induction	115-128,	137-143,	144	strategy	90	proper	coloring	of	digraphs	584,
590	of	graphs	538	proper	subgraph	437,	483	subset	55,	75	proposition	8	INDEX	pseudocode	198	pseudograph	440,	483	public	key	cryptosystem	249,	267	Q	quadratic-time	complexity	213,	228	quantified	statement	80-81,	112	existential	81,	112	universal	80,	112	quantifier	existential	81,	112	universal	79-80,	112	quotient	240	R	random	variable	375,
382	range	of	a	function	159,	191	of	a	random	variable	375	rational	number	54,	75	reachable	(from	a	vertex)	592	recurrence	relation	130,	144	recursively	defined	sequence	130,	144	reflexive	relation	149,	191,	388	region	of	a	plane	graph	526,	552	boundary	of	526,	551	exterior	526,	552	regular	graph	437,	483	r-	437	related	to	147,	191	relation
antisymmetric	387,	424	circular	193	empty	149	equivalence	152,	191	from	one	set	to	another	147,	192	inverse	401	on	a	set	148,	192	partial	order	388	recurrence	130,	144	reflexive	149,	191,	388	sequential	429	symmetric	149,	192,	388	transitive	149,	192,	388	relatively	prime	254,	267	remainder	240	right	child	499	subtree	499	Rivest,	Richard	249
Road	Coloring	INDEX	Problem	584,	591	Theorem	584,	591	Robbins,	Herbert	E.	a=1	a1	a2	a3	a4	b=4	3	7	8	11	...	Let	D	be	the	transitive	orientation	of	Kn	.	Since	g(y)	=	Ay	,	this	means	that	B	=	Ay	.	Theorem	5.64	Let	A,	B	and	C	be	nonempty	sets	and	let	f	:	A	→	B	and	g	:	B	→	C	be	two	functions.	Suppose	that	(g	◦	f	)(a1	)	=	(g	◦	f	)(a2	),	where	a1	,	a2	∈	A.
We	apply	the	Strong	Principle	of	Mathematical	Induction.	r	r	r	r	r	r	r	Figure	5.24:	Functions	fi	(1	≤	i	≤	4)	in	Exercise	6	7.	MATHEMATICAL	INDUCTION	24.	w	.....	Assume	that	ai	=	i2	for	every	integer	i	with	1	≤	i	≤	k,	where	k	is	an	arbitrary	positive	integer.	On	the	other	hand,	m	≤	53	(n	−	2)	by	(a).	.,	An	is	denoted	by	A1	×	A2	×	·	·	·	×	An	and	is
defined	by	A1	×	A2	×	·	·	·	×	An	=	{(a1	,	a2	,	.	If	n	∈	S,	then	(n2	−	n)/2	is	an	even	integer.	If	there	is	more	than	one	step	to	be	executed,	then	these	steps	are	written	between	begin	and	end	and	all	such	steps	are	executed	in	the	order	listed.	Give	the	truth	value	for	each	statement.	(a)	We	employ	finite	induction	(see	Exercise	27	in	Supplementary
Exercises	for	Chapter	4).	Since	x	+	y	−	b	is	an	integer,	a	+	c	is	even.	If	f	(n)	=	O(g(n))	but	g(n)	6=	O(f	(n)),	then	Algorithm	A	is	said	to	be	more	efficient	than	Algorithm	B.	(d)	(	12	)2	>	12	.	Then	P	(1)	is	true,	while	Q(1)	is	false.	(a)	Show	that	if	S	is	a	nonempty	set	of	real	numbers	and	S	does	not	have	a	least	element,	then	S	is	not	well-ordered.	The	Four
Color	Problem	Can	the	vertices	of	every	planar	graph	be	colored	with	four	or	fewer	colors	so	that	every	two	adjacent	vertices	are	colored	differently?	b	d	bd	Since	ad	+	bc	and	bd	are	integers	and	bd	6=	0,	the	number	r	+	s	is	rational.	Observe	that	if	f	(n)	≤	Cg(n)	for	all	n	≥	k,	then	f	(n)	≤	C	′	g(n)	for	all	n	≥	k	′	for	each	constant	C	′	≥	C	and	each	integer
k	′	≥	k.	Because	i	6=	5,	the	algorithm	ends	and	we	are	left	with	the	output:	11	is	in	the	sequence.	3	√	√	√	3	√	√	√	3	3	Subcase	2.1.	3	2	3	is	rational.	,	ua	}	and	V2	=	{v1	,	v2	,	.	8	.	(f)	Every	rational	number	can	be	expressed	as	the	sum	of	two	rational	numbers.	Hence	there	exists	a	graph	G	with	χ(G)	=	4	that	does	not	contain	K4	as	a	subgraph.	r	s2
...........	(b)	Find	an	integer	n	such	that	P	(n)	∨	Q(n)	is	true	but	P	(n)	⊕	Q(n)	is	false.	Prove	that	2n2	−	n	−	1	=	0	if	and	only	if	3n2	−	n	−	2	=	0.	Q:	You	must	leave	me.	(a)	In	this	case,	the	domain	of	both	x	and	y	is	the	set	R	of	real	numbers.	(g)	What	an	impossible	homework	problem!	4.	Given	that	(a)	3	∈	[4]	∩	[5],	(b)	[2]	∩	[6]	=	∅	and	(c)	1	∈	[3],	what	is
R?	We	verify	this	formula	by	induction.	D:	w	x	Figure	15.5:	A	digraph	D	For	digraphs,	the	concepts	subdigraphs,	proper	subdigraphs	and	induced	subdigraphs	are	defined	as	expected.	or	as	n	∈	N.	Prove	that	1(1!)	+	2(2!)	+	·	·	·	+	n(n!)	=	(n	+	1)!	−	1	for	every	positive	integer	n.	In	the	inductive	step,	where	we	assumed	that	the	statement	is	true	for	an
integer	k	≥	2	and	then	showed	that	the	statement	is	true	for	the	integer	k	+	1,	it	was	not	necessary	and	would	probably	have	been	misleading	to	use	a1	,	a2	,	.	(b)	P	(July).	,	vn	=	v),	then	d(u,	v)	=	n	−	1.	We	attempt	to	prove	this.	Therefore,	v	is	a	cut-vertex	of	G.	(or:	Both	a	and	b	are	even.)	(4)	The	conjunction	of	P	and	Q	is	P	∧	Q:	a	is	odd	and	b	is	odd.
Furthermore,	if	R	is	a	transitive	relation	and	(a,	b)	∈	R	and	(b,	a)	∈	R,	then	(b,	a)	∈	R	and	(a,	b)	∈	R	and	so	the	ordered	pair	(b,	b)	must	be	in	R	as	well.	(b)	State	P	(3)	⇒	Q(3)	in	words.	Exercises	for	Section	4.1	1.	The	graph	G1	of	Figure	14.7	is	planar	as	it	can	be	drawn	as	the	plane	graph	G′	in	Figure	14.8.	The	graph	G2	is	nonplanar,	however,	as	it	has
order	n	=	7	and	size	m	=	16,	where	m	>	3n	−	6.	8	...	√	√	√	10.	If	a2	≤	1,	then	a	≤	1.	Let	A	=	{1}	and	let	B	be	an	arbitrary	set.	Then	(a)	(Associative	Laws)	P	∨	(Q	∨	R)	≡	(P	∨	Q)	∨	R	and	P	∧	(Q	∧	R)	≡	(P	∧	Q)	∧	R.	In	D2	,	(v1	,	v2	,	v3	).	A	solution	of	the	puzzle	consists	of	assigning	each	blank	square	of	the	grid	one	of	the	numbers	1,	2,	3,	4	so	that	each	of
these	numbers	appears	in	every	row,	in	every	column	and	in	each	of	the	four	2	×	2	boxes	of	the	grid.	−448x6	y	5	17.	In	this	case,	the	graph	has	15	edges.	But	150	CHAPTER	5.		We	now	look	at	two	examples	of	biconditionals	dealing	with	triangles.	(2)	Benjamin	and	Carter	did	not	both	go	to	Las	Vegas.	3.....	.}	and	B	=	{b1	,	b2	,	.	Since	F4	=	3	>	1+2	5	,
it	integer	i	with	3	≤	i	≤	k.	Since		is	antisymmetric,	u1	=	u2	,	contradicting	the	assumption	that	u1	and	u2	are	distinct.	Hence	the	orders	of	G1	and	G2	are	n.	(e)	3360.	b	......	Give	an	example	of	two	open	sentences	P	(n)	and	Q(n),	where	n	is	an	integer	and	three	integers	a,	b	and	c	such	that	(1)	P	(a)	⇒	Q(a)	and	Q(b)	⇒	P	(b)	are	both	false	and	(2)	P	(c)	⇒
Q(c)	and	Q(c)	⇒	P	(c)	are	both	true.	Show	that	if	(u,	v)	is	a	directed	edge	of	T	,	then	T	has	a	directed	cycle	that	contains	(u,	v).	Next	show	that	2	+	2	+	2	+	·	·	·	+	2	=	2	cos	2k+2	number	2	occurs	k	+	1	times	in	the	expression	on	the	left.	We	began,	therefore,	by	assuming	that	it	is	not	the	case	that	m	and	n	are	odd.	(b)	There	exists	a	rational	number	r



such	that	for	every	irrational	number	s,	rs	6=	0.	Let	x	∈	(A	−	B)	∪	(A	−	C).	METHODS	OF	PROOF	8.	,	r13	are	therefore	1,	1,	2,	.	Then	b	=	y.	r	r	r	r	r	r	r	f	3	....	That	is,	A	is	denumerable	if	there	exists	a	bijective	functions	from	A	to	N	(or	a	bijective	function	from	N	to	A).	(ii)	(i)	.............	From	the	state	digraph	of	this	finite-state	machine	in	Figure	15.26
(or	from	its	state	table	in	Example	15.21),	we	see	that	f	(s0	,	1)	=	s3	and	g(s0	,	1)	=	1;	f	(s3	,	0)	=	s0	and	g(s3	,	0)	=	1;	and	f	(s0	,	0)	=	s1	and	g(s0	,	0)	=	0.	It	is	informational	only;	it	is	not	a	step	to	be	performed.	P	Q	P	⇒Q	T	F	T	∼Q	F	T	F	T	T	∼P	(∼	Q)	⇒	(∼	P	)	T	F	T	T
...................................................................................................................................................................................................................................................................................................	Which	declarative	sentences	are	statements?	r1	=	r2	.	Can	five	houses	be	connected	to	two	utilities	without	any	of	the	utility	lines	crossing?	The	numbers	L1	,	L2	,	L3	,	.	r
r	rC	r	3	r	r	U	R	rB	3	Figure	35:	The	graph	G	in	Exercise	3(a)	15.	576	CHAPTER	15.	a	.............	(d)	∼	(∃n	∈	Z,	Q(n)).	(a)	f	=	{(a,	a),	(b,	b),	(c,	a),	(d,	a)}.	•	If	G	is	a	maximal	planar	graph	of	order	n	≥	3	and	size	m,	then	m	=	3n	−	6.	(b)	There	exists	an	integer	a	such	that	for	every	integer	b,	|a	−	b|	=	1.	If	lim	n→∞	f	(n)	=	c	for	some	g(n)	positive	real	number
c,	then	f	=	Θ(g).	Determine	the	power	set	of	each	of	the	following	sets.	The	amount	of	detail	in	a	proof	depends	on	the	anticipated	knowledge	and	background	of	the	audience.	Prove	or	disprove:	If	A	is	a	denumerable	subset	of	R,	then	A	consists	of	rational	numbers.	(e)	imperative.	In	fact,	as	we	shall	see,	the	only	situation	in	which	there	is	a	clear
ranking	of	all	teams	is	when	no	two	teams	have	won	the	same	number	of	games.	For	example,	the	set	{.	Prove	that	2n	>	n3	for	every	integer	n	≥	10.	Finally,	assume	that	(a,	b)	R	(c,	d)	and	(c,	d)	R	(e,	f	),	where	(a,	b),	(c,	d),	(e,	f	)	∈	N	×	N.	As	you	do	this,	you	may	write	proofs	that	are	unclear	to	others	and	that	contain	errors.	Example	1.5	Consider	the
two	statements	P1	:	|	−	2|	=	−2.	This,	however,	contradicts	Corollary	5.82.	d	.........................	Example	2.18	For	A	=	{x	∈	Z	:	|x|	≤	3},	how	many	elements	are	in	P(A)?	1	=	22.	j	.	(f)	I.	0,	0	........	(c)	No.	17.	region	(of	a	plane	graph	G):	a	connected	piece	of	the	plane	resulted	from	removing	the	vertices	and	edges	of	G	from	the	plane.		167	5.3.	FUNCTIONS
Exercises	for	Section	5.3	1.	Therefore,	χ(G)	=	2.	Therefore,	a	·	b	=	a	+	b.	That	is	a	key	to	this	proof.	Then	p(E)	=	=	p(E	∩	S)	=	p(E	∩	(F	∪	F	))	=	p((E	∩	F	)	∪	(E	∩	F	))	p(E	∩	F	)	+	p(E	∩	F	)	=	p(E)	·	p(F	)	+	p(E	∩	F	).	As	the	observations	above	suggest,	only	transitive	tournaments	have	no	directed	cycles.	So	we	could	only	write	that	ak+1	=	2ak	−	ak−1
when	k	+	1	≥	3,	that	is	when	k	≥	2.	b	.........	(or:	Either	a	or	b	is	even.)		Example	1.27	For	a	real	number	x,	let	P	(x)	:	x2	−	8x	+	15	=	0.	(c)	When	k	=	2,	(k	+	2)(k	+	3)/2	=	10	and	(k	+	3)(k	+	4)/2	=	15.	Since	5	<	7,	x	is	assigned	the	value	5	in	Step	2.	(1)	He	checks	and	answers	his	email.	At	the	end	of	the	proof,	we	also	do	not	know	that	Q(x)	is	true	for	an
arbitrary	element	x	∈	S.	650	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	v1	r	v2	r	v3	r	v1	r	v2	...r....	However	then	(b,	a1	)	and	(b,	a2	)	are	both	ordered	pairs	in	g,	implying	that	b	has	two	distinct	images.	Therefore,	rn	=	rn−2	+	rn−1	.	A	coloring	of	the	vertices	of	G	is	given	by	the	following	algorithm.	(b)	What	is	the	minimum	number	of
light	switches	that	must	be	pressed	to	turn	all	lights	on?	However,	then	Dickens	stayed	in	Los	Angeles	as	well,	producing	a	contradiction.	8.	i	ai	2	3	4	11	11	9	x	8	11	11	11	output	x	=	11	We	now	consider	a	general	algorithm	for	solving	problem	(2);	that	is,	rather	than	adding	four	numbers,	the	algorithm	will	find	the	sum	of	the	numbers	in	any	finite	list
of	numbers.	............................................................................................................................................................................................................	Since	F1	=	1	<	1+2	5	,	the		√	i	inequality	holds	for	n	=	1.	The	first	term	of	a	sequence	{an	}	or	{bn	}	need	not	have	subscript	1.	2	A	proof	of	Result	3.36	consists	only	of	finding	a√	real	number	√	solution	of	the
equation	x	−	8	=	0.	Since	f	is	bijective,	f	has	an	inverse	function	f	−1	from	B	to	A	which	is	also	bijective.	Prove	that	4n	>	n3	for	every	positive	integer	n.	For	example,	the	function	f	:	R	→	R	defined	by	f	(x)	=	x7	+	2x3	+	3x	−	4	is	also	bijective,	but	an	algebraic	expression	for	f	−1	(x)	cannot	be	found.	Prove	or	disprove:	(a)	If	G	is	an	Eulerian	graph	and	H
is	a	subdivision	of	G,	then	H	is	Eulerian.	On	the	other	hand,	once	we	have	proved	any	of	these,	we	can	use	these	properties.	lp	m	24.	650	≈	0.42.	96	CHAPTER	3.	We	now	make	a	few	comments	about	Algorithm	6.2.	The	input	for	this	algorithm	is	four	numbers	a,	b,	c,	d.	(a)	{(a,	b)}.	The	Well-Ordering	Principle	states:	The	set	N	of	positive	integers	is
well-ordered.	Observe	that	x2	−	x	−	2	can	be	factored	as	(x	−	2)(x	+	1).	Then	R	is	an	equivalence	relation.	(b)	g(x)	for	each	x	∈	S.	Is	G	a	maximal	planar	graph?	If	T	is	nonplanar,	then	find	a	subgraph	of	T	that	is	a	subdivision	of	K5	or	K3,3	.	For	two	statements	P	and	Q,	the	truth	table	for	P	⇒	Q	is	defined	in	Figure	1.9.	According	to	this	truth	table,	we
see	that:	(i)	if	the	hypothesis	P	is	false,	then	P	⇒	Q	is	true	regardless	of	the	truth	value	of	Q;	(ii)	if	the	conclusion	Q	is	true,	then	P	⇒	Q	is	true	regardless	of	the	truth	value	of	P	;	(iii)	P	⇒	Q	is	false	only	when	the	hypothesis	P	is	true	and	the	conclusion	Q	is	false.	64.	....................................................................................................	In	this	case,	we	assume
that	n	is	an	odd	integer.	35	18	≈	2.	The	table	below	gives	the	representations	of	all	subsets	of	S.	Let	f	:	R	→	R	be	a	function	defined	by	f	(x)	=	xe−x	for	all	x	∈	R.	It	remains	therefore	only	to	verify	the	converse.	v	v	u	u3	v	G:	v	u	v	v	v8	v7	u5	Figure	15.12:	The	graph	G	in	Exercise	8	9.	On	the	other	hand,	if	we	select	one	coin	from	roll	#1,	two	coins	from
roll	#2	and	so	on,	up	to	all	10	coins	from	roll	#10	and	weigh	this	collection	of	coins,	then	we	are	weighing	10	·	11	1	+	2	+	·	·	·	+	10	=	=	55	2	coins	(by	the	formula	presented	in	Result	4.2).	•	Let	R	be	an	equivalence	relation	defined	on	a	nonempty	set	A.	(a)	If	n	is	an	even	integer,	then	3n	+	5	is	an	even	integer.	L6	L3	.....	(k	+	1)(k	+	2)	k+2	By	the
Principle	of	Mathematical	Induction,	it	then	follows	that	1	1	1	1	n	+	+	+	···+	=	1·2	2·3	3·4	n(n	+	1)	n+1	for	every	positive	integer	n.	(a)	B	∩	C.	rz	rw	x	r	11.	(b)	B1	=	{1,	2}	and	B2	=	{{1},	{2}}.	,	20}.	See	Figure	31.	f	(a)	=	f	(b)	<	0.	Chapters	8–10	deal	with	the	area	of	discrete	mathematics	called	enumerative	combinatorics:	the	study	of	counting.
Write	an	algorithm	that	determines	whether	a	sequence	s	:	a1	,	a2	,	.	This	is	shown	in	Figure	5.20(c).	Therefore,	b	R	a	and	R	is	symmetric.	Also,	5	R	(−4)	since	5	+	(−4)	=	1	∈	N.	Chapter	4:	Mathematical	Induction	Section	4.1	1	1	=	2·1+4	,	the	formula	holds	for	n	=	1.	By	the	induction	hypothesis,	2i	=	0	and	2j	=	0.	Thus	a	is	even.	Therefore,	the	sum	of
the	interior	angles	of	Pk+1	is	(k	−	2)	·	180o	+	180o	=	(k	−	1)	·	180o.	(c)	Show	that	the	coloring	of	the	arcs	of	D	in	Figure	15.44	is	a	synchronized	coloring.	s	:=	a1	4.	Then	f	(e)	=	f	(2d)	=	f	(d	+	d)	=	f	(d)	+	f	(d)	=	2f	(d)	=	2k,	which	is	even.	(b)	P	∧	Q	≡	∼	(P	⇒	(∼	Q)).	In	order	for	R1	to	be	transitive,	the	statement	If	(a,	b)	∈	R1	and	(b,	c)	∈	R1	,	then	(a,	c)
∈	R1	.	For	A	=	{a,	b,	c}	and	B	=	{w,	x,	y,	z},	let	f	:	A	→	B	be	the	function	defined	by	f	(a)	=	y,	f	(b)	=	z	and	f	(c)	=	w.	•	Exercises	Each	section	is	followed	by	a	set	of	exercises	dealing	with	the	material	in	that	section.	(b)	symmetric	(c)	reflexive,	transitive.	............................................................................	(b)	B	=	{0,	1,	2,	3,	4}.	First,	assume	that	c		a	and	c
	b.	Thus	xn	≺	xn−1	≺	·	·	·	≺	x1	and	so	(S,	)	is	a	totally	ordered	set.	In	general,	b	6=	an	for	all	n	∈	N.	We	now	illustrate	proof	by	contradiction	with	two	examples	where	this	would	not	be	the	expected	method	of	proof.	Then	n	=	2b	+	1	for	some	integer	b.	An	arithmetic	(pronounced	ar-ith-MET-ic)	sequence	is	a	sequence	in	which	the	difference	of	every
two	consecutive	terms	an	and	an+1	is	some	constant	k,	that	is,	an+1	−	an	=	k	for	each	n	∈	N.	5	5	f	−1	(x)	=	(x	+	7)/5	for	x	∈	R.	Because	4	=	i	=	n	+	1,	the	following	is	output:	10	is	not	in	the	sequence.		Result	3.44	There	is	no	smallest	positive	real	number.	1	....	Let	A	=	{a,	b,	c}	and	B	=	{0,	1}.	162	CHAPTER	5.	pairwise	disjoint	sets:	a	collection	of
sets	such	that	every	two	distinct	sets	are	disjoint.	By	the	Principle	of	Mathematical	Induction,	the	formula	holds	for	every	positive	integer	n.	Therefore	y	∈	[a]	and	so	[b]	⊆	[a].	6	10	14	15	21	35	.......	So	Algorithm	6.4	has	linear	time	complexity	as	n	−	1	=	Θ(n).	satisfy	Ln	=	L	n-	l	+Ln-	2	=	A1	+A~,	with	AI,	A2	=	(1	±	-/5)/2	from	the	Fibonacci	matrix	U~]'
Compare	Lo	=	2	with	Fo	=	O.	,	vk	can	be	assigned	one	of	the	colors	1,	2,	.	y	.........	Furthermore,	the	relation	R	is	not	transitive	since,	for	example,	(1,	2)	∈	R	and	(2,	3)	∈	R	but	(1,	3)	∈	/	R.	Then	P	=	(u	=	vi	,	vi+1	,	.	A	quick	check	tells	us	that	(−1)n+1	is	the	correct	choice.	(b)	Based	on	the	values	obtained	in	(a),	make	a	guess	for	a	formula	for	an	for
every	positive	integer	n	and	use	induction	to	verify	that	your	guest	is	correct.	Pn	16.	So	the	jury	should	find	the	defendant	guilty	(and	the	defendant	should	fire	the	defense	attorney).	Determine	the	minimum	number	t	of	arcs	that	needs	to	be	reversed	in	a	tournament	of	order	n	≥	3	such	that	the	resulting	tournament	is	Hamiltonian.	An	input	string
takes	us	from	the	starting	state	through	a	sequence	of	states,	as	determined	by	the	transition	function.	(b)	There	exists	a	rational	number	r	such	that	r2	=	2.	Example	4.31	A	sequence	a1	,	a2	,	a3	,	.	An	n-bit	string	is	a	string	of	length	n	where	each	term	is	0	or	1.	Theorem	6.22	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions.	(a)	{3}.	Of	course,	it	is
essential	that	after	the	conversion	of	the	streets	to	one-way	streets	it	is	possible	to	drive	(legally)	from	any	intersection	in	the	town	to	every	other	intersection	in	town.	Since	these	are	the	coeficients	c0	,	c1	,	c2	,	c3	,	c4	,	c5	of	20	,	21	,	22	,	23	,	24	,	25	,	respectively,	of	the	sum	c	of	a	and	b,	it	follows	that	c	=	(101001)2	=	41.	(c)	(∼	P	)	⇒	(∼	Q).	Prove	or
disprove:	If	A	is	a	denumerable	set	and	we	continue	to	add	new	elements	to	A,	then	we	will	eventually	arrive	at	a	set	B	where	|A|	<	|B|.	2,	1,	1	......	(b)	Use	the	idea	expressed	in	(a)	to	define	and	draw	another	digraph	D′	.	1	r	2	r	rw	rx	3r	ry	4	r	rz	B	A	.......	56	CHAPTER	2.	By	Theorem	12.36,	every	edge	of	G	lies	on	a	cycle	of	G.	Also	included	are	the
major	results	introduced	in	the	chapter	(arranged	in	the	order	presented).	Assume	that	1.		Example	14.32	Figure	14.25	shows	six	traffic	lanes	L1	,	L1	,	.		G1	:	....	Since	r	is	a	real	number,	so	is	(r	+	9)/4.	Since	deg	vk+1	≤	∆,	the	vertex	vk+1	is	adjacent	to	at	most	∆	vertices.	Whichever	state	one	is	in,	applying	one	of	the	input	values	will	lead	us	to	a	new
state.	For	two	elements	a	and	b,	we	write	(a,	b)	for	the	ordered	pair	in	which	a	is	the	first	element	(or	first	coordinate)	of	the	pair	and	b	is	the	second	element	(second	coordinate)	of	the	pair.		Let’s	consider	another	example	of	a	bijective	function.	Continuing	in	this	manner,	we	see	that	each	vertex	vt	(1	≤	t	≤	n)	is	adjacent	only	to	those	vertices	vi	with
t	<	i	≤	n.	χ(G)	=	3	and	χ(H)	=	4.	(d)	imperative	(e)	declarative,	not	a	statement.	(e)	There	are	only	finitely	many	primes.	(c)	(∼	P	)	∨	Q.	Since	this	also	provides	a	proper	coloring	of	H	with	some	or	all	of	the	colors	1,	2,	.	Then	r	=	a/b	and	s	=	c/d,	where	ad	a,	b,	c,	d	∈	Z	and	b,	c,	d	6=	0.	(b)	P	(x)	is	false	when	x	6=	3	and	x	6=	5.	The	set	Z	of	integers	can
be	divided	into	the	set	E	of	even	integers	and	the	set	O	of	odd	integers.	For	a	nonempty	set	A,	a	bijective	function	f	from	A	to	A	is	called	a	permutation	on	(or	of)	A.	Let	A	=	{1,	2,	4,	5}	and	B	=	{2,	3,	5}.	K	..	First,	let	S	=	R+	be	the	set	of	positive	real	numbers.	The	functions	f	:	A	→	B	and	g	:	A	→	B	defined	by	f	=	{(1,	b),	(2,	d),	(3,	d),	(4,	a),	(5,	c)}	and	g
=	{(1,	a),	(2,	a),	(3,	c),	(4,	c),	(5,	d)}.	Since	g	=	{(1,	2),	(2,	1),	(3,	4),	(4,	3)}	is	a	bijective	function	from	S	to	S,	it	follows	that	g	is	a	permutation	on	S.	Adding	7	to	both	sides	and	dividing	by	5,	we	obtain	a	=	b.	Thus	f	(a)	∈	B1	.	12	.....................	3/5.	Since	T	is	a	tournament,	either	(u,	v)	or	(v,	u)	is	an	arc	of	T	,	say	(u,	v)	is	an	arc	of	T	.	Theorem	14.22	Let	G
be	a	nonempty	graph.	,	Bn	,	A	∩	(B1	∪	B2	∪	·	·	·	∪	Bn	)	=	(A	∩	B1	)	∪	(A	∩	B2	)	∪	·	·	·	∪	(A	∩	Bn	).	(d)	I	will	go	to	the	movies	only	if	I	have	the	time.	s	:=	s	+	x	end	end	6.	,	6}.	There	is	also	a	way	to	define	n!	recursively.	Let	Di	be	a	strong	orientation	of	Gi	(i	=	1,	2,	3).	(c)	0.24.	Certainly	every	line	coincides	with	itself.	s4	...	(b)	Give	an	example	of	a
relation	R	from	A	to	B	such	that	|R|	=	4.	if	r	=	(n	−	1)/2	then	x	:=	aj	11.		The	table	below	shows	the	consequence	of	applying	Algorithm	6.8	to	the	sequence	in	Example	6.10.	A	relation	R	is	defined	on	Z	by	a	R	b	if	|a	−	b|	∈	{0}	∪	{2n	:	n	∈	Z,	n	≥	0}.	We	show	that	1+	√12	+	√13	+·	·	·+	√k+1	≤	√	2	k	+	1.	For	example,	ai	aj	=	a1	a2	+	a1	a3	+	a2	a3	.	
Result	3.14	Let	x	be	a	real	number.	(c)	4	times.	That	is,	the	identity	function	on	A	assigns	to	each	element	of	A	that	same	element.	j	:=	j	+	1	end	12.	Determine	f	−1	(x)	for	x	∈	R.	Identity	matrix	I	(or	In).	Let	U	=	{1,	2,	3}	be	the	universal	set	and	let	A	=	{1,	2},	B	=	{2,	3}	and	C	=	{1,	3}.	r	v6	r	v5	r	v3	r	v6	rv	v	r	....	Prove	that	there	exists	a	real	number
x	such	that	x2	=	5.	′	................................	See	Figure	29.	What	is	k?	Give	an	example	of	a	partition	S	of	the	power	set	P(A)	such	that	|S|	=	3.	Prove	that	1	·	2	+	2	·	3	+	3	·	4	+	·	·	·	+	n(n	+	1)	=	r	n+1	−1	r−1	n(n+1)(n+2)	3	for	every	positive	integer	n.	How	many	sets	B	are	there	such	that	A	⊂	B	⊂	C?	Therefore,	χ(Cn	)	=	1	+	∆(Cn	).	is	a	sequence	whose
nth	term	is	n3	.	Functions	that	are	both	one-to-one	and	onto	are	especially	important	and	are	emphasized	in	the	chapter.	Theorem	2.17	If	A	is	a	set	with	|A|	=	n,	where	n	is	a	nonnegative	integer,	then	|P(A)|	=	2n	.		Exercises	for	Section	1.2	1.	Disprove:	Let	A	and	B	be	sets.	This	is	shown	in	Figure	4.2(iii).	.................................................................	L4
...........	(c)	A	∈	B,	A	⊂	B	and	A	6⊆	C.	√	(c)	2	is	an	irrational	number.	Then	G	contains	a	u	−	v	path	Q	of	length	n	−	1,	say	Q	=	(u	=	u1	,	u2	,	.	u4	...	Indeed,	these	problems	seem	better	suited	to	computer-aided	solutions.		Stating	Implications	in	Words	We	have	already	mentioned	that	for	statements	(or	open	sentences)	P	and	Q,	the	implication	P	⇒	Q	can
be	expressed	in	words	as:	If	P	,	then	Q.	Let	f	:	A	→	B	be	a	function	for	nonempty	sets	A	and	B.	Write	each	of	the	following	sets	by	listing	its	elements.	Since	every	edge	of	G	joins	a	vertex	of	V1	and	a	vertex	of	V2	,	it	follows	that	G	is	a	bipartite	graph	with	partite	sets	V1	and	V2	.	proof	by	contrapositive:	see	contrapositive,	proof	by.	Prove	that	there	exist
two	integers	a	and	b	such	that	a	+	b	>	ab.	Then	{E(T1	),	E(T2	)}	is	a	partition	of	E(K4	).	In	the	case	of	Example	5.50(c),	if	we	write	h(x)	=	x2	−	3x	+	1	=	x(x	−	3)	+	1,	172	CHAPTER	5.	Observe	that	C(n	−	1,	1)	+	C(n	−	1,	2)	+	C(n,	1)	+	C(n,	2)	=	n2	.	Receiving	an	A	in	math	is	necessary	for	obtaining	all	A’s.	For	S	=	{−3,	−2,	.	On	the	other	hand,
because	every	two	vertices	of	Kn	are	adjacent,	every	two	vertices	of	Kn	must	be	colored	differently	and	so	χ(Kn	)	≥	n.	(b)	K4	−	e.	•	For	some	real	number	x,	x4	+	2	=	2x2	.	2	4	3	Exercise	3	Exercise	5	S	4	...................	Consequently,	if	the	machine	is	in	a	certain	state	s	at	a	particular	time	and	i	∈	I	is	input,	then	g(s,	i)	is	output	and	there	is	a	transition	of
the	machine	to	the	internal	state	f	(s,	i).	A	sequence	{an	}	is	defined	recursively	by	a1	=	1	and	an	=	2an−1	for	n	≥	2.	The	obvious	answer	would	have	been	an	=	n.	Illustrate	the	distributive	law	A	∪	(B	∩	C)	=	(A	∪	B)	∩	(A	∪	C)	by	drawing	Venn	diagrams.	Theorem	12.22	holds	for	k	=	0.	(b)	If	A	=	{a1	,	a2	,	.	Determine	all	those	integers	n	for	which	Q(n)
is	a	true	statement.	Select	the	smallest	unused	color	and	assign	this	color	to	vk+1	.	A∩B	A	...................................................................	Since	12	=	1·2·3	6	,	the	formula	holds	for	n	=	1.	s	s	r	w	(b)	sv	s	s	x	b	w	(c)	Figure	15.41:	The	digraph	in	Exercise	20	(a)	Is	the	coloring	of	D	in	Figure	15.41(b)	a	synchronized	coloring?	Analysis.	That	is,	the	general	term
of	the	sequence	can	be	determined	simply	by	evaluating	a	given	expression	for	an	appropriate	integer.	Observe	that	the	indegree	of	a	vertex	in	T	is	at	most	2r.	First,	in	the	statement	of	Result	4.10	the	symbols	a1	,	a2	,	.	,	an	are	only	used	to	help	us	state	the	result.	f	1	r	2	r	3	r	ra	rb	rc	rd	Figure	5.28:	The	diagram	of	the	function	f	in	Exercise	22	23.	(d)	f
=	{(a,	q),	(b,	q),	(c,	q),	(d,	q)}.	(b)	1/2.	(a)	f	(x)	=	(1	+	x	+	x2	+	·	·	·)5	=	(1−x)	in	f	(x)	=	(1	−	x)−5	is	1820.	So	here	too	the	contract	was	not	broken	and	P	⇒	Q	is	true.	More	formally,	a	finite-state	automaton	consists	of	(1)	a	finite	set	S	of	states,	(2)	a	finite	set	I	of	input	values,	(3)	a	transition	function	f	that	associates	a	next	state	with	each	state-input
pair.	Chapter	4	Mathematical	Induction	For	an	open	sentence	R(x)	over	a	domain	S,	we	have	now	seen	three	proof	techniques	that	can	be	used	to	verify	the	truth	of	the	quantified	statement	∀x	∈	S,	R(x):	For	all	x	∈	S,	R(x).	5	.......	Then	m	=	2k	for	some	integer	k.	bbrrbbrr	is	a	synchronized	sequence	for	some	vertex	of	D.	By	the	Principle	of
Mathematical	Induction,	n!	>	2n	for	every	integer	n	≥	4.	Example	14.17	Determine	whether	the	graph	F	′	of	Figure	14.12	is	planar.	1296.	For	n	=	5,	this	sequence	(5-bit	string)	can	be	expressed	as	f	(1),	f	(2),	f	(3),	f	(4),	f	(5)	or	as	1,	0,	1,	0,	1	or	as	10101.	1.....	(b)	⌊x⌋	≤	x	<	⌊x⌋	+	1.		74	CHAPTER	2.	Prove	for	every	positive	integer	n	that	2!	·	4!	·	6!	·	·	·
(2n)!	≥	((n	+	1)!)n	.	In	addition,	each	chapter	is	followed	by	a	supplemental	set	of	exercises	dealing	with	the	material	in	that	chapter.	Thus	(1	+	x)k+1	≥	(1	+	x)(1	+	kx)	=	1	+	(k	+	1)x	+	kx2	≥	1	+	(k	+	1)x	since	kx2	≥	0.	a	>	0	and	b	>	0.	Thus,	if	P	=	{S1	,	S2	,	.	So	x	∈	A	and	x∈	/	B	∩	C.	Example	1.14	For	a	real	number	x,	the	negation	of	the	open
sentence	P	(x)	:	(x	−	2)2	>	0	is	∼	P	(x)	:	(x	−	2)2	≤	0.	Before	attempting	any	exercises	that	have	been	assigned	and	as	part	of	a	study	plan	to	prepare	for	a	forthcoming	quiz	or	exam,	it	is	useful	to	read	and	understand	the	examples	presented.	Solving	for	x	by	the	quadratic	formula,	we	obtain	√	√	2±	4−8	=	1	±	−1.	(a)	For	every	set	A,	A	∩	A	=	∅.
Suppose	that	we	are	interested	in	obtaining	a	formula	for	the	sum	of	the	first	n	positive	integers,	where	n	∈	N.	The	inequality	holds	for	n	=	0	since	20	=	1	>	0.	(c)	∅	∈	{0}.	567	15.2.	TOURNAMENTS	18.	Which	of	the	following	collections	of	subsets	of	A	are	partitions	of	A?	Section	6.3	1.	A	sequence	a1	,	a2	,	a3	,	·	·	·	is	defined	recursively	by	a1	=	1,	a2
=	2	and		2	if	an−1	an−2	=	1	an	=	1	if	an−1	an−2	6=	1	for	n	≥	3.	Disprove:	Let	A,	B	and	C	be	sets.	This	will	be	verified	in	the	next	section.		147	148	CHAPTER	5.	By	the	time	the	19th	century	had	arrived	and	early	into	the	20th	century,	logic	and	the	emphasis	placed	on	valid	arguments	to	establish	the	truth	of	mathematical	statements	achieved	ever-
increasing	importance.	sequence:	a	listing	(finite	or	infinite)	of	elements	of	some	set.	Therefore,	the	only	time	this	contract	will	be	broken	is	when	P	is	satisfied	but	Q	is	not.	Then	5n	+	3	=	5(2k	+	1)	+	3	=	10k	+	5	+	3	=	10k	+	8	=	2(5k	+	4).	√	1	Proof.	g	1	0	1	1	0	The	output	is	10111110.	The	degrees	of	the	vertices	of	a	planar	graph	are	3,	3,	4,	4,	5,	5.
s	s	s	...s	....	SETS	6.	Therefore,	(A	−	B)	∪	(B	−	A)	⊆	(A	∪	B)	−	(A	∩	B).	Indeed,	one	of	the	major	reasons	that	we	discussed	logic	and	sets	in	the	two	preceding	chapters	was	to	provide	ourselves	with	a	proper	background	so	that	we	can	learn	how	to	read	and	understand	proofs	of	theorems	and,	on	occasion,	be	able	to	write	correct	proofs	of	our	own.	A
set	that	is	not	countable	is	called	uncountable.	y	............................................................	r	r	r	r	r	r	H	(2)	r	r	.......	Then	there	exists	some	graph	G	of	order	n,	say,	for	which	χ(G)	>	1	+	∆(G).	The	statement	is	false	(n	=	1	is	a	counterexample).	We	also	have	a	great	deal	of	additional	information	as	to	which	graphs	are	planar.	A	relation	R	is	defined	on	Z	×	Z
by	(a,	b)	R	(c,	d)	if	abcd	is	even.	1,1	................	........{a,	c}	{a,	b}	.............	....qq........	Example	14.28	Determine	the	chromatic	number	of	the	graph	G	of	Figure	14.21.	See	Figure	20.	Example	3.1	For	the	open	sentence	R(n):	n2	−	n	is	even.	We	give	an	alternative	proof	of	(4.4),	this	time	using	the	Principle	of	Mathematical	Induction.	We	used	the
symbols	r	and	s	for	convenience	in	stating	the	result.	This	element	was	denoted	by	r.	4.4	The	Strong	Principle	of	Mathematical	Induction	We	have	already	mentioned	that	there	are	several	variations	of	the	Principle	of	Mathematical	Induction.	Show	that	the	Petersen	graph	(see	Figure	14.15)	is	nonplanar	by	Kuratowski’s	theorem.	Illustrate	Algorithm
6.4	for	the	sequence	s	:	7,	2,	−1,	4,	−8.	j	....	Let	f	:	R+	→	R	be	a	function	defined	by	f	(x)	=	ln	x	for	all	x	∈	R+	.	(e)	{(1,	3),	(2,	3)}.	Show	that	the	function	f	:	R	→	R	defined	by	f	(x)	=	5x	−	7	is	bijective	and	determine	f	−1	(x)	for	x	∈	R.	1	..	(b)	χ(G)	=	3.		Example	5.12	A	relation	R	is	defined	on	the	set	Z	of	integers	by	a	R	b	if	ab	≥	0.	Section	2.3	1.	(a)	Let	k
∈	N.	Example	14.19	Using	positive	integers	as	colors,	several	colorings	of	a	graph	H	are	shown	in	Figure	14.19.	However,	according	to	the	associative	law	for	union	in	Theorem	2.22(b),	these	two	sets	are	equal.		We	have	seen	that	truth	tables	can	be	used	to	verify	that	two	compound	statements	are	logically	equivalent.	(a)	Use	the	word	“or”	to
describe	those	real	numbers	x	for	which	P	(x)	is	true.	Each	claims	that	he	has	an	airtight	alibi	for	the	night	the	murder	took	place	as	each	says	that	he	was	in	Las	Vegas	that	night	(not	in	Los	Angeles	where	the	murder	took	place).	{{1,	2},	{3,	4},	{5,	6}}.	Thus	a	<	c	and	so	a	R	c.	(a)	Give	an	example	of	a	partition	P1	of	S	such	that	P1	consists	of	five
subsets	of	S.	One	other	comment	is	useful.	70	CHAPTER	2.	3.........	Thus	(c,	d)	R	(a,	b)	and	R	is	symmetric.	(b)	If	I	go	to	class,	then	it	is	not	Friday.	If	v	is	the	initial	vertex	of	C,	then	an	arc	is	used	to	exit	v.	F	...	A	proof	in	this	case	consists	of	finding	a	rational	number	r	having	the	property	that	rs	is	rational	for	every	irrational	number	s.	In	Step	8,	a	=	b
+	1	and	10	is	not	in	the	sequence	is	output.	Q	:	1	+	2	+	3	=	1	·	2	·	3.	for	i	:=	2	to	n	do	[i	is	assigned	the	integers	from	2	to	n]	3.	We	will	use	a	proof	by	contrapositive	to	prove	this	implication.	(b)	ab	>	0	and	a	+	b	<	0.	Since	s	=	n2	,	it	follows	by	Theorem	12.59	that	Ks,t	is	Hamiltonian.	hypothesis	(of	P	⇒	Q):	the	statement	(or	sentence)	P	in	the
implication	P	⇒	Q.	(b)	The	statement	is	true.	•	For	at	least	one	real	number	x,	x4	+	2	=	2x2	.	Determine	3	[	An	!	n=1	\	3	[	!	Bn	.	3.4	Proof	by	Cases	Suppose	that	R(x)	is	an	open	sentence	over	a	domain	S	and,	as	usual,	we	wish	to	prove	that	the	quantified	statement	∀x	∈	S,	R(x)	is	true.	Write	out	the	first	four	terms	of	the	sequence	{an	}	for	which	an	=
(−1)n+1	3·2	n−1	,	where	n	∈	N.	(c)	2/5.	Theorem	14.25	Let	n	be	a	positive	integer.		Compound	Statements	The	operations	∼,	∧,	∨	and	⊕	are	examples	of	logical	connectives.	Hence	c	is	a	lower	bound	of	{a,	b}	and	so	c		a	∧	b.	Prove	that	3m	−	n	is	even	if	and	only	if	m	and	n	are	of	the	same	parity.	Divisibility	Properties	Primes	The	Division	Algorithm
Congruence	Introduction	to	Cryptography	Greatest	Common	Divisors	Integer	Representations	Chapter	Highlights	and	Supplementary	Exercises	Introduction	to	Counting	8.1.	8.2.	8.3.	8.4.	8.5.	9.	Find	all	sets	B	such	that	A	⊂	B	⊂	C.	Since	a1	=	1	=	12	,	the	formula	holds	for	n	=	1.		Example	5.4	Let	N	be	the	set	of	natural	numbers	(positive	integers)	and
let	N−	denote	the	set	of	negative	integers.	First,	we	show	that	if	m	and	n	are	of	the	same	parity,	then	3m	+	5n	is	even.	533	14.1.	PLANAR	GRAPHS	Kuratowski’s	Theorem	Because	K5	and	K3,3	are	nonplanar,	we	have	the	following	theorem.	Then	a−5	=	b−5	and	so	(a	+	1)(b	−	5)	=	(a	−	5)(b	+	1).	This	means	that	for	the	topic	that	web	page	A	is	dealing
with,	web	page	B	is	important.	(b)	A	∪	(C	−	B).	Thus	s3	=	3.	(b)	There	exists	a	real	number	x	such	that	x2	<	0.	That	is,	for	a	∈	A	and	b	∈	B,	it	follows	that	a	R	b	if	|a	−	b|	<	1.	Then	there	is	either	some	person	who	is	friends	with	two	others	who	are	friends	of	each	other	or	there	is	some	person	who	is	strangers	with	two	others	who	are	strangers	of	each
other.	(See	Exercise	5.)	Exercises	for	Section	1.5	1.	Of	course,	the	explanation	we	just	gave	for	why	Q1	⇒	Q2	is	a	true	statement	relies	on	the	truth	table	for	implication.	Since	x	∈	[a]	and	x	∈	[b],	it	follows	that	x	R	a	and	x	R	b.	Then	5a	−	3	=	5b	−	3.	P12	=	{{b},	{a,	c,	d}}.	are	names	of	colours	ABCD	.......................	We	were	able	to	show	that	n2	+	4n	−
3	could	be	written	as	4k	2	+	8k	−	3	for	some	integer	k.	x	w	.	For	the	sets	A	=	{a,	b}	and	B	=	{a,	b,	c},	determine	A×B,	B	×A,	A2	=	A×A	and	B	2	=	B	×B.	Thus	D	contains	the	Hamiltonian	path	(vn	,	vn−1	,	.	(d)	neither	one-to-one	nor	onto.	If	both	players	play	perfectly,	who	will	win	the	game?	Let	A	be	the	subset	of	S	consisting	of	those	members	of	S
you	have	had	as	an	instructor	and	let	B	be	the	subset	of	S	consisting	of	those	members	of	S	with	whom	you	have	had	a	conversation.	Solving	for	x,	we	obtain	x	=	(y	−	2)/3.	(d)	There	exists	a	woman	W	such	that	for	every	man	M,	W	is	older	than	M.	(d)	(s,	v,	z,	w,	s).	............................................................	1,1	.....	Theorem	15.15	Let	u	be	a	vertex	of
maximum	outdegree	in	a	tournament	T	.	In	the	proof	of	Result	3.38,	we	began	by	considering	√	√	√	3	3	3	3	3	by	first	considering	2	(Recall	from	Exercises	33	and	34	that	2	and	3	are	irrational.)	36.	365.	Example	5.27	For	the	two	sets	A	=	{a1	,	a2	,	a3	,	a4	}	and	B	=	{b1	,	b2	,	b3	},	let	f	be	the	function	from	A	to	B	that	assigns	•	•	•	•	to	to	to	to	a1	a2	a3
a4	the	the	the	the	element	element	element	element	b2	,	b3	,	b3	,	b2	.		Open	sentences	that	are	true	statements	for	every	value	of	each	variable	in	its	domain	will	be	of	special	interest	to	us.	r..	For	example,	give	your	friend	the	statement	P	∨	(∼	P	).	transition	function:	a	function	in	a	finite-state	machine	or	a	finite-state	automaton	that	associates	a	next
state	with	each	state-input	pair.	5	.	B	.	Then	2	=	a/b,	where	a,	b	∈	Z	and	b	6=	0.	Let	D	be	a	digraph	obtained	by	assigning	a	direction	to	each	edge	of	the	cycle	Cn	of	order	n	≥	3.	(c).	If	f	and	g	are	onto,	then	so	is	g	◦	f	.	Each	vertex	(state)	is	labeled	as	(x1	,	x2	,	x3	)	if	bottle	i	contains	xi	ounces	of	medicine	for	i	=	1,	2,	3.	(F)	(d)	If	42	6=	24	,	then	1	+	2	+
3	=	1	·	2	·	3.	Because	a3	=	12	>	10,	x	is	assigned	the	value	12	in	Step	3.	Chapter	3	Methods	of	Proof	In	a	criminal	trial,	the	goal	of	the	prosecuting	attorney	is	to	prove,	beyond	a	reasonable	doubt,	that	the	defendant	is	guilty	of	the	crime	with	which	he	or	she	has	been	charged.	21..........	r	=	0	or	r	=	n	−	1.	For	example,	3/2	is	reduced	to	lowest	terms
while	6/4	is	not	as	6	and	4	have	2	as	a	common	factor.	We	then	continue	in	this	manner.	(2.5)	Example	2.38	also	shows	that	A	×	B	6=	B	×	A	for	the	sets	A	=	{1,	2}	and	B	=	{x,	y,	z}.	Which	of	the	following	statements	are	true?	87	3.2.	DIRECT	PROOF	17.	Venn	diagram:	a	graphical	representation	of	sets.	7	...	Assume,	to	the	contrary,	that	there	is	a
positive	integer	x	such	that	x	<	x2	<	2x.	....2	.	A	5.	Theorem	5.23	Let	R	be	an	equivalence	relation	defined	on	a	nonempty	set	A.	However,	Q	⊆	R	⊂	C	but	R	is	uncountable.	The	domain	S	of	a	variable	is	often	a	collection	of	numbers	of	some	type.	transitive:	a	relation	R	on	a	set	S	is	transitive	if	(a,	b)	∈	R	and	(b,	c)	∈	R,	then	(a,	c)	∈	R	for	all	a,	b,	c	∈	S.
Assume	that	k	2	+	k	+	1	is	odd	for	a	nonnegative	integer	k.	(b)	B	=	{x	∈	R	:	x3	=	x}.	In	this	case,	what	are	a4	,	a5	and	a6	?	3	0	.......................	n	is	odd,	say	n	=	2k	+	1	for	some	k	≥	1.	The	probability	is	approximately	1	−	0.883	=	0.117.	5,	5	.	(c)	the	two	sets	C	=	{1,	2,	4}	and	D	=	{1,	2,	4,	5,	6}.	C	(d)	A	∩	B	B	C	A	C	(e)	A	∩	C	B	(c)	A	∩	(B	∪	C)	(b)	B	∪	C
............................	Let	R	be	an	equivalence	relation	on	the	set	S	=	{u,	v,	w,	x,	y,	z}	having	the	following	properties:	(a)	u	∈	[x]	∩	[y],	(b)	v	∈	/	[x]	∩	[y],	(c)	z	∈	[v]	and	(d)	w	6∈	[u]	∪	[z].	Corollary	14.10	The	complete	graph	K5	is	nonplanar.	It	remains	only	to	show	that	every	element	of	A	belongs	to	exactly	one	equivalence	class	in	P.	2	(4.5)	(4.6)	There
are	several	difficulties	with	this	so-called	“proof.”	Actually,	it	starts	in	(4.5)	with	what	we	want	to	show.	Prove	that	mn2	is	odd	if	and	only	if	m	and	n	are	odd.	Ten	small	towns	T1	,	T2	,	.	(b)	The	population	of	New	York	City	is	greater	than	the	population	of	Wyoming.	Then	for	a	specific	integer	n,	the	implication	P	(n)	⇒	Q(n):	If	3n	+	11	is	even,	then	n	is
odd.	Rodriguez	.....	For	1	≤	n	≤	210,	let	P	(n):	There	exists	a	subset	of	S,	the	sum	of	whose	elements	is	n.	(a)	−5	is	odd	if	and	only	if	23	+	1	is	even.	Proof	Strategy.	RELATIONS	AND	FUNCTIONS	Example	5.38	If	100	CD	ROMs	are	to	be	given	to	the	15	students	in	a	computer	science	class	so	that	the	distribution	among	the	students	is	as	equal	as
possible,	then	each	student	must	receive	either	⌈100/15⌉	=	7	CD	ROMs	or	⌊100/15⌋	=	6	CD	ROMs.	(In	fact,	10	students	must	receive	7	CD	ROMs	with	the	other	5	students	receiving	6	CD	ROMs.)		Two	other	common	types	of	functions	that	are	encountered	in	discrete	mathematics	are	exponential	and	logarithmic	functions.	Associative	Laws	:	(A	∩	B)	∩
C	=	A	∩	(B	∩	C)	and	(A	∪	B)	∪	C	=	A	∪	(B	∪	C).	Therefore,	every	nonempty	set	has	at	least	two	distinct	subsets.	175	5.4.	BIJECTIVE	FUNCTIONS	f	f	A	......	Allyson:	90.4;	Brian:	73.9.	25.	Since	n	=	2k	+	1,	this	suggests	making	this	substitution	for	n	in	5n	+	3.	In	Step	3,	x	is	assigned	the	number	0	+	a1	=	0	+	3	=	3.	(c)	P3	(n)	:	n2	−	n	−	6	=	0.	(a)	For
every	real	number	x,	there	exists	a	real	number	y	such	that	x	+	y	=	0.	j	2k	19.	x	x	y	=	log2	x	y	=	2x	Figure	5.12:	The	graphs	of	an	exponential	function	and	a	logarithmic	function	Example	5.40	(−1)n+1	is	an	infinite	n	1	1	1	1,	−	2	,	3	,	−	4	,	.	Therefore,	m	≤	3n	−	7,	a	contradiction.	(a)	f	(x)	=	x3	−	x.	.,	v1	,	v0	=	u)	is	a	~	v	−	u	path	in	D.	(b)	{2,	3,	4,	5,	6}.
31	....	(a)	For	every	successful	man,	there	is	a	woman	who	supports	him.	,	vn	,	v1	,	v2	,	.	3	...................................................	Suppose	first	that	a	∨	b	=	b.	Trivially,	if	A	=	{a,	b,	c}	and	B	=	{w,	x,	y,	z},	then	|A|	<	|B|.	This	is	a	contradiction.	................................................................................	(b)	a	=	0	and	b	=	1.	(c)	If	a	>	1,	then	a2	>	1.	For	a	nonnegative
integer	n,		1	if	n	=	0	fn	=	nfn−1	if	n	∈	N.	Assume	that	k(k+1)(2k+1)	2	2	2	for	an	arbitrary	positive	integer	k.	................................	(h)	1.	Hence	2m	=	18	=	N	≥	4r	=	4	·	5	=	20,	and	so	m	≥	10,	which	produces	a	contradiction.	,	an	of	n	Numbers	Input:	A	positive	integer	n	and	a	sequence	s	:	a1	,	a2	,	.	Observe	that	2k+1	=	2	·	2k	>	2k	3	=	k	3	+	k	3	≥	k	3	+
10k	2	=	k	3	+	3k	2	+	7k	2	>	k	3	+	3k	2	+	7k	=	k	3	+	3k	2	+	3k	+	4k	>	k	3	+	3k	2	+	3k	+	1	=	(k	+	1)3	.	This	step	is	simply	understood	and	accepted.	...............................................	If	R	and	S	are	logically	equivalent,	then	we	write	R	≡	S;	while	if	R	and	S	are	not	logically	equivalent,	then	we	write	R	6≡	S.	MATHEMATICAL	INDUCTION	Proof.	In	Step	4,	i
is	increased	to	6.	Next,	assume	that	2x	∈	Z	but	x∈	/	Z.	4	4	4...	(b)	B	=	{∅,	{a}}.	(a)	Show	that	if	an	odd	number	of	teams	play	in	a	round	robin	tournament,	then	it	is	possible	for	all	teams	to	tie	for	first	place.	31	1.3.	IMPLICATIONS	Let’s	look	at	the	implication	P	(x)	⇒	Q(x)	for	x	=	1,	say.	Result	4.32	A	sequence	a1	,	a2	,	a3	,	.	P2	:	(−1)3	=	−1.	4	r	{c}	r	r
r	r	r	{b,	c}	r	r	.	(10,	10)	(0,	10)	r	r	.....	•	For	an	open	sentence	R(x,	y)	containing	variables	x	and	y,	where	the	domain	of	x	is	S	and	the	domain	of	y	is	T	,	∼	(∀x	∈	S,	∃y	∈	T,	R(x,	y))	≡	∃x	∈	S,	∀y	∈	T,	∼	R(x,	y).	He	has	no	laundry	detergent	and	so	decides	to	use	the	vending	machine	to	purchase	a	bottle	of	laundry	detergent.	(g)	{1,	5,	9,	10}.	Step	5	outputs
the	value	of	x,	namely	7,	which	is	the	maximum	of	the	four	numbers.	T1	:	............	Consider	the	vertex	vk+1	.	,	vr	=	v)	is	a	u	−	v	path	in	D,	then	(v	=	vr	,	vr−1	,	.	1,1	..	Then	either	one	of	these	three	people	is	friends	with	the	other	two	or	one	of	these	people	is	strangers	with	the	other	two.	Prove	that	an	=	2n	for	every	positive	integer	n.	Thus	x3	+	3x2	+
2x	+	1	≥	0	+	0	+	0	+	1	>	0.	Q(n):	n	is	odd.	Figure	15.13:	The	graph	G	in	Exercise	11	12.	What	is	the	smallest	number	of	containers	that	can	be	shipped	safely	to	the	university?	,	an	of	nX	≥	2	numbers,	we	now	consider	an	algorithm	that	computes	X	the	sum	ai	aj	.	However,	none	of	the	numbers	1,	2	and	3	belong	to	B.	Continuing	in	this	fashion,	we
obtain	the	state	table	shown	below	for	this	finite-state	machine.	Let	G	be	a	planar	graph	and	let	G1	and	G2	be	two	plane	graphs	obtaining	by	drawing	G	in	the	plane.	Output:	The	next-to-largest	number	y	in	s.	Let	G	be	a	connected	plane	graph	of	order	8	having	five	regions.	y	=	3x	+	2	...	To	show	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true,	we	must	show	that	P	(x)
⇒	Q(x)	is	true	for	every	element	x	∈	S.	6·5	7.	152	CHAPTER	5.	can	be	established.	The	number	r	=	1	has	this	property.	(6)	If	Dickens	went	to	Las	Vegas,	then	Benjamin	stayed	in	Los	Angeles.	Note	that	Qn	is	connected	and	n-regular.	Prove	that	if	m	and	n	are	of	opposite	parity,	then	2m	+	n	and	3m	−	4n	are	of	opposite	parity.	This	mathematics	was
later	translated	into	Latin	and	became	the	mathematics	of	Western	Europe	and,	centuries	later,	the	mathematics	of	the	world.	However	then,	Q′	=	(u	=	u1	,	u2	,	.	Since	f	(c)	and	f	(2x)	are	even,	so	is	f	(1),	say	f	(1)	=	2ℓ.	Notice	that	if	we	add	these	two	equations,	the	expression	3x	−	7z	appears	in	the	sum.	Determine	all	complete	graphs	Kn	that	are
planar.	(d)	Is	the	coloring	of	the	arcs	of	the	digraph	in	Figure	15.38(c)	a	synchronized	coloring?	State	the	conjunction	and	disjunction	of	P	and	Q.	Exercises	for	Section	5.5	1.	Let	x	∈	S.	We	first	show	that	f	(A1	∪	A2	)	⊆	f	(A1	)	∪	f	(A2	).	1,1	...	Since	F2	=	1	<	1+2	5	,	every	integer	i	with	1	≤	i	≤	k.	w	............................	or	{an	},	where	an	=	(−1)n	for	n	∈	N.
To	establish	that	the	sets	[a]	and	[b]	are	equal,	we	show	that	[a]	⊆	[b]	and	[b]	⊆	[a],	beginning	with	the	first	of	these.	Since	3x	−	7x	=	−4x	=	2(−2x)	and	−2x	is	an	integer,	3x	−	7x	is	even.	Five	of	Harry’s	friends	enter	the	party	one-by-one	in	the	order:	Kelly,	Chuck,	Barb,	Lionel,	Maria.	Since	22	=	4	<	5	=	1	+	(1	+	1)	·	21	,	the	inequality	holds	for	n	=	1.
truth	table:	a	table	displaying	the	relationships	among	the	truth	values	of	statements.	For	two	real	numbers	a	and	b,	min(a,	b)	denotes	the	smaller	of	a	and	b;	while	max(a,	b)	denotes	the	larger	of	a	and	b.	In	Chapter	8,	permutations	and	combinations	are	also	introduced.	Then	ab	>	0.	Hence	the	total	number	of	comparisons	is	(n	+	1)	+	n	+	1	=	2n	+	2
=	Θ(n),	which	is	the	worst	case	time	complexity	of	Algorithm	6.8.		Without	additional	information,	it	is	impossible	to	know	how	likely	it	is	that	a	given	number	k	might	appear	in	a	sequence	of	n	distinct	numbers.	(a)	A	function	f	:	Z	→	Z	is	defined	by	f	(x)	=	3x	+	5.	Solving	for	x,	we	first	obtain	x√	=	y	+4	and	so	x	=	7	y	+	4.	(a)	f	(a,	b)	=	2a	+	b.	Prove	for
every	positive	integer	n	that	1	+	√12	+	√13	+	·	·	·	+	√1n	≤	2	n.	.........................	Next,	we	determine	the	time	complexity	of	Algorithm	6.6,	where	the	sum	of	the	numbers	in	a	sequence	of	size	n	is	computed.	Prove	that	1	√	3	1	1	4	+	1	9	+	···+	1	n2	≤2−	1	√	3	2	+	···+	1	√	3	n	>	(n	+	1)2/3	for	every	integer	n	≥	4.	We	show	that	replacing	each	ordered	pair
(r,	s)	of	f	by	(s,	r)	does	not	produce	a	function	from	B	to	A,	for	suppose	that	it	did,	resulting	in	a	function	g	:	B	→	A.	The	decimal	expansion	of	2	begins	with	1.42421	·	·	·.	T	T	F	F	Figure	1.7:	Verifying	De	Morgan’s	Law:	∼	(P	∨	Q)	≡	(∼	P	)	∧	(∼	Q)	Example	1.25	Use	De	Morgan’s	Laws	to	express	the	negation	of	the	following.	Draw	a	Venn	diagram	for	two
general	sets	C	and	D	and	shade	the	region	that	contains	the	elements	of	C	that	do	not	belong	to	D	and	the	elements	of	D	that	do	not	belong	to	C.	A	rational	number	is	the	ratio	a/b	of	two	integers	a	and	b,	where	b	6=	0.	14.1.	PLANAR	GRAPHS	535	7.	For	this	reason,	we	omit	the	proof	of	the	following	result.	While	T1	is	transitive	and	T2	is	strong,	T3
and	T4	are	neither.	Since	1	+	3	=	4	=	3	2−1	,	the	formula	holds	for	n	=	1.	What	Algorithm	6.2	does	in	Example	6.3	is	illustrated	by	proceeding	downward	through	the	table	below.	For	i	6=	j,	the	(i,	j)-entry	of	A3	is	the	number	of	different	vi	−	vj	paths	of	2	6	5	A	=4	5	2	2	length	3.	(c)	It	is	Friday	and	I	don’t	go	to	class.	Definition	2.20	Let	A	and	B	be	two
sets.	Because	a1	≺	a	and	a	and	m	are	incomparable,	a1	6=	m,	which	contradicts	the	assumption	that	m	is	the	unique	minimal	element	of	(S,	).	Dividing	by	n2	,	we	obtain	1	≤	5C	n	+	n2	.	(d)	T.	•	Every	planar	graph	has	a	vertex	of	degree	5	or	less.	From	the	inductive	140	CHAPTER	4.	Let’s	consider	the	converse	of	P	(x)	⇒	Q(x)	for	x	=	3	say.	32	...	Q(n)	:
n	is	even.	Consequently,	there	is	no	positive	integer	m	such	that	f	(m)	=	b	and	so	f	is	not	onto.	3	6	9	12	Figure	5.26	shows	a	table	whose	rows	and	columns	are	both	labeled	by	1,	2,	3,	.	a	=	1,	b	=	2,	c	=	3	and	d	=	6.	Then	f	(a)	∈	B1	∩	B2	and	so	f	(a)	∈	B1	and	f	(a)	∈	B2	.	Determine	a2	,	a3	,	a4	and	a5	.	The	sequence	s′	constructed	by	following	s	by	s	is	a
synchronized	sequence	for	v.	(See	Exercise	1.)	Example	6.14	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions	defined	by	f	(n)	=	2n2	and	g(n)	=	n3	for	all	n	∈	N.	If	you	are	author/publisher	or	own	the	copyright	of	this	documents,	please	report	to	us	by	using	this	DMCA	report	form.	,	10}	given	in	Example	2.43	Example	2.44	Let	A	=	{1,	2,	.	For	a	real
number	x,	let	|x|	be	the	absolute	value	of	x,	that	is,	|x|	=	x	if	x	≥	0	and	|x|	=	−x	if	x	<	0.	See	Figure	18.	(a)	x	R1	y	if	|x	−	y|	≤	1.	In	fact,	this	result	could	have	been	stated	as	follows:	Whenever	the	product	of	n	≥	2	real	numbers	is	0,	at	least	one	of	these	numbers	is	0.	g	b	c	s	b	g	r	s	c4	Figure	5.25:	The	map	in	Example	27	28.	nothing	..	Then	the	statement
∀n	∈	S,	P	(n)	:	For	every	integer	n	≥	m,	P	(n).	Recall	that	the	negation	of	∀x	∈	S,	∃y	∈	T,	R(x,	y)	is	∼	(∀x	∈	S,	∃y	∈	T,	R(x,	y))	≡	∃x	∈	S,	∀y	∈	T,	∼	R(x,	y).	while	the	contrapositive	of	the	implication	“if	n2	is	even,	then	n	is	even”	is	if	n	is	odd,	then	n2	is	odd.	Prove	that	if	x3	=	x,	then	x2	<	2.	There	is	a	similar	situation	for	statements.	If	Ai	=	A	for	1	≤	i	≤	n,
then	A1	×	A2	×	·	·	·	×	An	is	also	denoted	by	An	.	In	this	case,	by	the	third	and	fourth	rows	of	the	truth	table	in	Figure	1.9,	P	(x)	⇒	Q(x)	is	true	regardless	of	the	truth	value	of	Q(x)	for	the	real	number	x	under	consideration.	Illustrate	Algorithm	6.4	for	the	sequence	s	:	3,	5,	4,	5.	Each	of	G2	and	G3	contains	a	subdivision	of	K3,3	.	Because	the	vertices	of	G
can	be	colored	with	four	colors	(namely,	1,	2,	3,	4	in	Figure	14.21),	χ(G)	≤	4.	Since	every	edge	can	be	colored	either	red	or	blue,	there	are	215	=	32,	768	different	colorings	of	this	graph.	This	is	called	a	proof	by	cases.	Hence	where	k	∈	N.	Which	of	the	properties	reflexive,	symmetric	and	transitive	does	R	possess?	The	question	here	is	not	only	whether
this	can	be	done	in	this	town	but	under	what	conditions	this	can	be	done	in	any	town.	Determine	whether	fi	(i	=	1,	2,	3,	4)	is	a	function	from	A	to	B.	,	10.	Prove	by	induction	that	n2	≥	2n	+	3	for	every	integer	n	≥	3.	s	s	s	s	..............	Therefore,	the	two	statements	Q(1,	−3):	3	·	1	+	5	·	(−3)	=	−12	is	even.	It	is	often	unclear	even	for	experienced
mathematicians	to	determine	which	proof	technique	to	use.	∼	(∃x	∈	S,	∀y	∈	T,	R(x,	y))	≡	∀x	∈	S,	∃y	∈	T,	∼	R(x,	y).	These	properties	of	addition	and	multiplication	of	real	numbers	suggest	logical	equivalences	of	statements	involving	conjunction	and	disjunction.	Then	the	subgraph	F	with	V	(F	)	=	V	(H)	∪	V	(C	′	)	and	E(F	)	=	E(H)	∪	E(C	′	)	has	a	strong
orientation.	qqqqqqqqqqqqqq..q............qq	.....................................................................................................................................	(As	in	many	parts	of	mathematics,	the	terminology	that	is	used	is	not	always	universal.	(e)	The	converse	of	P	(n)	⇒	Q(n).	First,	it	may	be	necessary	to	clarify	some	aspects	of	Fibonacci’s	Rabbit	Problem.	D2	:	D4	:	...........		If	we
had	asked	for	a	sequence	{an	}	whose	first	three	terms	are	1,	2,	3,	we	almost	certainly	would	not	have	expected	an	=	n3	−	6n2	+	12n	−	6	as	a	response.	135	4.3.	SEQUENCES	Example	4.27	A	sequence	L1	,	L2	,	L3	,	.	...................................	Thus	xk+1	=	x	·	xk	=	(2a)	·	xk	=	2(a	·	xk	).	Which	one	and	why?	LOGIC	1	6	11	16	21	2	7	12	17	22	3	8	13	18	23	4
9	14	19	24	5	10	15	20	25	Figure	1.18:	The	5	×	5	checkerboard	in	Exercise	6	7.	Finally,	assume	that	a	R	b	and	b	R	c,	where	a,	b,	c	∈	Z.	Since	3n	−	6	=	30,	it	follows	that	m	is	(much)	less	than	3n	−	6.	Theorem	1.31	Let	P	,	Q	and	R	be	three	statements.	(d)	P4	=	{{a,	c,	d},	{b,	g},	{e},	{b,	f	}}.	5/6.	Example	1.3	Classify	the	following	mathematical
sentences	as	declarative,	interrogative,	imperative	or	exclamatory.	(a)	Give	an	example	of	four	elements	belonging	to	(A	×	A)	×	(A	×	A).	Assume	that	x	R	y.	However,	now	what	do	we	do?		There	is	a	logical	explanation	as	to	why	P	⇔	Q	can	be	expressed	in	words	as	“P	if	and	only	if	Q.”	Since	P	⇔	Q	is	defined	as	the	statement	(P	⇒	Q)	∧	(Q	⇒	P	)	and	the
commutative	law	of	conjunction	holds	(by	Theorem	1.22),	it	follows	that	(P	⇒	Q)	∧	(Q	⇒	P	)	≡	(Q	⇒	P	)	∧	(P	⇒	Q).	In	the	entry	whose	column	is	labeled	by	a	and	whose	row	is	labeled	by	b,	we	place	the	rational	number	a/b.	Therefore,	a	contradiction	is	produced	for	each	of	Benjamin,	Adams	and	Dickens.	Give	a	proof	of	this	implication,	using	a	proof	by
cases	namely:	Case	1.	n	This	sequence	can	also	be	expressed	as	−1,	n	o	n	1	−1	1	,	,	,	.	We	consider	one	of	the	best	known	ways	of	doing	this	–	provided	the	domains	and	the	codomains	of	the	two	given	functions	satisfy	certain	conditions.	Result	4.29	If	{an	}	is	a	sequence	defined	recursively	by	a1	=	3	and	an	=	2an−1	+	1	for	n	≥	2,	then	an	=	2n+1	−	1
for	every	positive	integer	n.	The	instructor	could	present	some	of	these	in	class.	(a)	T	contains	a	vertex	u	such	that	od	u	>	id	u	and	a	vertex	v	such	that	od	v	<	id	v.	No	explanation	is	required.	0.045	0.235	15.	(a)	{3,	7}.	Let	D	be	a	digraph	with	V	(D)	=	{1,	3,	5,	7,	9,	11}	and	let	A	=	{4,	6}	and	B	=	{6,	8}.	v2	r	r	v3	r	v4	r	v8	r	v6	Exercise	15	rv	rv	v8	r
Exercise	11	......	Observe	that	1+2	5	<	53	.	Let	F2	be	the	component	of	F	containing	v2	.	Since	the	number	b	can	be	0	in	the	definition	of	a	complex	number,	every	real	number	is	complex	and	so	R	⊆	C.	v2	.....	Prove	that	if	r	is	a	rational	number	and	s	is	an	irrational	number,	then	2r	−	3s	is	an	irrational	number	using	a	proof	by	contradiction.	For	every
real	number	x,	show	the	following.	Example	3.30	Disprove	the	following:	Let	n	be	an	integer.	(c)	If	G	∼	=	G,	then	G	and	G	have	the	same	size	m.	Clark	plans	to	take	discrete	mathematics,	algorithms	and	data	structures.	Then	n	<	x	<	n	+	1	for	some	integer	n	but	x	6=	n	+	21	.	Example	5.33	For	each	real	number	x,	let	f	(x)	be	the	real	number	x2	−	4x	+
1.		There	is	now	an	immediate	consequence	of	Theorem	1.48.	Assigning	such	a	color	to	v	produces	a	contradiction.		s0	s1	s2	s3	1	s1	s2	s3	s1	f	2	s2	s3	s1	s2	3	s3	s1	s2	s3	Example	15.25	Determine	the	state	digraph	for	the	finite-state	automaton	whose	state	table	is	shown	below.	Determine	all	(non-isomorphic)	orientations	of	the	5-cycle	C5	.	These
properties	are	encountered	so	often	that	familiarity	with	them	is	needed.	(b)	f	(n)	=	2n	+	5.	(b)	(i)	Let	G	=	P2	and	H	=	P3	.	(b)	53	(0.51)3	(0.49)2	≈	0.318.	(b)	Is	R	reflexive?	2	.......	Write	out	the	first	four	terms	of	each	of	the	following	sequences	whose	nth	term,	n	∈	N,	is	(a)	3.	qqq	.....	However,	b	+	a	=	a	+	b.	graph	(of	a	function	f	from	A	to	B,	where	A,
B	⊆	R):	the	set	of	points	(x,	y)	in	the	Cartesian	plane	for	which	x	∈	A,	y	∈	B	and	y	=	f	(x).	Next,	assume	that	(a,	b)	R	(c,	d)	and	(c,	d)	R	(a,	b),	where	(a,	b),	(c,	d)	∈	S	×	S.	Starting	in	the	upper	lefthand	corner	of	the	table,	we	draw	diagonals	directed	from	the	lower	left	to	the	upper	right	(as	shown	in	Figure	5.27).	Because	x	∈	/	C,	we	have	x	∈	/	B	∩	C.	It
only	remained	then	to	show	that	7n	+	3	is	not	odd.	Since	6	=	a	≤	b	=	10,	we	continue	through	the	while	loop	at	Step	3	again.	Corollary	5.65	Let	A,	B	and	C	be	nonempty	sets	and	let	f	:	A	→	B	and	g	:	B	→	C	be	two	functions.	1,	0	1,	0	..........	When	we	return	to	the	while	loop	at	Step	3,	a	subsequence	with	2j−1	terms	is	being	considered	and	5
comparisons	are	made	again.	(b)	For	every	positive	integer,	an	=	2n−1	+	1.	(a)	Give	an	example	of	a	function	g	:	N	→	S.	Furthermore,	we	may	assume	that	vi	is	colored	i	for	1	≤	i	≤	5.	Next	show	that	(k	+	1)2	≥	2k	+	5.	Consider	the	two	cases:	Case	1.	..........................................................................	Let	a,	b	∈	Z.	This	algorithm	finds	the	largest	of	four
numbers	a,	b,	c,	d.	Which	state	capital	has	the	largest	population?	(We	will	now	consider	the	subsequence	a9	,	a10	.)	Since	9	=	a	≤	b	=	10,	we	proceed	through	the	while	loop	at	Step	3	again.	This	completes	the	reordering.	Assume,	to	the	contrary,	that	G	contains	another	u	−	v	path	P	′	.	B	...	For	the	converse,	assume	that	c		a	∧	b.
..............................................................................	In	each	case	where	the	function	f	fails	to	have	a	particular	property,	give	an	explanation.	Let	G	be	a	maximal	planar	graph	of	order	n	≥	4	and	size	m.	(b)	If	b	∈	/	A,	then	what	is	A	∩	B?		2	The	Insertion	Sort	Algorithm	Although	the	Bubble	Sort	Algorithm	provides	a	relatively	simple	method	for	sorting	the
numbers	in	a	list,	this	may	not	be	the	first	algorithm	one	would	think	of	if	there	was	a	sequence	to	sort.	.,	vk+1	and	whose	edges	are	v1	v2	,	v2	v3	,	.	r	r	r	x1	ru2	.....	(a)	Algorithm:	Find	the	Minimum	of	Three	Numbers	a,	b,	c.	Therefore,	the	implication	P	(−1)	⇒	Q(−1)	is	false	and	x	=	−1	is	a	counterexample	of	the	statement	(3.18).	•	If	n	is	an	integer,
then	5n2	−	2	is	odd	implies	that	n	is	odd.	Theorem	5.66	Let	A	and	B	be	nonempty	sets.	The	vending	machine	accepts	nickels,	dimes	and	quarters	only.	This	function	also	has	the	interesting	property	that	its	1	2	CHAPTER	0.		If	U	=	Z,	then	N	=	{n	∈	Z	:	n	≤	0}.	finite-state	machine:	a	structure	consisting	of	(1)	a	finite	set	S	of	internal	states,	(2)	a	finite
input	set	I,	(3)	a	finite	output	set	O,	(4)	a	next-state	function	f	:	S	×	I	→	S,	(5)	an	output	function	g	:	S	×	I	→	O.	Chapter	9	discusses	the	concept	of	Pascal	triangles	and	the	related	binomial	theorem	and	presents	more	advanced	counting	problems,	some	through	the	subject	of	generating	functions.	This	is	verified	in	the	truth	table	of	Figure	1.15.	By	the
Principle	of	Mathematical	Induction,	an	=	n3n−1	for	every	nonnegative	integer	n.	This	is	referred	to	as	the	inclusive	or.	next-state	function	(or	transition	function):	a	function	in	a	finite-state	machine	or	a	finite-state	automaton	that	associates	a	next	state	with	each	state-input	pair.	x1	...	Therefore,	χ(H)	≤	3	and	so	χ(H)	=	3.	n	3n+1	for	every	positive
integer	n.	Suppose	that	the	vertex	ui	(of	degree	2)	is	inserted	into	the	edge	ei	(1	≤	i	≤	k)	and	the	edges	u1	u2	,	u2	u3	,	.	(b)	Describe	the	distinct	equivalence	classes	resulting	from	R.	If	either	m	<	−1	and	n	<	−1,	then	mn	>	1,	which	would	produce	a	contradiction.	Use	De	Morgan’s	Laws	to	state	the	negations	of	the	following.	Although	it	is	not	our
intention	to	go	into	any	of	this	in	great	depth,	it	is	our	goal	to	present	enough	details	and	examples	so	that	a	sound	introduction	to	proofs	can	be	obtained.	Show	that	there	is	a	positive	constant	C	′	such	that	f	(n)	≤	C	′	g(n)	for	every	positive	integer	n.	B	(b)	f	is	not	onto	Figure	5.21:	Functions	that	are	not	bijective	If	we	let	A	=	{Abraham,	Stephen,
Charlene,	Debra,	Lawrence}	B	=	{calculator,	certificate,	cell	phone,	painting,	iPod},	then	the	distribution	of	gifts	describes	a	function	f	:	A	→	B,	namely	f	=	{(Abraham,	calculator),	(Stephen,	certificate),	(Charlene,	cell	phone),	(Debra,	painting),	(Lawrence,	iPod)}.	if	i	=	n	+	1	then	output	k	“is	not	in	the	sequence”.	(f)	A	∩	B.		2n	+	3	Binary	Strings	The
sequences	described	above	are	all	infinite	sequences	as	each	such	sequence	contains	an	infinite	number	of	terms.	Is	D	strong?	No.	29.	On	the	other	hand,	committees	C1	and	C2	must	meet	during	different	time	periods	since	Allen	is	a	member	of	both	committees.	Prove	that	100	cannot	be	written	as	the	sum	of	three	integers,	an	even	number	of	which
are	even.	If	m	and	n	are	both	even,	then	3m	+	7n	is	even.	State√	√	ment	3	is	true	as	2	does	p	not	equal	√	1.414.	With	every	new	era	in	mathematics,	a	new	peak	has	been	created.	Thus	173	5.4.	BIJECTIVE	FUNCTIONS	f	π+9	4		=4	π+9	4		−	9	=	π,	as	desired.	LOGIC	(a)	Give	an	example	of	two	distinct	integers	a	and	b	for	which	this	biconditional	is
true.	f4	=	{(a,	1),	(b,	0)}.	Let	k	be	the	largest	positive	integer	such	that	(vk	,	vk−1	)	∈	/	E(D).	In	particular,	(4,	1)	is	a	point	on	the	graph	because	1	=	f	(4)	=	42	−	4	·	4	+	1.	(b)	For	each	n	∈	S,	n3	−	n	n3	−	n	is	even.	state	digraph	(or	transition	digraph):	a	digraph	representing	the	states,	next-state	function	and	output	function	in	a	finite-state	machine	or
a	finite-state	automaton.	Prove	or	disprove:	For	every	nonempty	set	A,	there	exists	a	set	B	such	that	A	∪	B	=	∅.	1	..........	P	(n)	∨	Q(n):	n3	+	2n	is	even	or	n2	−	4	<	0.	Hence	n	=	O(n2	)	but	n2	6=	O(n).	Whenever	more	than	20¢	has	been	deposited,	the	amount	over	20¢	is	immediately	returned.	Let	A	be	the	set	of	people	who	go	to	a	particular	movie
theater	on	a	particular	day,	B	=	N	(the	set	of	positive	integers)	and	C	=	{6,	7,	10}.	We	now	give	two	examples	of	this.	2	2	2	Section	4.2	1.	w2	u3	D3	:	...............	Thus,	f	(n)	≥	1	C	′′		g(n)	for	every	integer	n	≥	k	′′	.	.......................................	In	order	for	d(u,	v)	to	be	defined	for	every	pair	u,	v	of	vertices	of	D,	the	digraph	D	must	be	strong.	Since	y	∈	/	B	∩	C,
either	y	∈	/	B	or	y	∈	/	C.	i	:=	i	+	1	end	5.	On	the	other	hand,	if	b	=	b1	b2	·	·	·	bk	=	0,	then,	since	b	is	the	product	of	k	real	numbers,	it	follows	by	the	inductive	hypothesis	that	bi	=	0	for	some	integer	i	(1	≤	i	≤	k).	Therefore,	K3,3	can	be	drawn	as	a	plane	graph,	resulting	in	r	regions,	say.	As	before,	(1)	is	called	the	base	or	basis	step	of	this	induction	and
(2)	is	the	inductive	step.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	603	3.	output	x	(a)	What	is	output	for	the	sequence	s	:	23,	21,	11,	19,	7?	1,	1	.	c	w	......	tautology:	a	compound	statement	that	is	true	for	all	possible	combinations	of	truth	values	of	its	component	statements.	739,	201.	The	numbers	in	this	sequence	s	are	input,	as	is	the
length	n	=	4	of	the	sequence.	Let	A	be	a	set	with	k	+	1	elements,	say	A	=	{a1	,	a2	,	.	Each	roll	consists	of	10	coins	and	all	100	coins	look	identical,	but	they	are	not.	(d)	{1,	4}.	(f)	{∅}	⊆	{a}.	(b)	Does	there	exist	a	digraph	D	of	order	n	≥	3	such	that	no	two	vertices	of	D	have	the	same	indegree	and	no	two	vertices	of	D	have	the	same	outdegree?	Assume,
to	the	contrary,	that	3	2	is	rational.	Therefore,	we	have	the	following.	While	there	is	no	apparent	connection	between	the	statements	Q1	and	Q2	in	the	implication	Q1	⇒	Q2	above,	there	is	ordinarily	a	connection	between	statements	P	and	Q	whether	P	⇒	Q	is	encountered	in	mathematics	or,	indeed,	in	everyday	conversation.	If	f	assigns	to	both	a	and	c
the	element	w,	assigns	to	b	the	element	v,	and	assigns	to	d	the	element	y,	then	f	is	a	function	from	A	to	B	for	which	f	(a)	=	w,	f	(b)	=	v,	f	(c)	=	w	and	f	(d)	=	y.	(7)	...	(b)	(P	∨	(∼	P	))	⇒	P	.	Although	we	may	not	be	able	to	determine	the	chromatic	545	14.2.	COLORING	GRAPHS	number	of	a	graph	G,	it	can	be	shown	that	χ(G)	can	never	be	much	larger	than
its	maximum	degree	∆(G).	Furthermore,	by	Theorem	1.46,	for	two	statements	P	and	Q,	the	implication	P	⇒	Q	and	its	contrapositive	(∼	Q)	⇒	(∼	P	)	are	logically	equivalent,	that	is,	P	⇒	Q	≡	(∼	Q)	⇒	(∼	P	).	Why?	inclusive	or:	P	or	Q	(same	as	disjunction).	Let	P	=	(v1	,	v2	,	.	As	with	isomorphic	graphs,	two	isomorphic	digraphs	have	the	same	order	and
same	size.	If	four	numbers	lie	inside	the	rhombus,	then	the	four	numbers	are	C(n	−	1,	1),	C(n	−	1,	2),	C(n,	1)	and	C(n,	2).	(b)	∀a	∈	S,	∀b	∈	T	,	∼	P	(a,	b).	..........................	Then	e	=	2d	for	some	integer	d.	(d)	0.2.			11.	(b)	7.	(b)	∃n	∈	Z,	Q(n).	We	show	that	2(k	+	1)	=	0.	Let	S	be	the	sample	space.	(d)	For	n	=	1,	we	have	n	+	n1	=	1	+	1	=	2.	What	is	one	way
of	dividing	the	cities	into	a	smallest	number	of	divisions?	(e)	Q5	(n)	:	n2	+	2n	≤	8.	Since	S	is	finite,	there	is	a	chain	a1	≺	a2	≺	·	·	·	≺	ak	=	a	with	a	maximum	number	of	elements.	for	example.	r	...	176	CHAPTER	5.	Since	3k	+	8	is	an	integer,	3n	+	14	is	odd.	G2	:	......	The	answer	to	this	question	is	that	we	provide	a	proof.	Let’s	consider	an	example	of	a
biconditional.		Example	1.7	Consider	the	open	sentence	Q(a,	b):	3a	+	5b	is	even	where	a	and	b	are	integers,	that	is,	the	domain	of	both	a	and	b	is	the	collection	of	integers.	Definition	3.12	A	proof	of	a	statement	is	a	presentation	of	a	logical	argument	that	demonstrates	the	truth	of	the	statement.	For	the	sets	A	=	{1,	2,	3,	4}	and	B	=	{x,	y,	z},	give	an
example	of	a	function	g	:	A	→	B	and	a	function	h	:	B	→	A.	Example	4.13	Consider	the	sequence	a1	,	a2	,	a3	,	.		Example	6.15	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions	defined	by	f	(n)	=	3n2	+	6	and	g(n)	=	n3	+	n	for	all	n	∈	N.	(b)	π	=	22/7.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	R5	R1	......	Such	a	finite-state	machine	is	commonly	called	a
binary	adder.	•	The	set	Q	of	rational	numbers	is	denumerable.	v	u	...........	B	A	A−B	........................	A	directed	edge	(u,	v)	is	represented	in	a	diagram	of	a	digraph	by	drawing	a	directed	line	segment	or	directed	curve	from	u	to	v.	Theorem	3.25	Let	n	be	an	integer.	inverse	(of	a	bijective	function	f	:	A	→	B),	f	−1	:	a	bijective	function	from	B	to	A	such	that
(r,	s)	∈	f	if	and	only	if	(s,	r)	∈	f	−1	.	(f)	South	Dakota	is	south	of	North	Carolina.	Thus	⌈x⌉	+	⌊x⌋	=	(n	+	1)	+	n	=	2n	+	1	6=	2x.	By	the	Strong	Principle	of	Mathematical	Induction,	an	=	n2	+	3	for	every	positive	integer	n.	Prove	that	if	every	vertex	of	T	has	outdegree	⌈	n−1	2	⌉	or	⌊	n−1	2	⌋,	then	T	is	strong.	The	only	time	periods	when	courses	are	taught	in
the	summer	are	8:00-9:45,	10:15-12:00,	1:303:15.	Since	Q	and	I	are	disjoint	denumerable	sets,	Q	∪	I	is	denumerable	by	Theorem	5.84.	Prove	that	if	P	∧	Q	is	true,	then	P	∨	Q	is	true.	ppp	ppp	ppp	y	=	−2x	ppp	ppp	ppp	ppp	pp	p	p	pp	ppp	ppp	pp	p	p	pp	ppp	ppp	ppp	ppp	ppp	ppp	ppp	ppp	p	x	Figure	5.2:	The	line	y	=	−2x	in	the	Euclidean	plane	Solution.
Let	S	=	{1,	2,	3,	4,	5,	6,	7}.	Next	we	show	that	g	6=	O(f	).		Exercises	for	Section	1.4	1.	In	Step	1,	x	is	assigned	the	value	8.	This	includes	a	list	of	the	major	concepts	introduced	in	the	chapter	(arranged	alphabetically)	with	a	brief	definition	of	each	concept.	Let	R	=	R1	∩	R2	.	By	similar	reasoning,	P	(4)	is	true,	P	(5)	is	true	and	so	on.	x	.	[(5,	5)]	=	{(1,	1),
(2,	2),	(3,	3),	.	B	B	A	............	Hence	f	=	Θ(g).	Example	6.10	Illustrate	Algorithm	6.8	for	k	=	10	and	s	:	8,	14,	9.	It	is.	3	...............................................................................	Consequently,	n	=	O(2n	),	n2	=	O(2n	),	and	2n	=	O(n!).	As	an	example,	suppose	that	we	have	a	very	small	internet,	consisting	of	only	four	web	pages:	www.A.com	www.B.com
www.C.com	www.D.com	Suppose	that	these	appear	as	follows.	Let	A	be	an	n-element	set,	say	A	=	{a1	,	a2	,	.	It	was	the	French	mathematician	Edouard	Lucas	who	gave	the	name	Fibonacci	numbers	to	this	sequence	of	numbers.	p	...................	(b)	................	(a)	Determine	a3	,	a4	and	a5	.	Before	giving	some	examples,	we	make	some	assumptions,
namely:	If	a	and	b	are	integers,	then	so	too	are	−a,	a	+	b	and	ab.	See	Figure	27.	Then	A1	∩	A2	∩	·	·	·	∩	A10	=	∅	and	A1	∪	A2	∪	·	·	·	∪	A10	=	{1,	2,	.	However,	there	is	no	integer	j	satisfying	0	≤	j	≤	k	when	j	=	1	and	k	=	0.	3	.........................................................		174	CHAPTER	5.	The	definition	of	an	,	where	n	∈	{0}	∪	N,	can	be	expressed	as	a	sequence
p0	,	p1	,	p2	,	.	2	is	false	since	R(5)	is	a	false	statement.	METHODS	OF	PROOF	(m	−	2)2	+	(n	−	6)2	≤	1.	v3	v2	.....	(c)	0	is	even.	0,	1	...........................	if	x	<	a3	<	z	then	y	:=	a3	5.	(5)	If	Adams	stayed	in	Los	Angeles,	so	did	Dickens.	n	Figure	1:	The	graphs	of	y	=	x2	and	m	=	n2	The	exponential	function	y	=	ex	is	encountered	often	in	calculus	–	perhaps	not
surprisingly	since	e	is	the	base	of	the	natural	logarithm.	the	coloring	of	D	in	Figure	15.41(c)	is	a	synchronized	coloring	of	D.	1	c1	G:	.......	if	ap	<	k	then	a	:=	p	+	1	8.	Prove	that	if	T	contains	two	directed	cycles	C	and	C	′	of	order	n	−	1	such	that	C	′	contains	a	vertex	not	on	C,	then	T	is	Hamiltonian.	q	....	Assume,	to	the	contrary,	that	x	belongs	to	two
distinct	equivalence	classes	in	P,	say	[a]	and	[b].	Since	5k	−	4	is	an	integer,	5n	−	7	is	odd,	which	is	a	contradiction.	P9	=	{{a,	c},	{b,	d}}.	RELATIONS	AND	FUNCTIONS	then	(a,	c)	=	(z,	z)	∈	R1	,	so	(5.1)	is	true	when	(a,	b)	=	(z,	z)	and	(b,	c)	=	(z,	z).	Show	that	if	A	and	B	are	two	nonempty	sets	such	that	A	6=	B,	then	A	×	B	6=	B	×	A.	By	the	distributive
law	for	sets,	if	A,	X	and	Y	are	any	three	sets,	then	A	∩	(X	∪	Y	)	=	(A	∩	X)	∪	(A	∩	Y	).	(f)	Q.	Consequently,	the	implication	in	(5.1)	is	true	for	all	a,	b,	c	∈	S	and	so	R1	is	transitive.	We	now	illustrate	these	ideas.	...............................................................	For	example,	suppose	that	the	Department	of	Mathematics	has	sign-up	sheets	for	students	who	plan	to
take	certain	mathematics	courses	next	semester.	What	are	the	values	of	a,	b	and	c	if	the	implications	P	(a)	⇒	Q(a),	Q(b)	⇒	R(b),	R(c)	⇒	P	(c)	are	true	but	all	of	their	converses	are	false?	Dividing	by	2,	we	obtain	min(a,	b)	=	a	≤	a+b	2	≤	b	=	max(a,	b).	is	defined	recursively	by	a1	=	1	and	an	=	n	n−1	an−1	for	n	≥	2.	Example	5.32	Let	A	=	{a,	b}	and	B	=
{0,	1}.	,	vk	)	be	a	directed	path	of	greatest	length	in	T	.	1	.......	2	3	4	Figure	3:	Another	graph	model	4	CHAPTER	0.	Then	G	contains	two	nonadjacent	vertices	u	and	v.	1287.	This	describes	a	function	f	:	A	→	B,	where	b	=	f	(a)	if	b	is	the	score	of	a	on	the	quiz.	P	⇒	Q	≡	(∼	P	)	∨	Q.	Example	5.61	√	Determine	whether	the	function	h	:	R+	→	R	defined	by	h(x)
=	3	x	for	all	x	∈	R+	is	bijective.	We	now	describe	a	concept	that	deals	with	this.	(a)	Show	that	f	is	one-to-one.		The	following	example	will	be	helpful	to	us	soon.	1,	0	.....	√	√	11.	Consider	the	positive	integer	n	=	1.	585	15.3.	FINITE-STATE	MACHINES	3.	(k)	A	∪	B.	The	size	of	C	n	is	n(n	−	3)/2.	The	relation	R	on	Z	defined	by	a	R	b	if	a	=	b.	b	.....	For	the
converse,	assume	that	the	weight	of	each	edge	e	∈	E(G)	−	E(T	)	exceeds	the	weight	of	every	edge	on	the	cycle	of	T	+	e.	Leonardo	called	himself	Fibonacci.	(d)	No	(since	b	belongs	to	two	distinct	elements	of	P4	).	Therefore,	2k+1	>	k	+	1.	(a)	1000.	Show	that	if	A	6=	B,	then	P(A)	6=	P(B).		Existential	Quantifiers	There	is	another	way	to	form	a	statement
from	an	open	sentence	by	means	of	quantification.	qqqqq	.	What	is	the	minimum	number	of	phases	needed	for	the	traffic	light	so	that	all	cars	may	proceed	safely	through	the	intersection?	f	(x)	=	(1+x)	2	=	−x(1	−	2x	+	3x	−	4x	+	·	·	·)	=	−x	+	2x	−	3x	+	4x	−	5x	+	·	·	·	and	n	an	=	(−1)	n	for	n	≥	0.	For	the	converse,	we	show	that	if	7	−	n	is	even,	then	n	is
odd.	(b)	A	∪	B.	(b)	If	G	is	a	Hamiltonian	graph	and	H	is	a	subdivision	of	G,	then	H	is	Hamiltonian.	When	a	ball	is	thrown	in	the	air,	its	velocity	changes	continuously.	Hence	we	may	assume	that	k	≥	2.	If	n	is	an	odd	integer,	then	7n	+	4	is	odd.	Let	x	be	the	number	of	vertices	of	degree	1	in	T	.	In	the	proof	of	Result	3.28	it	was	proved,	for	integers	m	and
n,	that	if	mn	is	odd,	then	m	and	n	are	both	odd.	This	symbol	is	commonly	used	for	this	purpose.	Squaring	both	sides,	we	get	a	+	b	=	a	+	c	and	so	b	=	c,	which	is	a	contradiction.	Which	of	the	properties	reflexive,	symmetric,	transitive	does	R	possess?	Consider	the	number	2	.	v	u	....	1,	0	....	Determine	with	explanation	which	of	the	following	functions
are	bijective	functions	from	R	to	R.	Venn	diagrams	for	the	difference	and	symmetric	difference	of	two	general	sets	are	shown	in	Figure	2.7.	While	A	⊕	B	=	B	⊕	A	for	every	two	sets	A	and	B,	this	is	not	the	case	for	A	−	B	and	B	−	A.	Let	f	:	A	→	B	be	a	function.	(3,	.	√	√	√	√	37.	Thus	x1	+	x2	+	x3	=	6.	(a)	There	exists	an	even	integer	a	such	that	either	a2	or
a	+	2	is	odd.	We	could	draw	the	graph	of	the	function	defined	by	y	=	f	(x)	=	x2	−	2x	+	5,	as	in	Figure	5.18,	where	it	now	certainly	appears	that	every	value	of	y	(every	image)	is	at	least	4.	Give	an	example	of	(a)	a	set	A	of	cardinality	2	such	that	A	⊆	P(S).	Result	4.7	For	every	positive	integer	n,	1	+	2	+	22	+	·	·	·	+	2n	=	2n+1	−	1.	A	while	loop	is
introduced	in	the	following	algorithm.	Thus	if	f	is	onto,	then	B	can	contain	at	most	n	elements.	(ii)	conjecture	a	formula	for	an	for	each	positive	integer	n.	s	s	s	s	Figure	15.30:	The	state	digraph	for	the	finite-state	machine	in	Example	15.25	man	does	possess	two	empty	bottles	–	one	with	a	capacity	of	5	ounces	and	the	other	with	a	capacity	of	1	ounce,
but	neither	of	these	has	markings	either.	Definition	5.28	If	f	:	A	→	B	is	a	function	from	a	set	A	to	a	set	B,	then	A	is	called	the	domain	of	f	and	B	is	the	codomain	of	f	.	Whenever	v	is	encountered	on	C,	an	arc	is	used	to	enter	v	and	another	is	used	to	exit	v.	,	n	−	2.	Let	S	=	{2,	4,	6}	and	let	R(n):	n3	−	n	is	even.	Since	2	=	j	≤	n	=	3	in	Step	5,	Steps	6	and	7
are	performed.	That	is,	P	(x)	⇒	Q(x)	is	true	for	every	real	number	x.	(a)	f	:	R	→	R	is	defined	by	f	(x)	=	x2	+	1	for	x	∈	R.	z	.	,	v8	}	is	3	and	G	is	known	to	have	exactly	one	vertex	of	degree	3,	namely	v1	.	is	defined	recursively	by		1	if	n	=	1,	2	Fn	=	Fn−2	+	Fn−1	if	n	≥	3.	r	201	r	210	r	r	r	r	r	102	r	r	G	111	Figure	23:	The	graph	in	Exercise	27	29.	Example	1.29
Use	De	Morgan’s	Laws	(Theorem	1.24)	and	Theorem	1.28	to	express	the	negation	of	the	following.	In	such	a	case,	we	assume	that	P	(k)	is	a	true	statement	for	an	arbitrary	positive	integer	k.	We	show	that	ak+1	=	2(k+1)+1	−	1	=	2k+2	−	1.	It	turns	out	in	this	case	as	well	that	if	a	number	A	is	the	product	of	n	different	primes,	then	there	are	exactly	2n
different	positive	integers	that	divide	A.	,	an	)	are	referred	to	as	ordered	n-tuples,	where	a1	is	the	first	element	(or	the	first	coordinate)	of	the	n-tuple,	a2	is	the	second	element	and	so	on.	Let	T	be	a	tournament	of	order	n.	...	Example	1.6	Consider	the	open	sentence	P	(x)	:	3x	−	9	=	0	where	the	element	x	represents	a	real	number,	that	is,	the	domain	of
x	is	the	collection	of	real	numbers.		The	quantified	statement	(3.1)	is	often	rephrased	as	an	implication.	3	13.	Prove	that	if	R1	and	R2	are	equivalence	relations	on	S,	then	R1	∩	R2	is	also	an	equivalence	relation	on	S.	Let	D	be	a	digraph	with	V	(D)	=	{1,	3,	5,	9,	11,	13}	and	let	A	=	{2,	8}	and	B	=	{4,	10}.	(d)	∼	(∃n	∈	S,	P	(n)).	(a)	K4	.	When	wick	#2	is
completely	burned,	45	minutes	have	elapsed.	This	is	the	reason	that	the	contrapositive	of	an	implication	interests	us	so	much.	5	....	195	CHAPTER	5	HIGHLIGHTS	26.	Even	though	this	is	not	an	unusual	occurrence,	there	is	no	guarantee	that	the	sequence	under	consideration	has	this	desired	property.	Definition	2.15	The	set	of	all	subsets	of	a	set	A	is
called	the	power	set	of	A	and	is	denoted	by	P(A).	L5	.....	For	the	period	1879-1890,	the	Four	Color	Problem	was	considered	to	be	solved.	(a)	Write	P	(n)	⇒	Q(n)	in	words.	Thus	n	=	2k	for	some	integer	k.	Therefore,	m	=	2a	+	1	and	n	=	2b	for	integers	a	and	b.	3	.........	In	this	case	as	well,	3	x	>	0	for	every	x	∈	R+	.	Yet	another	way	to	say	this	is:	Every
graph	with	six	vertices,	every	two	of	which	are	joined	by	an	edge,	where	each	edge	is	colored	red	or	blue,	there	is	either	a	red	triangle	or	a	blue	triangle.	(b)	The	following	pertains	to	the	coloring	of	D	in	Figure	15.41(c).	Suppose	first	that	the	number	n	of	terms	in	the	sequence	s	is	a	power	of	2,	say	n	=	2j	for	some	positive	integer	j.	For	example,	6,	0
and	−10	are	even	since	6	=	2	·	3,	0	=	2	·	0	and	−10	=	2	·	(−5),	where,	of	course,	3,	0	and	−5	are	integers.	Let	∆(G)	=	∆.	Let	S	=	{1,	3,	5,	.		Exercises	for	Section	3.6	1.	For	the	function	f	in	Example	5.27,	the	domain	of	f	is	therefore	A	=	{a1	,	a2	,	a3	,	a4	}	and	the	codomain	of	f	is	B	=	{b1	,	b2	,	b3	}.	The	converse	D	~	is	strong.	Also,	f	(s2	,	0)	=	s2	and
g(s2	,	0)	=	1	and	so	there	is	a	directed	loop	at	s2	labeled	0,	1.	These	methods	are	based	on	logic,	which	allow	us	to	use	reasoning	to	show	that	a	given	statement	is	true	or	false.	Let	x	=	2s	+	1	and	xk	=	2t+1,	where	s,	t	∈	Z.	It	then	follows	by	the	Strong	Principle	of	Mathematical	Induction	that	an	=	2n−1	for	each	positive	integer	n.	Since	2	·	0	≥	0	and
0	·	(−3)	≥	0,	it	follows	that	2	R	0	and	0	R	(−3).	By	assumption,	p	<	n.	For	any	three	sets	A,	B	and	C,	A	∩	(B	∪	C)	=	(A	∩	B)	∪	(A	∩	C).	Let	G	be	a	nontrivial	connected	graph	having	no	bridges.	Supplementary	Exercises	for	Chapter	13	1.	Prove	that	if	r	≤	m,	then	r	≤	a	and	r	≤	b;	while	if	s	≥	M	,	then	s	≥	a	and	s	≥	b.	Figure	14.40:	The	map	in	Exercise	8	9.
There	are	numerous	occasions	when	N	is	not	the	appropriate	domain.	Exercise	13	r	v7	Figure	29:	The	binary	search	trees	in	Exercises	11,	13	and	15	u	s	......................	Result	to	Prove:	For	every	integer	n	≥	4,	n!	>	2n	.		Example	2.40	The	Cartesian	product	R	×	R	=	{(x,	y)	:	x,	y	∈	R}	is	the	set	of	ordered	pairs	of	real	numbers.	MATHEMATICAL
INDUCTION	for	some	fixed	integer	m,	then	there	is	a	more	general	principle	that	corresponds	to	this.	However,	∅	has	no	elements.	(c)	Suppose	that	the	initial	values	of	the	original	sequence	were	not	changed	but	the	recurrence	relation	is	given	instead	by	an	=	an−3	+	an−1	for	n	≥	4.	For	the	sets	A	=	{1,	3,	4,	6,	7,	9,	10},	B	=	{2,	5,	6,	8,	9}	and	C	=
{1,	3,	4,	5,	9,	10},	determine	the	following	sets.	Thus	a	=	c	and	b	=	d	and	so	(a,	b)	=	(c,	d).	,	vk	and	whose	edges	are	v1	v2	,	v2	v3	,	.	86.	Therefore,	P	⇔	Q	is	true	provided	that	P	and	Q	have	the	same	truth	value;	that	is,	P	⇔	Q	is	true	only	when	P	and	Q	are	both	true	or	are	both	false.	Give	a	proof	of	Let	n	∈	Z.	ˆ	A	nontrivial	tournament	T	is	Hamiltonian
if	and	only	if	T	is	strong.	(e)	(P	⇒	Q)	∧	(Q	⇒	R)	≡	P	⇒	R.	TO	THE	STUDENT	•	Prerequisites	A	background	in	algebra	and	precalculus	(and	recalling	the	major	topics	and	techniques	in	these	areas)	is	an	important	prerequisite	for	a	course	in	discrete	mathematics.	(2)	Janet	studied	for	the	exam	but	didn’t	receive	an	A	on	it.	Two	cities	cannot	belong	to	the
same	division	if	the	distance	between	them	is	60	miles	or	less.	If	x3	+	3x2	+	2x	+	1	≤	0,	then	x	<	0.	(b)	Give	an	example	of	two	integers	a	and	b	for	which	this	biconditional	is	false.	So	3x	−	7y	and	3y	−	7z	are	even.	Let	S	=	{0,	3,	4}	and	let	P	(n):	n(n	+	1)(2n	+	1)	is	even.	It	is	clear	that	if	G	=	Pn	=	(u	=	v1	,	v2	,	.	Therefore,	a	compound	statement	S	is	a
tautology	if	and	only	if	its	negation	∼	S	is	a	contradiction.	(b)	Let	S	=	{a,	b,	c,	d}	be	a	set	of	four	integers.	,	an−1	for	n	>	t	is	called	the	recurrence	relation	for	{an	}.	G3	:	...........	Since	G	−	v	is	a	planar	graph	of	order	k,	it	follows	by	the	induction	hypothesis	that	χ(G	−	v)	≤	5.	,	n).	2.2.	SET	OPERATIONS	AND	THEIR	PROPERTIES	67	The	Venn	diagram
for	the	complement	of	a	set	is	shown	in	Figure	2.9.	Therefore,	A∪A=U	and	A	∩	A	=	∅.	For	the	graph	G	of	order	n	=	7	of	Figure	14.30,	give	an	example	of	a	k-coloring,	using	the	colors	1,	2,	.	This	is	precisely	what	the	truth	table	for	implication	specifies.	Assume,	without	loss	of	generality,	that	x	∈	A	−	B.	Thus	a	R	x	and	x	R	b.	Let	x,	y	∈	V	(G).	The	set	of
rational	numbers	is	denoted	by	Q	(for	the	first	letter	of	the	word	quotient).	Thus	g	=	O(f	),	where	C	=	4	and	k	=	1	in	the	definition.	1,	0	......................	(a)	D	is	strong.	Example	1.55	For	an	integer	n,	consider	the	two	open	sentences	P	(n):	(n	−	1)2	=	0.	x	pp	pp	pppp	pp	p	0	pp	p	p	pp	p	r	(3,	3)	r	(2,	2)	2	1	r	(1,1)	..........	Prove	Theorem	6.22:	Let	f	:	N	→	R+
and	g	:	N	→	R+	be	two	functions.	Let	v	be	the	vertex	of	G	that	is	not	a	vertex	of	K3,3	.	Let	f	:	R	→	R	and	g	:	R	→	R	be	defined	by	f	(x)	=	3x	+	1	and	g(x)	=	x2	−	2.	Consider	the	element	y.	4·5	2	6	12	20	5	4+1	Also,	if	k	−	1,	k,	k	+	1	and	k	+	2	are	positive	integers,	then	P	(k	−	1),	P	(k),	P	(k	+	1)	and	P	(k	+	2)	are	given	below:	P	(k	−	1)	:	P	(k)	:	P	(k	+	1)	:	P	(k
+	2)	:	1	1·2	1	1·2	1	1·2	1	1·2	1	2·3	1	+	2·3	1	+	2·3	1	+	2·3	+	1	k−1	=	(k	−	1)k	k	1	k	+	···+	=	k(k	+	1)	k+1	1	k+1	+	···+	=	(k	+	1)(k	+	2)	k+2	1	k+2	+	···+	=	.	Hence	the	statement	is	true	for	n	=	2.	are	referred	to	as	Fibonacci	numbers.	(a)	Since	the	digraph	D	is	strong,	aperiodic	(it	has	directed	cycles	of	lengths	2	and	3)	and	has	uniform	outdegree,	it
follows	by	the	Road	Coloring	Theorem	that	D	has	a	synchronized	coloring.	1≤i	k	then	b	:=	p	−	1	7.	Corollary	5.82	The	set	R	of	real	numbers	is	uncountable.	For	every	integer	n,	observe	that	the	integer	4n	+	2	is	even.	(b)	g	21	=	0	and	g(	2)	=	1.	•	The	graph	K3,3	is	nonplanar.	is	true	by	means	of	a	direct	proof,	we	assume	that	x	is	an	arbitrary	element
in	S	and	show	that	R(x)	is	a	true	statement.	Let	a	and	b	be	real	numbers.	(c)	∼	(∀n	∈	S,	P	(n)).	He	can’t	tell	the	pills	apart.	Hence	all	of	the	vertices	v1	,	v2	,	.	.8	.	Q:	0	is	a	positive	integer.	The	conjunction	of	these	two	implications	gives	us	the	biconditional	A	triangle	is	equilateral	if	and	only	if	it	is	equiangular.	Because	the	equation	x2	+	1	=	0	has	no
real	number	solutions,	B	=	{	}	=	∅.	Hence	f	(1)	=	a1	=	0.a11	a12	a13	·	·	·	f	(2)	=	a2	=	0.a21	a22	a23	·	·	·	f	(3)	=	a3	=	0.a31	a32	a33	·	·	·	and	so	on.	Since	a	+	b	is	an	integer,	x	+	y	is	odd.	Therefore,	R	is	antisymmetric.	Because	a5	=	12	<	20	=	k,	it	follows	that	a	is	assigned	the	number	6.	.....r	.	4	4	Those	rational	numbers	that	have	two	decimal
expansions	have	one	decimal	expansion	where	there	is	a	last	nonzero	digit	d	followed	only	by	0s.	For	the	map	M	in	Figure	14.31,	what	is	the	minimum	number	of	colors	needed	to	color	the	regions	of	M	so	that	the	regions	sharing	a	common	boundary	are	colored	differently.	Entries	AL	=	Ajj.	,	1	+	∆	in	such	a	way	that	adjacent	vertices	are	colored
differently.	(c)	A	∈	B	and	A	⊂	C.	(b)	R.	(b)	State	∼	(P	(n)	⇒	Q(n))	in	words	using	the	phrase	“it	is	not	the	case	that.”	(c)	Use	Theorem	1.50	to	restate	∼	(P	(n)	⇒	Q(n))	in	words.	Let	f	:	S	−	{a,	b}	→	S	−	{c,	d}	be	defined	by	f	(x)	=	x	if	x	∈	S	−	{a,	b,	c,	d},	f	(c)	=	a	and	f	(d)	=	b.	There	are	eight	students	in	a	graduate	computer	science	class.	(See	Figure
15.4.)	....	Then	ac	+	b	=	ad	+	b.	Since	f	−1	(B1	)	⊆	f	−1	(B1	)	∪	f	−1	(B2	),	we	have	a	∈	f	−1	(B1	)	∪	f	−1	(B2	),	which	implies	that	f	−1	(B1	∪	B2	)	⊆	f	−1	(B1	)	∪	f	−1	(B2	).	Hence	a	∈	f	−1	(B1	).	(a)	No.	(b)	The	function	f	is	onto.	532	CHAPTER	14.	(e)	Use	this	situation	to	develop	another	formula	that	is	equal	to	the	formula	in	(d).	Since	there	is	a	3-
coloring	of	G	(see	Figure	14.26),	it	follows	that	χ(G)	=	3.	For	example,	P	∧	Q	and	P	∨	Q	can	be	considered	as	compound	statements	expressed	in	terms	of	the	component	statements	P	and	Q.	The	biconditional	in	Example	3.31	is	the	conjunction	of	two	implications,	namely	Let	m,	n	∈	Z.	a	T1	:	b	.................	MATHEMATICAL	INDUCTION	is	true	for	an
arbitrary	positive	integer	n,	then	we	have	verified	(4.1)	by	means	of	a	direct	proof.	(a)	Let	V	(K4	)	=	{u,	v,	w,	x}.	symmetric	difference	(of	A	and	B),	A	⊕	B:	the	set	of	elements	belonging	to	A	or	B	but	not	to	both.	Determine	which	of	the	two	puzzles	of	Figure	1.22	have	solutions.	Thus	A	is	divided	into	the	subsets	A1	,	A2	,	.	Sentence	6	refers	to	a	date
(then),	a	person	(he)	and	a	place	(there).	It	remains	only	to	show	that	R	is	circular.	......2	.....	How	can	we	determine	which	roll	contains	the	counterfeit	coins	if	we	are	only	allowed	to	use	the	scale	and	we	are	only	permitted	one	weighing	of	coins?	This	has	had	a	profound	impact	on	how	this	textbook	was	continually	revised.	x	...	or	No	integer	is
between	√	5	and	e.	Since	f	(w)	+	ℓ	is	an	integer,	f	(y)	is	even.	When	i	>	b,	the	loop	terminates	and	the	algorithm	proceeds	to	the	step	that	immediately	follows	the	for	loop.	For	X	=	{x1	,	x2	,	x3	,	x4	,	x5	},	proceed	as	in	Example	4.17	to	determine	(a)	which	5-bit	string	corresponds	to	each	of	the	subsets	below.	(e)	(A	×	B)	∩	(A	×	C).	(b)	P	(n)	∨	Q(n).	,	q	n
is	an	orthonormal	basis	for	Rn	:	every	v	=	L	(v	T	q	j	)q	j	•	Rank	r	(A)	=	number	of	pivots	=	dimension	of	column	space	=	dimension	of	row	space.	The	sequences	(a)-(c)	are	all	polynomial	sequences	of	the	form	{nk	}	for	a	fixed	positive	integer	k.	Let	S	=	{1,	2,	.	Case	1.	In	her	honor,	a	programming	language	developed	by	the	United	States	Department
of	Defense	was	named	“Ada”	in	the	1970s.	(b)	First,	s0	=	1.	•	A	function	f	:	A	→	B	has	an	inverse	f	−1	:	B	→	A	if	and	only	if	f	is	bijective.	The	set	P4	is	not	a	partition	of	A	since	7	belongs	to	two	different	subsets	in	P4	.	qqqq	...	(b)	Assuming	that	S	is	true	and	I	got	an	A	for	my	final	grade,	does	this	mean	that	I	got	an	A	on	my	final	exam?	Also	IABI	=	IAIIBI
and	Diagonalizable	matrix	A.	is	false.	Next,	assume	that	(a,	b)	R	(c,	d),	where	(a,	b),	(c,	d)	∈	N	×	N.	Once	again,	we	return	to	Step	2,	where	i	is	increased	to	3.	(The	proof	is	similar	to	Case	1.)	Next,	we	show	that	if	7m	+	3n	is	odd,	then	m	and	n	are	of	opposite	parity.	(c)	Yes.	In	this	case,	consider	the	number	obtained	by	raising√	the	(irrational)	√	√	2	√	√
2	and	b	=	2.	Let	P	(x,	y)	and	Q(x,	y)	be	open	sentences,	where	the	domain	of	x	is	S	and	the	domain	of	y	is	T	.	(a)	There	exist	functions	f	:	A	→	B	and	g	:	B	→	C	such	that	f	is	not	one-to-one	and	g	◦	f	:	A	→	C	is	one-to-one.	(b)	B	=	{∅,	{∅}}.	A	relation	R	is	defined	on	the	set	R+	of	positive	real	numbers	by	a	R	b	if	the	arithmetic	mean	√	(the	average)	of	a	and
b	equals	the	geometric	mean	of	a	and	b,	that	is,	if	a+b	=	ab.	Assume	that	n	is	not	an	even	integer.	Because	d	=	a	∨	c,	we	have	d		e,	that	is,	a	∨	c		b	∨	c.	Next,	we	show	that	f	is	onto.	Prove	that	2	+	5	+	8	+	·	·	·	+	(3n	−	1)	=	n(3n	+	1)/2	for	every	positive	integer	n.	To	find	another	equivalence	class,	we	consider	an	integer	not	in	[0],	say	1.	Exactly	one	of	a
and	b	is	positive	and	the	other	is	negative,	say	a	>	0	and	b	<	0.	3	3	3	3...	It	is	not	only	essential	that	we	understand	what	these	statements	are	saying	but	how	statements	can	be	used.	Tutored	in	mathematics	by	Augustus	De	Morgan,	she	suggested	to	Charles	Babbage	(1792–1871)	a	plan	for	how	a	computing	machine	might	calculate	certain	numbers
(called	Bernoulli	numbers).	(c)	(∼	P	(x))	⇒	(∼	Q(x))	and	(∼	Q(x))	⇒	(∼	P	(x)).	Let	a	=	1,	bi	=	pi	for	1	≤	i	≤	2r,	c	=	b1	b2	·	·	·	b2r	and	dj	=	p2r+j	c	for	1	≤	j	≤	2s	−	2r	−	1.	Therefore,	∀x	∈	S,	R(x)	is	false	if	R(x)	is	false	for	at	least	one	element	x	∈	S.	(See	Figure	5.21(a).)	This	is	impossible	since	g	is	a	function.	2	2	i=1	i=1	568	CHAPTER	15.	x	:=	0	[x	is
assigned	the	value	0,	which	is	the	temporary	sum]	2.	Let	s	=	2r	=	−	2b	this	is	a	contradiction.	(b)	The	player’s	actual	loss	or	gain	will	not	be	close	to	the	amount	in	(a).	Assume	that	f	(a)	=	f	(b),	where	a,	b	∈	R.	(c)	The	set	of	2-element	subsets	of	A	is	countable.	(a)	P1	(n)	:	|n	−	2|	=	3.	Let	T	be	a	nontrivial	tournament.	A	relation	R	from	N	to	N−	is
defined	by	a	R	b	if	a	+	b	∈	N.	Thus	we	assume	that	ai	=	i2	for	every	integer	i	with	1	≤	i	≤	k,	where	k	is	an	arbitrary	positive	integer	and	then	show	that	ak+1	=	(k	+	1)2	.	√	While	real	numbers	such	as	2,	π	and	e	are	so	important	to	continuous	mathematics,	it’s	the	nonnegative	integers	that	mainly	concern	us	in	discrete	mathematics.	.,	k,	it	follows	that
χ(H)	≤	k	=	χ(G),	as	desired.	A	relation	R	from	A	to	B	is	defined	by	a	R	b	if	a	+	b	is	a	prime.	Then	G	−	v	has	order	n−	1	and	size	m′	≥	m−	2.	√	31.	(ii)	Let	G	=	C3	and	H	=	C4	.	Recursively	Defined	Sequences	Some	sequences	are	defined	in	an	entirely	different	way.	r	u	v	8	(5)	q	7	.............	For	S	∈	A,	(a)	f	(S)	=	|S|.	Since	a	+	b	is	an	integer,	101	is	even,
which	is	a	contradiction.	are	true	if	it	can	be	shown	that	(1)	P	(1)	is	true	and	(2)	the	statement	Let	k	∈	N.	xyz	+	xyz	+	xy	z	+	xyz	+	xyz	+	x	yz	+	x	y	z.	Initially,	then	a	=	1	and	b	=	n	=	2j	.	By	assigning	v	the	color	2,	we	have	a	5-coloring	of	G	and	so	χ(G)	≤	5.		Exercises	for	Section	2.2	1.	is	true	if	(1)	P	(1)	is	true	and	(2)	the	statement	∀k	∈	N,	P	(1)	∧	P	(2)
∧	·	·	·	∧	P	(k)	⇒	P	(k	+	1)	is	true.	q	.......	Give	an	example	of	(a)	a	function	f	:	A	→	B	that	is	not	onto	but	where	f	(a)	6=	f	(b).	In	this	instance,	we	have	two	input	values,	which	we	denote	by	r	and	b.	Then	P	is	true	and	Q	is	false.	Then	k	≤	n	−	1.	This	allowed	us	to	write	a	simpler	and	clearer	proof.	,	k}.
................................................................................................................	31	.	For	a	set	S,	let	P	∗	(S)	be	the	set	of	all	proper	nonempty	subsets	of	S.	........1.......	Venn	diagrams	are	illustrated	in	the	next	example.	,	50}.	Construct	the	state	digraph	of	the	finite-state	automaton	that	illustrates	these	pourings.	or	P	is	necessary	and	sufficient	for	Q.	For	B	=	{1,



2},	determine	B	×	B.	Thus	6	=	a2	/b2	;	so	a2	=	6b2	=	2(3b2	).	Then	n2	is	odd	if	and	only	if	n	is	odd.	Give	an	example	of	(a)	a	string	of	length	5	whose	elements	belong	to	{a,	b,	c,	d,	e}.	,	25.	Of	course,	in	this	dictionary	example,	our	experience	would	tell	us	to	open	to	a	page	that	is	later	in	the	dictionary.	In	Step	1,	i	is	assigned	the	value	0.	Give	an
example,	if	such	an	example	exists,	of	a	function	f	:	A	→	B	that	is	(a)	one-to-one	but	not	onto.	(a)	30.	According	to	the	definition	of	R,	x	R	x	if	3x	−	7x	is	even.	Q(x):	(x	−	2)(x	−	3)	=	0.	77	CHAPTER	2	HIGHLIGHTS	(e)	the	set	of	professors	in	the	mathematics	department	who	taught	a	discrete	mathematics	course	but	not	a	calculus	course.	10-digit	ISBN
1-57766-730-1	13-digit	ISBN	978-1-57766-730-8	All	rights	reserved.	This	brings	us	to	a	special	class	of	tournaments.	Assume	that	11.	In	other	words,	the	equals	relation	is	reflexive,	symmetric	and	transitive.	P	T	T	F	F	Q	T	F	T	F	∼P	F	F	T	T	P	⇒Q	T	F	T	T	(P	⇒	Q)	⇒	(∼	P	)	F	T	T	T	19.	Q(n):	n	is	even.	counterexample	(of	∀x	∈	S,	P	(x)	⇒	Q(x)):	an	element	a
∈	S	for	which	P	(a)	⇒	Q(a)	is	false,	that	is,	P	(a)	is	true	and	Q(a)	is	false.	Because	y	=	a1	=	7,	the	conclusion	of	Step	7	is	not	executed	when	i	=	1.	R	....	Denote	this	relation	by	R.	Determine	the	chromatic	number	of	a	nontrivial	tree.	(a)	B	=	{{1},	{2},	{3},	{4},	{5}}.	There	is	an	arc	labeled	1	from	s1	to	s2	,	an	arc	labeled	2	from	s1	to	s3	and	a	directed
loop	labeled	3	at	s1	.	These	are	shown	in	Figure	15.20.	191	CHAPTER	5	HIGHLIGHTS	Chapter	5	Highlights	Key	Concepts	bijective	function	(bijection):	a	function	that	is	one-to-one	and	onto.	u	t	....................	Determine	the	number	of	orientations	of	the	graph	G	in	Figure	15.13.	(a)	53	(0.49)3	(0.51)2	≈	0.306.	When	m	=	1,	this	principle	is	exactly	the
Principle	of	Mathematical	Induction	that	we	stated	in	Section	4.1.	To	use	the	Principle	of	Mathematical	Induction	stated	above,	we	need	to	show	that	the	hypothesis	of	this	principle	is	satisfied.	Definition	5.26	Let	A	and	B	be	two	nonempty	sets.	A	COURSE	IN	DISCRETE	MATHEMATICS	Developing	an	appreciation	of	and	learning	any	area	of
mathematics	requires	a	comprehension	of	the	concepts	occurring	in	the	area	(each	of	which	requires	a	clear	definition)	and	a	knowledge	of	certain	valid	statements,	each	of	which	is	either	an	axiom	(whose	truth	is	accepted	without	proof)	or	a	theorem	(whose	truth	can	be	established	with	the	aid	of	concepts	and	other	statements).	26	CHAPTER	1.
These	are	the	subjects	of	Chapters	1–3.	Let	Di	be	a	strong	orientation	of	Gi	(i	=	1,	2).	Since	3x	−	7y	is	even,	3x−	7y	=	2k	for	some	integer	k.	Conjecture	a	formula	for	an	for	n	∈	N	and	verify	that	your	conjecture	is	correct.	(c)	What	information	does	χ(G)	give	us	about	M	?	(a)	Prove	that	if	the	length	of	a	smallest	cycle	in	G	is	5,	then	m	≤	35	(n	−	2).
Although	sentence	6	is	a	declarative	sentence,	it	is	not	a	statement.	The	graph	G×K2	is	constructed	from	two	copies	G	and	G′	of	G,	where	uu′	is	an	edge	of	G×K2	if	u′	corresponds	to	u	in	G.	Let	b	∈	B	and	let	B1	=	{b}	⊆	B.	,	Ck−1	,	C).	300	r	...	The	pills	are	identical	in	shape	and	color.	r	x	...........	We	show	that	Fn	≤	1+2	5	for	every	positive	integer	n.
The	six	committees	are	C1	={a,	c,	d},	C4	={e,	f,	g},	C2	={a,	e,	f},	C5	={c,	e,	g},	C3	={a,	b,	h},	C6	={b,	f,	g}.	(b)	Find	another	implication	that	is	logically	equivalent	to	(∼	P	)	⇒	(∼	Q)	and	verify	your	answer.	This	means	that	r	=	a/b	and	s	=	c/d,	where	a,	b,	c,	d	∈	Z	and	b,	d	6=	0.	34.	Then	x	=	2a	and	y	=	2b	+	1	for	integers	a	and	b.	,	c11	,	have	applied
for	admission	to	a	baseball	league.	This	procedure	is	continued	until	traverse	is	found.	Because	x	=	y−2	3	,	it	follows	that	the	image	of	y	in	f	3	.	(c)	f	(x)	=	x2	+	1.	1	−1	2	3	y	=	⌊x⌋	Figure	5.11:	The	graphs	of	the	ceiling	and	floor	functions	164	CHAPTER	5.	Obtaining	all	A’s	is	sufficient	for	receiving	an	A	in	math.	√	√	13.	s	s	s	s	s	s	s	s	Figure	15.45:	The
digraph	in	Exercise	23	595	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Answers	and	Hints	to	Odd-Numbered	Exercises	Chapter	1:	Logic	Section	1.1	1.	v	w	D:	x	y	Figure	15.7:	Directed	paths	and	directed	cycles	in	a	digraph	562	CHAPTER	15.	Therefore,	N	⊂	Z,	Z	⊂	Q	and	Q	⊂	R.	There	r	3	4	4	5	6	6	7	8	are	8	possibilities.	Definition	1.12
The	negation	of	a	statement	P	is	the	statement	not	P	(or	It	is	not	the	case	that	P	)	written	in	symbols	as	∼	P	.	Inclusive	and	Exclusive	Or	Therefore,	for	two	statements	P	and	Q,	sometimes	P	or	Q	has	the	intended	interpretation	that	P	and	Q	may	both	be	true;	while	at	other	times	P	or	Q	has	the	intended	interpretation	that	P	and	Q	cannot	both	be	true.
194	CHAPTER	5.	For	the	converse,	assume	that	f	is	a	bijective	function.	While	proof	does	not	mean	certainty	in	these	situations,	proof	does	mean	certainty	in	mathematics.	Assume	for	an	arbitrary	positive	integer	k	that	ai	=	i2	for	every	integer	i	with	1	≤	i	≤	k.	A	graph	G	is	k-colorable	if	G	can	be	colored	with	k	or	fewer	colors.	(c)	h(x)	for	each	x	∈	S.
Hence	f	is	one-to-one.	Assume,	to	the	contrary,	that	u	is	a	cut-vertex	of	G.	(d)	{(1,	3),	(1,	4),	(2,	3),	(2,	4)}.	Is	it	possible	to	have	a	round	robin	tournament	involving	six	teams	where	three	of	the	teams	win	three	games	and	the	other	three	teams	win	two	games?	(a)	P1	=	{{1,	4,	7,	8},	{3,	5,	6},	{2}}.	uniform	outdegree:	the	property	of	a	digraph	having
all	vertices	with	the	same	outdegree.	You	may	very	well	be	aware	of	some	of	these	properties.	Example	5.67	At	an	awards	ceremony	five	honor	students	receive	gifts	for	their	accomplishments,	namely	•	•	•	•	•	Abraham	receives	a	calculator,	Stephen	receives	a	gift	certificate,	Charlene	receives	a	cell	phone,	Debra	receives	an	original	painting,
Lawrence	receives	an	iPod.	(c)	B	3	=	B	×	B	×	B.	However,	then	a1	is	a	minimal	element.	For	nonempty	sets	A,	B	and	C,	let	f	:	A	→	B	and	g	:	B	→	C	be	functions.	Let	S	=	{n	∈	Z	:	n	≤	0}.	Therefore	a	c	ad	+	bc	r+s=	+	=	.	(b)	It	is	impossible	to	determine	whether	R	is	an	equivalence	relation.	For	the	digraph	D	of	Figure	15.7,	P	=	(v,	u,	w,	y,	x)	is	a	directed
v	−	x	path	of	length	4,	while	C	=	(u,	w,	y,	v,	u)	is	a	directed	cycle	of	length	4	and	C	′	=	(u,	w,	u)	is	a	directed	cycle	of	length	2.	20.	If	T	is	an	equilateral	triangle,	then	its	three	sides	have	the	same	length	and	so	at	least	two	of	its	sides	have	the	same	length.	Then	an	=	2n−1	for	each	positive	integer	n.	That	is,	R	is	a	relation	on	a	set	S	if	R	is	a	subset	of	S
×	S.	Suppose	that	χ(G)	=	k	and	let	there	be	a	k-coloring	of	G	with	the	colors	1,	2,	.	(j)	A	∩	B.	Perhaps	surprisingly,	if	we	were	to	select	any	state	s	in	V	(D),	then	there	is	always	an	input	string	(driving	directions)	such	that	applying	this	string	to	any	initial	state	results	in	a	directed	walk	having	the	final	state	s.	Independent	columns,	N(A)	=	{O},	no	free
variables.	Indeed,	what	is	accomplished	in	a	for	loop	can	also	be	accomplished	in	the	following	while	loop,	where	a	and	b	are	integers	with	a	≤	b.	Since	f	is	one-to-one	implies	that	|A|	≤	|B|	and	f	is	onto	implies	that	|A|	≥	|B|,	it	follows	that	|A|	=	|B|.	(b)	∀a	∈	Z,	∃b	∈	Z,	∼	P	(a,	b).	(a)	5.	1	r	ry	2	r	rw	3	r	rz	4	r	rx	B	Figure	5.19:	The	function	f	in	Example
5.58	√	√	Proof.	In	summary	then,	if	we	wish	to	prove	some	statement	concerning	an	element	x	in	a	set	S,	then	it	might	be	useful	to	consider	a	partition	P	of	S	into	two	or	more	subsets	of	S.	,	L6	},	where	Li	is	adjacent	to	Lj	(i	6=	j)	if	cars	in	lanes	Li	and	Lj	cannot	proceed	safely	through	the	intersection	at	the	same	time.	R	and	P	are	both	true.	about	53.
In	this	case,	k	=	10,	n	=	10	and	a1	=	3,	a2	=	7,	.	Prove	that	an	=	n2	for	every	positive	integer	n.	24.	1	..............	Hence	r	=	2s	=	2a/b	and	so	r	is	rational,	which	is	impossible.	So	|ab|	=	ab	=	|a||b|.	(e)	{0}	∈	{0}.	For	a	given	statement	P	,	what	is	the	negation	of	the	tautology	P	∨	(∼	P	)?	Prove	that	if	g	◦	f	is	one-to-one,	then	f	is	one-to-one.	s	s	s	s	s	.
However,	n!	>	2n	for	n	=	4	and	n	=	5.	The	minimum	number	of	time	periods	for	these	six	committee	meetings	is	χ(G).	Since	5	of	these	do	not	have	two	consecutive	0s,	it	follows	that	s3	=	5.	64	......................	We	then	join	every	two	vertices	by	a	line	(called	an	edge	in	graph	theory).	However,	H	does	have	six	vertices	of	degree	3;	so	perhaps	H	contains
a	subgraph	isomorphic	to	K3,3	.	122	CHAPTER	4.	(b)	Let	n	be	a	negative	integer.	Therefore,	to	determine	whether	two	infinite	sets	A	and	B	have	the	same	cardinality,	we	need	to	establish	the	existence	of	a	bijective	function	either	from	A	to	B	or	from	B	to	A.	Then	m	=	2a	+	1	and	n	=	2b	+	1,	where	a,	b	∈	Z.	n	=	1.	The	minimum	number	of	containers
that	can	be	shipped	safely	to	the	university	is	χ(G).	We	then	draw	a	directed	edge	from	a	country	to	each	country	that	it	defeats.	5.1	Relations	In	mathematics	an	object	in	one	set	can	be	related	to	an	object	in	another	set	in	variety	of	ways.	(b)	Q	∪	I.	Prove	that	an	=	n3n−1	for	every	nonnegative	integer	n.	Prove	or	disprove	the	following:	(a)	Let	x	be
an	integer.	Algorithm:	Find	a	Number	in	a	List	s	:	a1	,	a2	,	.	9	1.1.	STATEMENTS	4.	Theorem	15.8	Let	T	be	a	tournament	with	V	(T	)	=	{v1	,	v2	,	.	Of	course,	two	finite	sets	A	and	B	have	the	same	cardinality	if	they	have	the	same	number	of	elements.	(a)	The	sums	are	9,	16	and	25.	(a)	Determine	a2	,	a3	,	a4	and	a5	.	q	q	q	.	(b)	Based	on	the	initial	values
a1	and	a2	and	the	values	a3	,	a4	and	a5	determined	in	(a),	a	reasonable	conjecture	would	be	that	an	=	n2	for	each	positive	integer	n.	190	CHAPTER	5.	For	each	x	∈	A,	let	g(x)	=	Ax	.	One	way	to	work	a	+	c	into	the	discussion	is	to	add	a	+	b	and	b	+	c.	Let	v	∈	V	(G1	).	L8	L7	...	588	CHAPTER	15.	A	directed	u	−	v	path	in	D	is	a	sequence	P	=	(u	=	u0	,	u1	,
.	(d)	∅	∈	{a}.	,	L6	at	the	intersection	of	two	streets.	reflexive:	a	relation	R	on	a	set	S	is	reflexive	if	(a,	a)	∈	R	for	all	a	∈	S.	In	the	middle	of	the	20th	century,	a	beginning	college	student,	even	those	with	a	strong	mathematical	background,	would	likely	take	courses	in	college	algebra,	trigonometry	and	analytic	geometry,	followed	then	by	a	sequence	in
calculus.	This	is	called	an	existence	proof.	There	is	only	one	additional	comparison	in	Step	3,	where	a	≤	b	is	false.	(4.2)	A	proof	of	the	statement	∀n	∈	N,	P	(n)	using	the	Principle	of	Mathematical	Induction	is	called	an	induction	proof,	a	proof	by	mathematical	induction	or	simply	a	proof	by	induction.	LD,	N	...	(b)	This	algorithm	finds	the	middle	number
in	a	list	s	:	a1	,	a2	,	.	√	√2	√	Case	1.	We	now	consider	another	useful	and	common	way	to	describe	the	elements	that	belong	to	a	set.	(c)	Let	A	=	{a,	b,	c},	B	=	{1,	2},	C	=	{x,	y},	f	=	{(a,	1),	(b,	2),	(c,	2)}	and	g	=	{(1,	x),	(2,	y)}.	If	x	−	2	=	0,	then	x2	−	x	−	2	=	0.	Determine	the	truth	value	for	each	of	the	following	statements.	initial	list	sorted	list	Figure
6.7:	Sorting	a	list	by	the	Insertion	Sort	Algorithm	Before	giving	a	formal	statement	of	the	Insertion	Sort	Algorithm,	it	is	useful	to	introduce	the	insertion	command,	which	we	denote	by	insert(aj	→	ai	)	for	1	≤	i	<	j	≤	n	and	which	moves	the	current	term	aj	to	where	the	current	term	ai	is	located,	with	all	the	terms	ai	,	ai+1	,	.	(a)	If	f	and	g	are	one-to-one,
then	so	is	g	◦	f	.	We	show	that	(1	+	x)k+1	≥	1	+	(k	+	1)x.	Consider	3	2	9	=	2.	Therefore,	(v1	,	v2	,	.	What	this	says	is	that	if	condition	P	is	satisfied,	then	the	contract	specifies	that	condition	Q	must	be	satisfied	as	well.	Let	r	and	s	be	rational	numbers,	where	s	6=	0.	Observe	that	3y	−	7x	=	=	3y	−	3x	−	4x	=	3y	−	(7y	+	2k)	−	4x	−4y	−	2k	−	4x	=	2(−2y	−
k	−	2x).	Let	S	be	a	set	of	real	numbers	having	the	property	that	if	a,	b	∈	S,	then	a	·	b	∈	S.	Assume,	to	the	contrary,	that	there	is	such	a	tree	T	.	Then	n	=	2a,	where	a	is	an	integer.	Let	T	be	a	nontrivial	tree	and	let	r	and	s	be	two	distinct	vertices	of	T	.	Since	k	≥	4,	it	follows	that	k	+	1	≥	5.	For	example,	(1)	pushing	a	sequence	of	numerical	buttons
followed	by	another	button	(talk)	on	your	cell	phone	allows	you	to	contact	a	person	at	another	phone	number;	(2)	typing	in	information	at	a	web	site	and	clicking	on	‘order	complete’	allows	us	to	order	some	merchandise	over	the	internet	or	to	make	a	reservation	for	a	flight	to	some	location;	(3)	placing	coins	in	a	vending	machine	permits	us	to	lift	the
handle	to	an	enclosure	and	remove	a	newspaper.	n/2.	Thus	2x	+	3y	≤	2	·	0	+	3	·	0	=	0	<	1.	(3.7)	The	negation,	in	symbols,	of	the	statement	in	(3.7)	is	∼	(∃a	∈	Z,	∀b	∈	Z,	Q(a,	b))	≡	∀a	∈	Z,	∃b	∈	Z,	∼	Q(a,	b).	(b)	S	=	{1}.	.,	vk−1	vk	,	vk	v1	and	let	P3	be	the	3-gon	whose	vertices	are	vk	,	vk+1	,	v1	and	whose	edges	are	vk	vk+1	,	vk+1	v1	,	v1	vk	.	If	this	had
been	the	statement	of	Result	3.19,	then	it	would	probably	have	been	good	to	begin	the	proof	by	saying:	Let	r	and	s	be	two	rational	numbers.	Chapter	2:	Sets	Section	2.1	1.	Consequently,	for	every	two	statements	P	and	Q,	P	⇒	Q	and	(∼	Q)	⇒	(∼	P	)	are	either	both	true	or	both	false.	,	an	of	n	distinct	numbers,	write	an	algorithm	to	determine	whether	k	is
a	term	in	the	sequence	and,	if	so,	which	term	in	the	sequence	it	is.	Then	n	=	0	and	n	=	−1.	.......................	(e)	P	∧	(∼	Q).	107	3.6.	EXISTENCE	PROOFS	If	we	were	to	give	a	direct	proof	of	this	statement,	then	we	would	begin	with	an	arbitrary	irrational	number	s.	empty	set,	∅:	the	set	containing	no	elements.	(f)	7x	is	an	odd	integer.	For	statements	P
and	Q,	determine	whether	the	compound	statement	(P	∨	Q)	⇒	(∼	P	)	is	a	tautology,	a	contradiction	or	neither.	t	u	..............	Seven	chemicals	c1	,	c2	,	.		51.	Let	D	be	a	digraph	with	V	(D)	=	V	(T	)	such	that	(u,	v)	is	a	directed	edge	in	D	if	T	contains	a	directed	u	−	v	path.	w	.........................................................	We	could	start	with	the	5-cycle	and	observe
that	this	requires	three	colors.	5	...	Let	A	=	{1,	2}	and	B	=	{3,	4}.	But	what	if	the	list	contains	a	thousand	or	perhaps	a	million	numbers?	We	now	consider	a	more	complex	example	of	an	onto	function.	Since	every	edge	of	G	joins	a	vertex	of	U	and	a	vertex	of	W	,	adjacent	vertices	of	G	are	colored	differently,	as	required.	187	5.5.	CARDINALITIES	OF
SETS	Since	we	know	that	the	set	Z	of	integers	and	the	set	Q	of	rational	numbers	are	denumerable,	it	follows	by	Theorem	5.78	that	all	of	the	following	sets	are	denumerable.	Assume,	to	the	contrary,	that	there	exist	a	rational	number	a	and	an	irrational	number	b	such	that	a	−	b	is	rational.	As	expected,	∼	P	(3)	is	false	and	∼	P	(2)	is	true.	z	r	G1	:	rv	t	r	y
r	r	w	r	x	9.	(declarative	sentence)	3.	Then	a	+	d	=	b	+	c	and	so	c	+	b	=	d	+	a.	Section	13.2	1.	Hence	x	=	2.	,	1	+	∆	such	that	adjacent	vertices	are	colored	differently.	(b)	(0,	1,	0,	1,	0,	1).	So	there	are	two	red	roads,	two	blue	roads	and	two	green	roads.	Then	x2	−	x	−	2	=	4	−	2	−	2	=	0.	Then	x	∈	A	and	x∈	/	B.	Prove	or	disprove	the	following:	There	exist
distinct	positive	integers	a	and	b	such	that	a	b	+	3b	a	is	an	integer.	(c)	P3	=	{{a},	∅,	{b,	c,	d},	{e,	f,	g}}.	Thus	E	and	F	are	independent	by	(a).	Example	15.26	A	man	has	a	6-ounce	bottle	of	medicine.	Section	4.4	1.	Then	P	(x)	is	necessary	and	sufficent	for	Q(x).	The	set	I	=	{b1	,	b2	,	.	In	a	declarative	sentence,	something	is	being	declared	or	asserted;
in	an	interrogative	sentence,	a	question	is	being	asked;	in	an	imperative	sentence,	a	command	is	given;	while	in	an	exclamatory	sentence,	an	emotional	expression	is	made.	Assume	that	5n	−	7	is	an	even	integer.	The	well-known	Pythagorean	theorem	can	be	stated	as	If	a,	b	and	c	are	the	lengths	of	the	three	sides	of	a	right	triangle,	where	a	≤	b	≤	c,
then	a	2	+	b	2	=	c2	.	(c)	1	−	(0.51)5	≈	0.965.	negation	(of	P	),	∼	P	:	not	P	.	output	x	What	Algorithm	6.6	Does	1.	,	an	are	n	≥	2	real	numbers	such	that	a1	a2	·	·	·	an	=	0,	then	ai	=	0	for	some	integer	i	(1	≤	i	≤	n).	We	show	that	G	contains	an	Eulerian	trail	T	,	where	T	is	either	a	u	−	v	trail	or	a	v	−	u	trail.	Let	A	=	{1,	2,	3,	4}	and	B	=	{a,	b,	c,	d}.		3
Analysis.	,	20.	In	particular,	if	a	R	b,	then	[a]	=	[b];	while	if	a	6	R	b,	then	[a]	∩	[b]	=	∅.	(c)	{3,	4}.	For	n	∈	N,	let	An	=	n	n	n+2	o		and	Bn	=	n1	.	A	relation	R	defined	on	a	set	S	is	therefore	(1′	)	not	reflexive	if	(x,	x)	∈	/	R	for	some	x	∈	S;	(2′	)	not	symmetric	if	(x,	y)	∈	R	but	(y,	x)	∈	/	R	for	some	pair	x,	y	of	distinct	elements	of	S;	(3′	)	not	transitive	if	(x,	y)	∈	R
and	(y,	z)	∈	R	but	(x,	z)	∈	/	R	for	some	x,	y,	z	∈	S.	We	have	seen	that	there	is	exactly	one	transitive	tournament	of	each	order.	For	two	nonempty	sets	A	and	B,	let	f	:	A	→	B	be	a	function.	(imperative	sentence)	5.	.,	the	terms	are	increasing	by	2	and	so	an	contains	2n	+	k	in	the	denominator	for	some	constant	k.	Since	every	equivalence	relation	is
reflexive,	a	R	a	and	so	a	∈	[a].	For	the	converse,	suppose	that	x	∈	/	Z	and	2x	∈	/	Z.	If	A	6=	B,	then	there	is	an	element	in	one	set	that	is	not	in	the	other,	say	x	∈	A	but	x	∈	/	B.	Figure	14.7:	Testing	three	graphs	for	planarity	in	Example	14.11	Solution.	Are	these	two	numbers	equal?	Determine	the	sets	A2	,	A3	,	A4	,	A5	and	A6	.	Suppose	that	in	a	gathering
of	people,	every	two	people	are	either	friends	or	strangers.	By	Theorem	14.26,	it	follows	that	if	a	graph	G	contains	K5	as	a	subgraph,	for	example,	then	χ(G)	≥	χ(K5	)	=	5.	What	should	the	outcome	of	the	election	be?	Assume,	to	the	contrary,	that	I	is	denumerable.	(e)	E	=	{n	∈	Z	:	n2	≤	n}.	For	n	∈	Z,	consider	the	following:	P	(n):	n2	<	4.	What	happens
when	Kevin	purchases	the	laundry	detergent	from	the	vending	machine	is	shown	in	the	table	below	at	various	times	t0	,	t1	,	t2	,	t3	,	t4	,	where	t0	<	t1	<	t2	<	t3	<	t4	and	t0	is	the	starting	time	of	this	procedure.	Since	the	contrapositive	of	the	implication	“if	n	is	even,	then	n2	is	even”	is	if	n2	is	odd,	then	n	is	odd.	(b)	whether	f	has	an	inverse	function
from	B	to	A.	An	oriented	graph	D	can	therefore	be	obtained	by	assigning	a	direction	to	each	edge	of	some	graph	G.	Prove	that	if	there	exists	no	integer	n	such	that	f	(n)	<	n,	then	f	is	the	identity	function	on	N.	Suppose	that	T	contains	two	vertices	u	and	v	such	that	when	the	directed	edge	joining	u	and	v	is	removed,	the	resulting	digraph	D	does	not
contain	a	directed	u	−	v	path	or	a	directed	v	−	u	path.	Use	this	fact	to	show	that	the	real	number	3	is	irrational.	Observe	that	the	digraphs	D2	and	D3	of	Figure	15.10	have	order	4	and	size	4.	Consequently,	when	verifying	the	basis	step	(n	=	2),	the	two	numbers	involved	need	not	be	called	a1	and	a2	.	Hence	if	f	(a)	=	f	(b)	=	0,	then	a	=	b	=	1.	Then	[1]
=	{x	∈	Z	:	x	R	1}	=	{x	∈	Z	:	3x	−	7	·	1	is	even}	=	{x	∈	Z	:	3x	is	odd}	=	{x	∈	Z	:	x	is	odd}	=	{.	For	the	subset	A	=	{a2	,	a4	},	for	example,	the	first	term	of	the	4-bit	string	that	represents	A	is	0	because	a1	∈	/	A.	(a)	Explain	why	there	exists	a	synchronized	coloring	for	the	digraph	D	of	Figure	15.40(a).	5,1,0	...	f	(a)	=	f	(b)	>	0.	For	each	k	(1	≤	k	≤	10),	a
total	of	11	−	k	tiles	are	placed	on	each	square	in	the	strip	sk	.	Almost	all	theorems	are	proved.	Thus	the	negation	operator	∼	produces	a	new	statement	from	a	single	given	statement.	We	return	to	the	Fibonacci	numbers	again	to	establish	a	relationship	that	can	be	verified	with	the	aid	of	the	the	Strong	Principle	of	Mathematical	Induction	(with	m	=	2).
(b)	Use	(a)	to	show	that	the	Petersen	graph	is	nonplanar.	4	3	5	...	(b)	Is	f	onto?	Figure	15.6:	The	adjacency	matrix	of	a	digraph	Corresponding	to	the	concepts	of	walk,	trail,	path,	circuit	and	cycle	in	graphs	are	expected	counterparts	in	digraphs.	Since	f	=	O(g),	there	exists	a	positive	constant	C	′	and	a	positive	integer	k	′	such	that	f	(n)	≤	C	′	g(n)	for
every	integer	n	≥	k	′	.	•	If	f	:	A	→	B	is	a	bijective	function,	then	f	−1	◦	f	is	the	identity	function	on	A	and	f	◦	f	−1	is	the	identity	function	on	B.	Because	a	≤	b	is	false,	the	steps	within	the	while	loop	at	Step	3	are	not	executed	and	the	algorithm	ends.	126	CHAPTER	4.	In	fact,	this	can	be	done	in	many	ways.	If	there	is	an	x	∈	B	and	y	∈	A	∪	{u}	such	that	(x,
y)	∈	E(T	),	then	either	(v,	x,	y,	u)	or	(v,	x,	y	=	u)	is	a	directed	v	−	u	path	in	T	;	for	otherwise,	every	vertex	in	A	∪	{u,	v}	is	adjacent	to	every	vertex	in	B.	The	theorems	of	yesterday	are	also	theorems	today.	We	show	that	Fk+1	≤	2k+1	.	Because	a	≤	b	is	false,	the	steps	within	the	while	loop	at	Step	3	are	not	performed	and	the	algorithm	ends.	Since	2a2	−
3a	+	2	is	an	integer,	n2	−	3n	+	5	is	odd.	We	now	construct	a	strong	orientation	of	G.	....4	....	........................................................	Q(x):	x2	=	25.	38.	(c)	R3	=	{(1,	1),	(1,	2),	(2,	2),	(2,	3),	(3,	3),	(3,	4),	(4,	4),	(4,	1)}.	Chapter	15.	Suppose	that	we	are	given	a	3	×	6	checkerboard	of	Figure	1.20,	where	each	square	is	red	(R)	or	black	B,	and	a	collection	of
coins,	each	of	which	can	be	placed	on	a	square	of	the	checkerboard.	(a)	reflexive,	transitive.	Let	R1	,	R2	,	.	Let	D	be	the	digraph	with	V	(D)	=	S	such	that	(i,	j)	∈	E(D)	if	f	(i)	=	j.	(T)	(b)	42	6=	24	or	1	+	2	+	3	=	1	·	2	·	3.	Since	od	v	=	k,	there	is	a	set	S	of	k	vertices	to	which	v	is	adjacent.		Example	2.27	The	sets	A	=	{1,	2,	3},	B	=	{4,	5}	and	C	=	{6,	7,	8}
are	pairwise	disjoint	since	every	two	of	the	sets	A,	B	and	C	are	disjoint.	(c)	C1	=	{1,	2}	and	C2	=	{{1,	2}}.	(b)	(3),	(4).	Output:	x	=	min(a,	b,	c).	Prove	that	if	n	is	an	odd	integer,	then	3n	+	10	is	an	odd	integer.	Like	all	mathematics,	the	validity	and	understanding	of	discrete	mathematics	rely	on	logic,	sets,	functions	and	methods	of	proof.	Which	of	the
following	is	true?	214	CHAPTER	6.	For	positive	integers	a,	b,	c	and	d,	we	have	noted	that	a	c	=	.	In	particular,	ì	í	6	if	n	<	12	10	if	12	≤	n	<	60	g(n)	=	î	7	if	n	≥	60.	This	gives	rise	to	the	study	of	Eulerian	graphs	and	Hamiltonian	graphs.	(a)	Show	that	the	graph	C	2n+1	contains	a	complete	subgraph	of	order	n	but	no	complete	subgraph	of	order	n	+	1.
Prove	that	if	(x	−	1)2	=	0,	then	x3	−	1	=	0.	(a)	Give	an	example	of	an	integer	n	such	that	both	P	(n)	∨	Q(n)	and	P	(n)	∧	Q(n)	are	true.	(2)	For	each	integer	n	>	t,	an	is	defined	in	terms	of	one	or	more	of	a1	,	a2	,	.	In	the	proof	of	Result	3.17,	we	wanted	to	show	that	n2	+	4n	−	3	is	odd.	Example	4.19	A	sequence	a1	,	a2	,	a3	,	.	(a)	P	∨	Q	≡	(∼	P	)	⇒	Q.	i	:=	1	[i
is	assigned	the	number	1]	2.	6.2	Growth	of	Functions	Ordinarily,	there	are	several	algorithms	that	give	a	solution	to	a	particular	problem.	(i)	He	told	me	that	he	understood	mathematics.	Among	Steps	5	–	7,	only	a2	<	k	=	10	is	true	and	a	is	assigned	the	value	3.	Since	a5	6=	k,	the	conclusions	of	Step	5	are	not	performed.	r	......................	(a)	4/3.	(a)
Nothing.	R	1	1	t	...	012	..	Hence	m	<	m′	=	3n	−	6.	(a)	State	the	converse	of	this	implication.	(c)	Determine	whether	y	is	an	image.	A	digraph	D	is	aperiodic	if	and	only	if	the	greatest	common	divisor	of	the	lengths	of	its	directed	cycles	is	1.	x	z	y	Figure	14.44:	The	graph	in	Exercise	23	.....................	Thus	n3	=	(2ℓ	+	1)3	=	8ℓ3	+	12ℓ2	+	6ℓ	+	1	=	2(4ℓ3	+
6ℓ2	+	3ℓ)	+	1.	Thus	Ax	⊆	A	for	each	x	∈	A.	contradiction:	a	compound	statement	that	is	false	for	all	possible	combinations	of	truth	values	of	its	component	statements.	(See	Figure	14.26.)	The	minimum	number	of	phases	needed	for	the	traffic	light	so	that	all	cars	may	proceed,	in	time,	through	the	intersection	is	χ(G).	(See	Figure	14.28.)	Suppose	that
v1	belongs	to	the	component	H1	of	H.	Then	there	is	no	u	−	w	path	in	G	−	v.	For	the	converse,	let	G	be	a	graph	with	chromatic	number	2.	Then	n	=	2b	for	some	integer	b.	For	the	converse,	assume	that	s	6=	t,	say	s	<	t,	and	apply	Theorem	12.57.	(b)	Give	an	example	of	a	partition	P2	of	the	partition	P1	in	(a)	such	that	P2	consists	of	three	subsets	of	P1	.
................	(b)	If	A	and	B	are	nonempty	sets	with	A	⊆	B	and	B	⊆	A,	then	|A|	=	|B|.	3	2	t	1	t3	......	(b)	State	∀n	∈	S,	R(n)	in	words	and	determine	its	truth	value.	It	remains	to	show	that	R	is	symmetric	and	transitive.	ALGORITHMS	AND	COMPLEXITY	Example	6.37	Apply	the	Bubble	Sort	Algorithm	to	the	sequence	s	:	17,	8,	11,	5.	n	is	even.	Prove	that	(a)
|ab|	=	|a||b|.	(b)	G	is	nonplanar.	Let	us	now	explain	what	the	input	values	r	and	b	are	meant	to	designate.	D	..........	c	....	Therefore,	3m	+	5n	=	3(2a	+	1)	+	5(2b)	=	6a	+	3	+	10b	=	2(3a	+	5b	+	1)	+	1.	Let	S	be	the	set	of	faculty	members	in	the	Department	of	Mathematics	at	your	university	or	college.	We	are	certainly	permitted	to	make	use	of	other
things	during	the	proof.	Let	U	and	W	be	the	partite	sets	of	G.	Thome	Figure	27:	The	tree	in	Exercise	5	......	This	may	or	may	not	suggest	a	formula	for	the	sum	1	+	2	+	·	·	·	+	n.	a	=	5	and	b	=	3.	(b)	a	>	2	and	a	≤	−2.	A	class	of	numbers	that	are	encountered	often	are	the	primes,	integers	at	least	2	whose	only	positive	integer	divisors	are	1	and	itself.
Assume,	to	the	contrary,	that	3	+	5	is	rational.	(b)	Give	a	step	by	step	description	of	what	this	algorithm	does	for	the	sequence	7,	6,	4.	Since	E	and	F	are	independent,	p(E	|	F	)	=	p(E)	·	p(F	).	(a)	a2	=	2a1	−	1	=	3,	a3	=	5,	a4	=	9,	a5	=	17.	,	n	−	1.	Then	a	<	b.	Two	diagrams	of	this	function	are	shown	in	Figure	5.19.	v10	......q..q.q	..............	Since	5	and	6
belong	to	F	but	not	to	E,	these	two	elements	are	drawn	inside	F	but	outside	of	E.	LOGIC	Example	1.26	For	two	integers	a	and	b,	consider	the	two	sentences	P	:	a	is	odd.	The	accomplishments	of	the	mathematicians	of	the	past	have	become	the	foundation	of	present-day	mathematics.	Let	r	be	a	positive	real	number.	chromatic	number	of	a	graph	G,
χ(G):	the	smallest	number	of	colors	needed	to	color	the	vertices	of	G	(so	that	every	two	adjacent	vertices	are	colored	differently).	Step	5	is	a	while	loop	that	lies	within	the	while	loop	at	Step	2.	(b)	Let	Gn	be	the	graph	of	order	n.	A	=	{1,	2},	B	=	{2,	3},	C	=	{1,	3}.	So	|A1	|	=	|A2	|	=	1.	(d)	ab	<	0	and	a	+	b	<	0.	Hence	we	wish	to	compute	a	+	b	=	c	=	(c5
c4	c3	c2	c1	c0	)2	.	Therefore,	the	minimum	number	of	colors	needed	to	color	the	vertices	of	H	is	2.	(a)	Give	an	example	of	two	real	numbers	that	are	related	by	R	and	two	real	numbers	that	are	not.	It	would	certainly	have	been	useful	to	know	this	could	happen	before	we	went	to	the	trouble	of	writing	the	computer	program	and	running	it	with	data.
For	example,	for	the	two	vertices	u	and	v	in	the	strong	digraph	~	v)	=	1	and	d(v,	~	u)	=	5;	while	in	the	digraph	D2	of	Figure	15.8	the	directed	D1	of	Figure	15.8,	d(u,	~	distance	d(s,	t)	is	not	defined	if	s	∈	{u,	v,	w}	and	t	∈	{x,	y,	z}.	P	T	T	F	F	Q	T	F	T	F	∼P	F	F	T	T	∼Q	F	T	F	T	P	∧Q	T	F	F	F	∼	(P	∧	Q)	F	T	T	T	(∼	P	)	∨	(∼	Q)	F	T	T	T	13.	0,	0	..	Not
necessarily.	Thus	od	vi	−	id	vi	=	0	or	od	vi	=	id	vi	for	1	≤	i	≤	n,	implying	that	D	is	Eulerian.	k	10	10	10	i	1	2	3	ai	8	14	9	output	10	is	not	in	the	sequence	We	now	turn	to	the	final	problem	(4)	in	our	original	list	of	problems.	This	means	that	(x	−	1)2	=	0	and	so	x	=	1.	(a)	R(2):	1	is	even.	(c)	How	many	tiles	are	placed	on	each	square	in	the	strip	s10	?	Let	S
=	{a,	b}	and	R	=	{(a,	a),	(a,	b),	(b,	b)}.	There	are	two	kinds	of	quantifiers:	universal	and	existential.	Not	all	of	these	coins	weigh	10	grams,	so	the	weight	of	these	55	coins	is	more	than	55	·	10	=	550	grams.	170	5.4	CHAPTER	5.	Let	G	be	a	nontrivial	connected	graph	without	bridges.	Edward	plans	to	take	statistics	and	algorithms.	Hence	(3z)2	=	3y	2
and	so	9z	2	=	3y	2	.	.,	P	(k)	are	true	(rather	than	only	assuming	that	P	(k)	is	true,	as	in	the	Principle	of	Mathematical	Induction).	Definition	1.52	For	two	statements	P	and	Q,	the	biconditional	of	P	and	Q	is	the	conjunction	of	the	implication	P	⇒	Q	and	its	converse	Q	⇒	P	.	Universal	Quantifiers	Suppose	that	R(x)	is	an	open	sentence	over	a	domain	S.
Assume	that	F1	+	F2	+	·	·	·	+	Fk	=	Fk+2	−	1	for	a	positive	integer	k.	T	T	F	F	T	F	T	F	T	T	T	F	Figure	1.4:	The	truth	table	for	disjunction	The	word	“or”	is	used	in	everyday	conversation	in	two	ways.	According	to	Theorem	5.76,	Q+	is	denumerable	and	so	there	is	a	bijective	function	f	:	N	→	Q+	.	66.	For	example,	it	is	conceivable	that	the	capital	could	be
moved	to	Los	Angeles	some	day	(unlikely)	or	that	the	street	Broadway	in	New	York	City	may	be	renamed	some	day	(also	unlikely).	4	1	.........	if	ai	>	aj	then	r	:=	r	+	1	10.	Thus	y	=	12,	which	is	output	in	Step	8.	Last	columns	are	orthonormal	bases	of	nullspaces.	A	counterexample	that	disproves	statement	(3.16)	is	what	we	gave	in	the	solution	of
Example	3.31.	If	A	6=	B,	then	at	least	one	of	these	sets	contains	an	element	not	belonging	to	the	other	set.	To	ease	the	traffic	on	those	days,	the	town	council	has	decided	to	convert	all	streets	from	two-way	streets	to	one-way	streets.	If	k	=	n,	then	G	itself	has	a	strong	orientation.	(b)	Make	a	conjecture	for	sn	for	every	positive	integer	n	and	prove	that
this	conjecture	is	correct.	P	⇒	Q	≡	(∼	Q)	⇒	(∼	P	).	By	the	Principle	of	Finite	Induction,	all	of	the	vertices	of	G	can	be	colored	with	1,	2,	.	654	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	13.	Obtaining	all	A’s	implies	that	I	received	an	A	in	math.	......3	...	−x	2	3	2	3	4	5	25.
..................................................................................................................................	Let	Pk+1	be	a	(k	+	1)-gon	whose	k	+	1	vertices	are	v1	,	v2	,	.	This	latter	method	is	the	preferred	method	since	it	is	easy	to	compute	m	and	3n	−	6	and	is	so	often	difficult	to	locate	a	subgraph	of	G	that	is	a	subdivision	of	K5	or	K3,3	.	(d)	If	I	don’t	do	well	this	semester,	then
I	took	too	many	courses.	We	could	therefore	denote	the	set	above	by	S	=	{x,	y,	z}.	3.............	(c)	No	bipartite	graph	contains	an	odd	cycle.	Consider	the	following	two	statements:	P	:	Today	is	Saturday	or	Sunday.	Then	a	∈	f	−1	(B1	)	or	a	∈	f	−1	(B2	),	say	the	former.	1	2	x	3	(b)	(a)	Figure	5.9:	The	graphs	of	the	identity	functions	on	{1,	2,	3}	and	on	R	y.
Implications	often	occur	in	everyday	communication:	(1)	If	he	gets	a	promotion,	then	we’ll	all	go	out	to	dinner.	The	Strong	Principle	of	Mathematical	Induction	For	a	fixed	integer	m,	let	S	=	{i	∈	Z	:	i	≥	m}.	............................	Thus	n	is	an	odd	integer	and	so	n	can	be	expressed	as	2k	+	1	for	some	integer	k.	P	Q	P	Q	..............................................	Multiply
the	numbers	2/3	and	9/10.	Let	H	be	the	graph	with	V	(H)	=	V	(G)	such	that	uv	∈	E(H)	if	u	and	v	are	assigned	different	colors	in	G.	Therefore,	H	is	a	connected	graph	all	of	whose	vertices	are	even.	The	number	1/3	=	0.333	·	·	·	and	the	numbers	6/55	and	1/7	therefore	have	only	one	decimal	expansion;	while	1/40	and	3/125	have	two	decimal	expansions.	f
(x)	=	1	(1+x)2	=	(−	21	)(−	32	)	.	(b)	Every	3-regular	graph	is	nonplanar.	Since	3a	+	5b	is	an	integer,	3m	+	5n	is	even.	y	......	(b)	∼	(P	∧	Q)	6≡	(∼	P	)	∧	(∼	Q).	This	definition,	though	common,	may	seem	a	bit	awkward	when	n	∈	N.	(b)	Prove	that	f	=	Ω(g)	if	and	only	if	g	=	O(f	).	Since	there	is	an	arc	from	s0	to	s1	labeled	0,	0	and	an	arc	from	s0	to	s3
labeled	1,	1,	it	follows	that	f	(s0	,	0)	=	s1	,	f	(s0	,	1)	=	s3	,	g(s0	,	0)	=	0	and	g(s0	,	1)	=	1.	.......................................................................................................................................................................................................................................................	output	x	Solution.	Discrete	Probability	10.1.	Probability	of	an	Event	10.2.	Conditional	Probability	and
Independent	Events	10.3.	Random	Variables	and	Expected	Values	Chapter	Highlights	and	Supplementary	Exercises	11.	Let	a	and	b	be	two	integers	of	opposite	parity	and	let	n	∈	Z.	The	chemicals	that	cannot	be	shipped	in	the	same	container	are	listed	below:	c1	:	c2	,	c5	,	c7	,	c10	c4	:	c5	,	c8	,	c10	c2	:	c3	,	c6	,	c8	(as	well	as	c1	)	c	5	:	c	6	,	c9	c	3	:	c	4	,	c7
,	c9	c11	:	c6	,	c7	,	c8	,	c9	,	c10	.	Since	n2	+	4	≤	n2	+	4n	+	1,	it	follows	that	g	=	O(f	),	where	C	=	k	=	1	in	the	definition.	Example	5.68	Show	that	the	function	f	:	R	→	R	defined	by	f	(x)	=	3x	+	2	for	x	∈	R	is	bijective.	We	indicate	this	by	letting	I	=	{00,	01,	10,	11}.	Thus	it	remains	only	to	show	that	P	(x)	⇒	Q(x)	is	a	true	statement	for	every	element	x	∈	S
for	which	P	(x)	is	true.	Since	g	is	one-to-one,	whenever	g(b1	)	=	g(b2	)	for	b1	,	b2	∈	B,	we	have	b1	=	b2	.	Recall	also	that	∼	(∀x	∈	S,	R(x))	≡	∃x	∈	S,	∼	R(x)	and	so	that	∀x	∈	S,	R(x)	is	false	if	R(x)	is	a	false	statement	for	at	least	one	element	a	∈	S.	In	other	words,	if	x	∈	A	⊕	B,	then	x	belongs	to	exactly	one	of	A	and	B.	output	s	7.	w	...............	Simplifying,	we
obtain	ab	+	b	−	5a	−	5	=	ab	+	a	−	5b	−	5.	Then	Figure	5.5	provides	a	pictorial	representation	of	such	a	function.	0,	0	.............	(1,	2)	................	Thus	1	·	40	+	r		for																4	·	41	+	6	·	42	+	4	·	43	+	1	·	44	=	40	+	41	+	3	41	+	42	+	3	42	+	43	+	43	+	44	=					1	·	51	+	3	·	52	+	3	·	53	+	1	·	54	.	Thus	m	=	2a	+	1	and	n	=	2b	for	integers	a	and	b.	Compares
the	next	number	on	the	list	with	the	temporary	maximum	and,	if	this	number	is	larger,	sets	the	temporary	maximum	equal	to	this	number.	if	i	=	n	+	1	then	output	k	“is	not	in	the	sequence”	What	Algorithm	6.8	Does	1.	Prove	that	if	n	is	an	integer,	then	n2	−	3n	+	5	is	odd.	There	is	also	a	more	general	form	of	the	Strong	Principle	of	Mathematical
Induction.	Is	it	possible	to	have	a	round	robin	tournament	involving	six	teams	where	two	teams	win	five	games	each,	one	team	wins	two	games	and	the	other	three	teams	win	one	game	each?		Example	5.20	In	Example	5.16,	a	relation	R	is	defined	on	the	Cartesian	product	N	×	N	such	that	(a,	b)	R	(c,	d)	if	ad	=	bc.	Developing	a	good	understanding	of
proofs	requires	a	great	deal	of	practice	and	experience	and	comprehending	how	others	prove	theorems.	Hence	g	=	O(f	).	Also,	D	6⊆	C.	(f)	f	(S)	is	the	absolute	value	of	the	difference	of	the	largest	element	and	the	smallest	element	in	S.	(a)	State	the	implication	using	the	phrase	“only	if	.”	(b)	State	the	implication	using	the	word	“sufficient	.”	(c)	State
the	converse	of	the	implication.	Therefore,	the	set	S	itself	is	represented	by	1111	and	the	empty	set	∅	is	represented	by	0000.	Determine,	with	explanation,	whether	f	has	an	inverse	function	from	A	to	A.	Let	b	∈	f	(A1	∪	A2	).	.,	ek	(k	≥	3)	be	the	edges	of	G	incident	with	v	and	arranged	cyclically	about	v.	The	order	of	K3,3	is	n	=	6	and	its	size	is	m	=	9.	1
...1	...	A	function	f	:	A	→	B	can	therefore	also	be	described	as	a	subset	of	A	×	B	such	that	for	every	element	a	of	A	there	is	exactly	one	ordered	pair	in	f	in	which	a	is	the	first	coordinate.	3,	1,	0	...............	Thus	y	∈	(A	−	B)	∪	(A	−	C)	and	so	A	−	(B	∩	C)	⊆	(A	−	B)	∪	(A	−	C).	(b)	For	a	sequence	of	n	distinct	integers,	where	n	≥	3	is	odd,	what	is	output?	(b)
declarative	statement	(F).	R1	=	{(x,	y),	(x,	z),	(z,	z)}	R2	=	{(x,	x),	(x,	y),	(y,	z)}	149	5.1.	RELATIONS	R3	=	{(x,	x),	(y,	y),	(z,	z)}	R4	=	∅	(the	empty	relation)	R5	=	S	×	S	=	{(x,	x),	(x,	y),	(x,	z),	(y,	x),	(y,	y),	(y,	z),	(z,	x),	(z,	y),	(z,	z)}.	(b)	There	exist	distinct	rational	numbers	a	and	b	such	that	a1	+	1b	=	1.	Singular	Value	Decomposition	(SVD)	A	=	U:E	VT	=
(orthogonal)	(	diag)(	orthogonal)	First	r	columns	of	U	and	V	are	orthonormal	bases	of	C	(A)	and	C	(AT),	AVi	=	O'iUi	with	singular	value	O'i	>	O.	compound	statement:	a	statement	constructed	from	one	or	more	statements	called	component	statements	and	one	or	more	logical	connectives.	In	the	case	of	the	function	g,	the	element	b	is	not	the	image	of
any	element	of	A.	For	what	values	of	n	can	A	×	A	=	A	×	A?	Because	of	the	alternating	sign,	the	expression	for	an	contains	either	(−1)n	or	(−1)n+1	.	Let’s	look	at	how	the	function	f	in	Result	5.59	was	shown	to	be	onto.	Next,	we	show	that	A	−	(B	∩	C)	⊆	(A	−	B)	∪	(A	−	C).	Of	course,	the	worst	case	complexity	tells	a	user	that	the	number	of	comparisons
will	never	be	greater	than	a	certain	number	(2n	+	2	for	Algorithm	6.8).	13.	Then	there	exists	a	bijective	function	f	:	N	→	[0,	1].	(b)	The	function	f	is	one-to-one.	The	origins	of	many	mathematical	areas	can	often	be	traced	back	to	a	number	of	mathematicians	whose	ideas	over	a	relatively	short	period	of	time	created	the	subject.	The	diagram	in	Figure
5.20(a)	shows	this	function.	(a)	A	=	{∅,	a}.	However,	by	the	the	same	argument,	t3	is	better	than	t4	and	t4	is	better	than	t2	.	Assume	for	a	positive	integer	k	that	ai	=	i(i	+	1)	for	every	integer	i	with	1	≤	i	≤	k.	We	show	that	2	Fk	Fk+2	=	Fk+1	+	(−1)k+1	.	On	which	turn	will	the	game	end?	(b)	See	Figure	13.	The	numbers	in	the	sequence	s	are	input,	as
is	the	length	n	=	4	of	this	sequence.	LOGIC	is	a	false	statement.	c10	......	In	this	section	we	look	at	other	types	of	examples.	(a)	State	P	∧	Q.	[Hint:	Recall	that	2n	≥	n	for	every	positive	integer	n.]	6.	Example	15.24	The	state	digraph	of	a	finite-state	automaton	A	is	shown	in	Figure	15.29.	Since	odD	v	=	idD	v	and	odC	v	=	idC	v	for	every	vertex	v	on	C,	it
follows	that	odD′	v	=	idD′	v	for	every	vertex	of	D′	.	In	this	case,	k	=	17,	n	=	9	and	a1	=	3,	a2	=	6,	a3	=	7,	a4	=	8,	a5	=	15,	a6	=	17,	a7	=	19,	a8	=	23,	a9	=	24.	Let	d	=	a	∧	b.	METHODS	OF	PROOF	Proofs	of	Biconditionals	We	next	consider	the	quantified	statement	∀x	∈	S,	P	(x)	⇔	Q(x)	constructed	from	two	open	sentences	P	(x)	and	Q(x)	over	a	domain	S.
For	example,	if	a1	=	0.111	·	·	·,	a2	=	0.02999	·	·	·,	a3	=	0.141414	·	·	·	and	a4	=	.135167781	·	·	·,	then	the	first	four	digits	in	the	decimal	expansion	of	b	are	2,	1,	2,	2,	that	is,	b	=	0.2122	·	·	·.	Let	n	≥	3	be	an	odd	integer	and	let	k	=	(n	+	1)/2.	Consider	the	following	two	statements	P	:	The	rent	doesn’t	increase.	xy	+	(y	+	z)	y+z	Figure	14:	The	combinatorial
circuit	in	Exercise	13	641	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	x	r	y	.....	Since	K3,3	contains	exactly	six	vertices	of	degree	3,	each	of	the	two	partite	sets	of	K3,3	must	consist	of	three	of	these	six	vertices.	The	negation	of	Q1	is	∼	Q1	:	It	is	not	the	case	that	Los	Angeles	is	the	capital	of	California.	(a)	Illustrate	the	following	by
drawing	Venn	diagrams.	(2)	This	summer,	she	is	neither	buying	an	iPhone	nor	an	iPad.	1/2.	The	first	three	terms	of	this	sequence	are	a1	=	1,	a2	=	2,	a3	=	3.	Assume,	to	the	contrary,	that	Kn	,	n	≥	3,	is	bipartite.	13,	860.	for	i	:=	1	to	n	−	1	do	begin	3.	We	now	consider	additional	examples	of	this	type.	For	these	two	statements,	the	four	rows	in	the	third
table	in	Figure	1.1	correspond,	respectively,	to	(1)	Janet	studied	for	the	exam	and	received	an	A	on	it.	Let	S	=	{1,	2,	3,	4,	5}.	Example	6.27	Determine	the	average	case	time	complexity	of	Algorithm	6.8.	(6.4)	215	6.3.	ANALYSIS	OF	ALGORITHMS	Solution.	D1	:	...........	16	CHAPTER	1.	Therefore,	f	associates	two	distinct	real	161	5.3.	FUNCTIONS
numbers	with	3.	A	diagram	illustrating	the	composition	of	two	such	functions	f	and	g	is	shown	in	Figure	5.13.	,	An	,	A1	∪	A2	∪	·	·	·	∪	An	=	A1	∩	A2	∩	·	·	·	∩	An	.		In	Chapter	8	we	will	describe	how	to	determine	the	number	of	different	functions	from	one	finite	set	to	another	finite	set.	Hence	a	+	b	and	b	+	c	are	both	even	and	so	a	+	b	=	2x	and	b	+	c	=
2y	for	some	integers	x	and	y.	In	fact,	C	6=	D	and	so	C	⊂	D.	Although	this	is	probably	counter-intuitive,	when	dealing	with	cardinalities	it	is	essential	to	rely	on	the	definition,	not	on	our	intuition.	By	the	induction	hypothesis,	the	lexicographic	order		defined	on	A	=	A1	×	A2	×	·	·	·	Ak	is	a	total	order	and	so	(A,	)	is	a	totally	ordered	set.	In	addition,	5,	1	and
−7	are	odd	since	5	=	2	·	2	+	1,	1	=	2	·	0	+	1	and	−7	=	2	·	(−4)	+	1,	where	2,	0	and	−4	are	integers.	(a)	Suppose	that	G	contains	distinct	vertices	u	and	v	such	that	G	−	u	and	G	−	v	are	connected.	equivalence	relation:	a	reflexive,	symmetric	and	transitive	relation	on	a	set.	We	show	that	4.4.	THE	STRONG	PRINCIPLE	OF	MATHEMATICAL	INDUCTION
141	ak+1	=	2(k	+	1)	−	1	=	2k	+	1.	Adding	these	two	equations,	we	obtain	(a	+	b)	+	(b	+	c)	=	2x	+	2y,	which	implies	that	a	+	c	=	2x	+	2y	−	2b	=	2(x	+	y	−	b).	For	the	statement	(4.1)	to	be	true,	P	(n)	must	be	a	true	statement	for	each	positive	integer	n,	that	is,	all	of	the	statements	P	(1),	P	(2),	P	(3),	.	Let	G	be	a	planar	graph	of	order	n	and	size	m.	We
have	already	noted	that	the	implication	Q1	⇒	Q2	:	If	Los	Angeles	is	the	capital	of	California,	then	Broadway	is	a	street	in	New	York	City.	2!	(b)	0.	The	following	are	relations	on	the	set	S	=	{1,	2,	3,	4}.	Section	14.2	1.	(See	Figure	5.4.)	Explain	why	R	is	an	equivalence	relation.	We	return	to	Step	2,	where	i	is	increased	to	4	=	n.	(6)	By	De	Morgan’s	Laws,
∼	(P	∧	Q)	≡	(∼	P	)	∨	(∼	Q):	a	is	not	odd	or	b	is	not	odd.	Figure	2.2:	A	Venn	diagram	for	two	general	sets	A	and	B	Example	2.11	A	Venn	diagram	for	two	specific	sets	A	and	B	is	shown	in	Figure	2.3.	A	................................	Then	x	∈	A	and	x	∈	/	C.	(a)	1	−	380	9.	It	is	the	goal	of	A	is	to	produce	a	strong	orientation	of	K4	while	it	is	the	goal	of	B	to	stop	A	from
doing	this.	Supplementary	Exercises	for	Chapter	5	1.	Output:	“the	number”	k	“is	term”	i	“in	the	sequence”	or	k	“is	not	in	the	sequence”,	as	appropriate.	.}	[−3]	=	=	[4]	=	=	{x	∈	Z	:	x	R	(−3)}	=	{x	∈	Z	:	x	−	3	is	even}	{x	∈	Z	:	x	is	odd}	=	{.	(f)	34,	650.	Then	T	contains	k	arcs	directed	towards	v	and	k	−	1	arcs	directed	away	from	v.	Therefore,	with	each
element	of	S,	there	is	an	associated	equivalence	class.	(b)	Show	that	the	closed	interval	[0,	1]	of	real	numbers	is	not	well-ordered	(thereby	showing	that	a	set	with	a	least	element	may	not	be	well-ordered).	Recall	that	a	real	number	r	is	rational	if	r	=	a/b,	where	a,	b	∈	Z	and	b	6=	0.	The	set	of	all	possible	outputs	is	finite	and	is	denoted	by	O.	A	digraph	D
is	Eulerian	if	D	contains	a	directed	circuit	that	contains	every	directed	edge	of	D.	Imagination	will	take	you	everywhere.	A	digraph	D	is	connected	if	its	underlying	graph	is	connected.	(f)	{1,	5,	6,	7}.	In	particular,	we	can	always	take	B	=	P(A).	(b)	A	⊕	B.	Given	two	algorithms	that	provide	a	solution	to	the	same	problem,	it	is	natural	to	ask	whether	one
of	these	algorithms	might	be	preferred	over	the	other.	Assume	that	a	R	b,	where	a,	b	∈	Z.	See	Figure	5.	Show	that	if	f	2	is	injective,	then	f	is	injective.	Assume,	for	an	arbitrary	integer	k	≥	2,	that	Fi	≤	2Fi−1	for	every	integer	i	with	2	≤	i	≤	k.	For	A	=	{1,	2}	and	B	=	{∅},	determine	P(A)	×	P(B).	(5.2)	Therefore,	in	the	definition	above	of	the	composition	g
◦	f	of	two	functions	f	and	g,	the	domain	of	g	is	the	codomain	of	f	.	See	Figure	30(a).	1,	3,	0	....	Give	an	example	of	three	sets	A,	B	and	C	such	that	A	∈	B,	A	∈	/	C	and	B	∩	C	=	∅.	Let	A	=	{2,	3,	4}	and	B	=	{3,	4,	5,	6},	where	U	=	{1,	2,	.	Assume	that	a	is	an	odd	integer	and	b	is	an	even	integer.	(a)	(i)	u1	.	Therefore,	xk	is	odd	if	and	only	if	x	is	odd.	Probably
the	most	common	way	to	verify	that	a	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true	is	by	means	of	a	proof	technique	called	a	direct	proof.	Then	d(u,	Since	od(v)	≤	od(u),	the	vertex	v	cannot	be	adjacent	to	all	of	the	vertices	u1	,	u2	,	.	However,	the	empty	relation	on	a	nonempty	set	S	is	not	reflexive	since	(a,	a)	∈	/	R	for	all	a	∈	S.	103	3.5.	COUNTEREXAMPLES
Solution.	,	vn	}.	(b)	χ(G)	=	4.	A	tournament	T	is	called	a	transitive	tournament	if	whenever	(u,	v)	and	(v,	w)	are	arcs	of	T	,	then	(u,	w)	is	an	arc	of	T	as	well	(see	Figure	15.16).	Prove	by	induction	that	n2	−	3n	is	even	for	every	nonnegative	integer	n.	G:	..	(a)	If	n	is	even,	then	7n	−	8	is	odd.	(b)	R	·	R.	Q:	32	+	1	is	odd.	Since	P	(2)	is	true,	it	follows	that	P	(3)
is	true.	Thus	v	is	adjacent	to	some	vertex	of	C	and	is	adjacent	from	another	vertex	of	C.	Therefore,	R	is	transitive.	Show,	by	contradiction,	that	G	−	u	and	G	−	v	are	both	connected.	(a)	P	(June).	Example	5.39	(a)	The	function	f	:	R	→	R+	defined	by	f	(x)	=	2x	is	an	exponential	function.	It	suffices	to	show	that	there	exists	a	bijective	function	from	N	to	the
set	A	of	positive	even	integers.	,	Ak	,	where	k	≥	2,	that	A1	∪	A2	∪	·	·	·	∪	Ak	=	A1	∩	A2	∩	·	·	·	∩	Ak	.	We	next	determine	the	average	case	time	complexity	of	Algorithm	6.8.	For	this	purpose,	it	will	be	useful	for	us	to	recall	the	formula:	1	+	2	+	···+	n	=	n(n	+	1)	2	for	every	positive	integer	n,	which	we	first	encountered	in	Chapter	4.	Then	Benjamin	stayed
in	Los	Angeles	and	so	did	Adams.	L,	N	.	(c)	declarative	statement	(T).	Now	b	∨	(e	∧	d)	=	b	∨	a	=	b,	while	(b	∨	e)	∧	d	=	f	∧	d	=	d.		Another	well-known	class	of	graphs	whose	chromatic	numbers	are	easy	to	determine	are	the	complete	graphs.	(a)	∼	P	(x)	and	∼	Q(x).	Determine	(f	◦	g)(2)	and	(g	◦	f	)(2).	(a)	A	=	{0,	{0}}.	Since	f	(xn	)	=	n,	it	follows	that	xn	
xi	for	all	i	with	1	≤	i	≤	n.	Determine,	with	explanation,	which	graphs	in	Figure	14.16	are	planar.	12	..........................	Assume,	to	the	contrary,	that	f	is	not	one-to-one.	Result	to	Prove:	If	n	is	an	integer,	then	n2	−	n	is	an	even	integer.	581	15.3.	FINITE-STATE	MACHINES	2	..............................................................................................	Suppose,	by	assuming
that	R	is	false,	we	are	able	to	deduce	a	statement	that	contradicts	some	known	fact	or	some	assumption	we	made	in	the	proof.	Prove	that	if	m2	=	n2	,	then	either	m	=	n	or	m	=	−n.	(a)	For	A	=	{1,	2,	3},	give	an	example	of	three	subsets	A1	,	A2	and	A3	of	A	such	that	|Ai	∩Aj	|	=	|i	−	j|	for	every	pair	i,	j	of	distinct	integers	with	1	≤	i,	j	≤	3.	By	Theorem
9.1,	rs	=	r−1	+	s−1	integers	r	and	s	with	1	≤	r	≤	s	−	1.	(c)	B	∪	C.	Assume	that	x	R	y,	where	x,	y	∈	S.	25,	25	.	Since	1	=	a	≤	b	=	10,	Steps	4	–	8	are	executed.	So	P	⇔	Q	is	the	statement	(P	⇒	Q)	∧	(Q	⇒	P	).	However,	if	we	write	A	=	1	+	2	+	···	+	n	119	4.1.	THE	PRINCIPLE	OF	MATHEMATICAL	INDUCTION	and	then	write	the	terms	of	this	sum	in	reverse
order,	we	also	have	A	=	n	+	(n	−	1)	+	(n	−	2)	+	·	·	·	+	1.	Since	b	+	a	=	a	+	b,	it	follows	that	b	+	a	is	even.	(d)	symmetric.	Each	animal	at	a	zoo	is	housed	in	a	numbered	cage.	In	each	case,	determine	the	output	produced	from	the	input	string	01001110	with	initial	state	s0	.	24	CHAPTER	1.	The	eight	3-bit	strings	are	000	001	010	011	100	101	110	111.
First,	P	(n)	is	true	only	when	n	=	1.	Consider	the	functions	f	:	A	→	B	and	g	:	B	→	A,	where	f	=	{(1,	a),	(2,	a),	(3,	c),	(4,	d)}	and	g	=	{(a,	1),	(b,	3),	(c,	2),	(d,	1)}.	Since	f	(a)	=	f	(b),	it	follows	that	x	=	y	and	so	a	=	2x	=	2y	=	b.	one.	We	show,	by	this	algorithm,	that	every	vertex	of	a	graph	G	of	order	n	can	be	colored	with	one	of	the	colors	1,	2,	.	a	..................
Therefore,	1	is	not	an	element	of	A.	For	n	lockers	and	n	students,	there	will	be	⌊	n⌋	open	lockers	at	the	end.	For	statements	P	,	Q	and	R,	use	truth	tables	to	verify	the	following	associative	laws	and	distributive	laws.		We	now	show	that	the	conjecture	made	in	Example	4.31	is,	in	fact,	correct.	Because	5	=	i	=	n	=	4	is	false,	the	conclusion	of	Step	8	is	not
performed	and	the	algorithm	is	completed.	(b)	{⌊n/2⌋}.	(i)	(ii)	(iii)	(iv)	(v)	(vi)	Show	Show	Show	Show	Show	Show	that	that	that	that	that	that	rbbrrbbr	is	a	synchronized	sequence	for	some	vertex	of	D.	Round	robin	tournaments	can	be	modeled	by	a	class	of	digraphs,	which	are	also	called	tournaments.	corollary:	a	consequence	of	another	result.		What
Algorithm	6.4	does	in	Example	6.5	is	shown	in	the	table	below.	METHODS	OF	PROOF	20.	u6	.......	Then	n	=	2k	+	1	for	some	integer	k	and	so	n	=	6	−	2k	=	2(3	−	k).	Chapter	5:	Relations	and	Functions	Section	5.1	1.	The	following	are	relations	on	the	set	R	of	real	numbers.	By	the	Principle	of	Mathematical	Induction,	2n+1	<	1+(n+1)2n	for	every
positive	integer	n.	The	only	real	number	x	for	which	P	(x)	is	true	is	x	=	2,	that	is,	P	(2)	is	true.	2	(e)	f	(n)	=	n	+	3n	+	2.	G	=	T	.	Then	a	+	b	=	0	or	a	−	b	=	0.	Thus	a	and	m	are	incomparable.	y	m	...	However,	we	are	being	asked	to	show	that	the	statement	(3.19)	is	false,	that	is,	we	are	being	asked	to	show	that	the	equation	x4	+	2	=	2x2	has	no	real
number	solutions.	Then	11a−	5a	=	6a	=	2(3a)	is	an	even	integer	and	so	a	R	a.	A	procedure	that	a	number	of	people	might	use	is	the	Insertion	Sort	Algorithm.	Express	the	following	quantified	statements	in	symbols.	Therefore,	T	is	isosceles.	State	each	of	the	following	in	words.	This	is	not	a	good	idea.	(b)	exclamatory.
..................................................................	Sosa	..........	Suppose	that	P	=	(u	=	v0	,	v1	,	v2	,	v3	,	v4	=	v)	is	a	u	−	v	path	of	length	4	in	G.	Q(n):	n2	−	4	<	0.	In	Step	3,	x	is	assigned	the	number	18	+	a4	=	18	+	4	=	22.	Because	3	=	j	≤	n	=	4,	Steps	6	and	7	are	performed.	Prove	for	every	integer	n	that	there	exist	two	integers	a	and	b	of	opposite	parity	such
that	an	+	b	is	an	odd	integer.	This	implies	that	2	v∈V2	deg	v	=	4	Pi=1	Pa	Pb	b	m.	symmetric.	604	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	15.	For	example,	D2	contains	a	directed	path	of	length	3	while	D3	does	not.	is	defined,	we	can	write	ak+1	=	2ak	−	ak−1	+	2	provided	that	k	+	1	≥	3,	that	is,	provided	that	k	≥	2.	Hence	(0,	0,	1,
0,	1)	is	a	5-bit	string.	Consider	the	following	two	statements:	P	:	Janet	studied	for	the	exam.	By	the	second	distributive	law	in	Theorem	1.31,	P	(x,	y)	is	true	only	when	x	=	0	and	y	=	2,	or	when	x	=	0	and	y	=	−2.	Let	x	=	8.	For	a	nonempty	subset	X	of	A,	suppose	that	f	(X)	=	C	⊂	B.	Let	A	be	the	set	of	vertices	of	T	to	which	v	is	adjacent.	We	have	a	scale	on
which	coins	can	be	weighed.	G.....	1,	1	...	Therefore,	both	P	(0)	⊕	Q(0)	and	P	(1)	⊕	Q(1)	are	true	statements.	The	converse	of	Theorem	6.23	is	not	true.	Q(n)	:	(n	+	1)(n	+	4)/2	is	even.	8	...............................	Sentence	6,	although	declarative,	is	not	a	statement.	Since	2a2	−	a	is	an	integer,	n2	−	n	is	even.	is	true;	while	the	statement	P	(on	4	July	1776,
Christopher	Columbus,	in	Cleveland):	It	was	on	4	July	1776	that	Christopher	Columbus	arrived	in	Cleveland.	We	will	refer	to	such	examples	as	results.		Let’s	now	look	at	the	truth	and	falseness	of	some	specific	implications	from	mathematics.	Is	the	converse	of	this	implication	true	or	false?	2	..................	Hence	there	may	be	as	many	as	j	−	1
comparisons.	One	of	the	best	known	and	most	influential	methods	(called	an	algorithm)	for	determining	the	relevance	of	web	pages	is	the	algorithm	used	by	the	Google	search	algorithm,	which	was	developed	by	Sergey	Brin	and	Larry	Page,	both	graduate	students	at	Stanford	University	at	the	time.	Thus	deg	u	−	deg	v	=	n	−	2,	which	implies	that	deg
u	=	n	−	1	and	deg	v	=	1.	It	therefore	follows	by	the	Strong	Principle	of	Mathematical	Induction	that	an	=	n	+	1	for	each	positive	integer	n.	a	r	B	A	b	r	rw	rx	B	ry	c	r	rz	Figure	5.16:	A	one-to-one	function	and	a	function	that	is	not	one-to-one	Example	5.47	Let	A	be	a	nonempty	set	and	let	f	:	A	→	A	be	the	function	defined	by	f	(a)	=	a	for	every	element	a	∈
A.	Example	2.26	The	sets	A	=	{1,	2,	3}	and	B	=	{4,	5,	6}	are	disjoint,	the	set	of	even	integers	and	the	set	of	odd	integers	are	disjoint	and	the	set	of	rational	numbers	and	the	set	of	irrational	numbers	are	disjoint.	(ii)	The	jury	in	the	trial	should	find	the	defendant	not	guilty.	Thus	m	=	2a	+	1	and	n	=	2b	+	1	for	integers	a	and	b.	This	might	very	well	lead
you	to	suspect	that	if	A	has	n	elements	for	some	nonnegative	integer	n,	then	P(A)	has	2n	elements.	Since	A	=	{−3,	−2,	−1,	0,	1,	2,	3},	it	follows	that	|A|	=	7.	z	v	x	w	t	x	t	v	y′	t	z	Figure	14.11:	A	subdivision	of	K3,3	Although	Theorem	14.15	may	not	seem	like	a	particularly	remarkable	result,	what	is	remarkable	is	that	its	converse	is	also	true.	We	show
that	2·3	+	3·4	+	···+	1	(k+2)(k+3)	=	k+1	2k+6	.	(a)	3,	3,	3,	3.	So	a1	=	1,	a2	=	2,	a3	=	3.	For	statements	(or	open	sentences)	P	and	Q,	there	is	another	implication	that	is	related	to	P	⇒	Q	and	in	which	we	will	be	greatly	interested.	b..	quantified	statement:	an	existential	quantified	statement	or	a	universal	quantified	statement.	r	r	f	−1	...	(c)	f	:	R	→	Z	is
defined	by	f	(x)	=	⌈x⌉	for	x	∈	R.	This	equation	has	two	solutions	of	course,	namely	8	and	−	8.	(a)	Give	an	example	of	a	function	f	:	A	→	B.	RELATIONS	AND	FUNCTIONS	(b)	If	g	is	onto,	then	g	◦	f	is	onto.	At	the	end	of	the	day,	Lieutenant	Klumbo	decides	to	release	one	of	the	four	suspects.	Example	5.37	The	function	f	:	R	→	Z	defined	by	f	(x)	=	⌈x⌉	is	the
ceiling	function	and	the	function	g	:	R	→	Z	defined	by	g(x)	=	⌊x⌋	is	the	floor	function.	The	vertex	set	of	the	tournament	(digraph)	is	the	set	of	teams	and	there	is	a	directed	edge	from	vertex	s	to	vertex	t	if	team	s	defeats	team	t	in	the	round	robin	tournament.	Because	this	principle	is	so	similar	in	statement	to	the	Principle	of	Mathematical	Induction,	it	is
ordinarily	referred	to	by	the	same	name.	With	few	exceptions,	proofs	of	the	theorems	are	provided.	She	took	a	final	exam	at	the	end	of	the	semeste.	,	m},	where	m	∈	N.	q	q	q	q	q	.	Which	of	the	properties	reflexive,	symmetric	and	transitive	does	each	relation	below	possess?	ALGORITHMS	AND	COMPLEXITY	Examples	of	algorithms	occurred	long
before	the	9th	century,	however.	(b)	Since	|a	+	b|	=	|a|	+	|b|	if	either	a	or	b	is	0,	we	may	assume	that	a	and	b	are	nonzero.	Q(n):	n	is	not	the	sum	of	three	odd	integers.	s=	−	=	d	b	bd	Since	bc	−	ad	and	bd	are	integers	and	bd	6=	0,	it	follows	that	s	is	a	rational	number,	which	contradicts	our	assumption	that	s	is	irrational.	Prove	that	if	n2	+	n	=	0,	then
2n	+3n	12n	is	even.	However,	4!	=	24	and	24	=	16	while	24	>	16;	so	the	desired	inequality	is	obvious.	So	Dickens	did,	implying	that	Benjamin	stayed	in	Los	Angeles	and	producing	a	contradiction.	.,	a5	+	b5	,	in	this	order,	we	are	dealing	with	the	input	string	10,	11,	01,	11,	10,	00.	(a)	Complete	the	following:	Q(x,	y)	is	a	true	statement	if	x	=	and	y	=	or
x	=	and	y	=	.	(b)	How	many	tiles	are	placed	on	each	of	the	three	squares	in	the	strip	s2	?	x	:=	a	[x	is	assigned	the	value	a]	2.	using	(a)	two	direct	proofs.	(This	set	is	sometimes	called	the	null	set	or	void	set	as	well.)	The	empty	set	is	denoted	by	∅.	Case	2.	Then	the	biconditional	of	P	and	Q	is	P	⇔	Q:	I	will	receive	an	A	on	the	exam	if	and	only	if	I	study	for
at	least	10	hours.	R	1	R	3	R	1	R	1	R	4	R	3	R	2	R	2	R	3	R	2	R	4	R	1	R	1	Map	2	Map	1	Figure	14.17:	Coloring	the	regions	of	two	maps	Francis	Guthrie	believed	that	he	may	have	even	proved	that	every	map	could	be	colored	with	four	or	fewer	colors	but	he	was	not	satisfied	with	his	argument.	For	an	integer	n,	consider	the	open	sentence	P	(n)	:	n2	−	4n	+
1	is	an	odd	integer.	Therefore,	|χ(G)	−	χ(H)|	≤	1.	There	is	good	reason	therefore	to	believe	that	n!	>	2n	for	every	integer	n	≥	4.	Construct	the	state	table	and	state	digraph	of	a	finite-state	automaton.	is	a	sequence	whose	nth	term	is	2n	.	Let	a	and	b	be	two	real	numbers.	of	integers	is	defined	recursively	by	a0	=	0	and	an	=	3an−1	+	3n−1	for	n	≥	1.	.,
vn	}	can	be	constructed	by	placing	the	vertices	of	T	in	order	in	a	column	with	v1	on	the	top	and	vn	on	the	bottom	so	that	all	arcs	are	directed	downward.	Prove	that	if	9n	−	5	is	even,	then	n	is	odd.	...............................	First	assume	that	R	is	an	equivalence	relation	on	A.	We	begin	with	the	assumption	that	f	(a)	=	f	(b),	where	a,	b	∈	R	and	attempt	to	show
that	a	=	b.	r	b	.................	The	graphs	of	y	=	x2	and	m	=	n2	are	shown	in	Figure	1.	Example	5.13	A	relation	R	is	defined	on	the	set	R	of	real	numbers	by	x	R	y	if	2x	+	y	≥	0.	or,	indeed,	as	the	elements	of	any	set.	1	1	show	that	f	is	onto.	(d)	If	a	and	b	are	integers	that	are	not	both	even,	do	we	know	that	a	+	b	is	not	even?	169	5.3.	FUNCTIONS	20.	ˆ	The
Road	Coloring	Theorem	Every	strong	aperiodic	digraph	D	with	uniform	outdegree	d	has	a	synchronized	coloring	of	the	arcs	of	D	with	d	colors.	Section	3.7	1.	Assume,	to	the	contrary,	that	two	of	a	+	b,	a	+	c	and	b	+	c	are	equal,	say	a	+	b	=	√	a	+	c.	Now	0	=	n	X	i=1	(od	vi	−	id	vi	)	=	n−1	X	(od	vi	−	id	vi	)	+	(od	vn	−	id	vn	)	≥	(n	−	1)	+	od	vn	−	id	vn	.	f9
=	{(a,	2),	(b,	2)}.	Hence	the	digraph	D	of	Figure	15.32	has	a	rather	unusual	property.	Give	an	example	of	three	distinct	subsets	A1	,	A2	and	A3	of	A	such	that	P	=	{A1	∩	A2	,	A1	∩	A3	,	A2	∩	A3	}	is	a	partition	of	A.	Example	1.45	For	the	two	statements	Q1	and	Q2	in	(1.1),	the	contrapositive	of	Q1	⇒	Q2	is	(∼	Q2	)	⇒	(∼	Q1	)	:	If	Broadway	is	not	a	street	in
New	York	City,	then	Los	Angeles	is	not	the	capital	of	California.	Since	a2	6=	10,	we	move	on	to	Step	4,	where	i	becomes	3.	If	v	is	a	cut-vertex	in	a	connected	graph	G,	then,	of	course,	G	−	v	contains	two	or	more	components.	√	34.	Nonplanar.	−2.	Therefore,	there	are	r	=	5	regions.	Beverly	plans	to	take	discrete	mathematics,	data	structures	and	linear
algebra.		Well-Known	Sets	of	Numbers	Some	of	the	best	known	sets	are	infinite	sets	of	numbers	(those	containing	an	infinite	number	of	elements)	and	many	of	these	are	denoted	by	a	special	symbol.	3	...	The	range	of	f	is	{y	∈	R	:	y	≤	4}.	(b)	10	[	Ai	.	This	is	Gn−1	.	(1)	the	set	of	even	integers,	(2)	the	set	of	odd	integers,	(3)	the	set	S	=	{n	≥	m	:	n	∈	Z}	for
a	fixed	integer	m,	(4)	the	set	T	=	{	ab	:	a	and	b	are	odd	integers},	(5)	the	set	U	=	{	2m13n	:	m,	n	∈	Z}.	We	now	show	that	the	set	of	distinct	equivalence	classes	of	a	nonempty	set	resulting	from	an	equivalence	relation	on	the	set	always	produces	a	partition	of	the	set.	Actually,	(1)	establishes	the	inequality	χ(G)	≤	k,	while	(2)	establishes	the	inequality
χ(G)	≥	k.	(b)	{a}	∈	{a}.	See	Figure	39.	Fast	Fourier	Transform	(FFT).	Let	α	=	1	+	5	/2.	Only	the	element	3	belongs	to	both	E	and	F	.	Furthermore,	E	∪	E	=	E	∪	O	=	Z	and	E	∩	E	=	E	∩	O	=	∅.	(c)	{{a,	b},	{c,	d},	{e,	f	},	{g}}.	For	an	integer	n,	consider	the	following	open	sentences:	P	(n):	n2	−	4n	<	0.	(e)	3n	+	5	is	even.	Therefore,	in	words,	the
negation	of	the	statement	in	(a)	is	(3.6)	85	3.1.	QUANTIFIED	STATEMENTS	There	exists	a	real	number	x	such	that	for	all	real	numbers	y,	x	+	y	6=	0.	Prove	that	⌈x⌉	+	⌊x⌋	=	2x	if	and	only	if	x	∈	Z	or	2x	∈	Z.	(b)	Give	an	example	of	integers	a,	b	and	c	for	which	this	biconditional	is	false.	,	vj	,	v,	vj+1	,	.	Logic	7	1.1.	1.2.	1.3.	1.4.	1.5.	1.6.	2.	Special	solutions
to	As	=	O.	However,	the	only	elements	of	B	are	1,	2	and	3.	(a)	S	∨	R.	Sentences	3	and	4	are	statements.	s	s	s	s	s	Figure	15.25:	The	state	digraph	for	the	finite-state	machine	in	Example	15.20	Example	15.21	Construct	the	state	table	for	the	finite-state	machine	whose	state	digraph	is	shown	in	Figure	15.26.	Since	y	∈	/	B	∪	C,	we	can	conclude	that	y	∈	/
B	and	y	∈	/	C.	At	the	beginning	of	Month	#3,	another	pair	of	rabbits	(one	male	and	one	female)	are	born.	Therefore,	the	weight	of	these	55	coins	minus	550	is	the	number	of	the	roll	containing	the	counterfeit	coins.	These	three	proof	techniques	are	direct	proof,	proof	by	contrapositive	and	proof	by	contradiction.	(b)	If	R	is	an	equivalence	relation,	then
describe	the	distinct	equivalence	classes.	25	...	b	..	(d)	B	−	A.	(a)	Find	a	common	denominator	of	3/8	and	5/12.	{c}	.......	Show	that	it	is	possible	to	determine	the	light	switch	that	operates	each	light	bulb	by	entering	the	room	exactly	once.	Let	x	∈	A	−	B.	s3	:	r	r	(0,	0)	s4	:	r	(10,	0)	Figure	4.1:	Illustrating	Exercise	14	(a)	How	many	tiles	are	placed	on	the
square	in	the	strip	s1	?	a4	≺	a6	≺	a8	≺	a1	≺	a2	≺	a3	≺	a5	≺	a7	.	Let	r	∈	R	−	{0}.	(c)	The	statement	is	true.	Among	the	chains	in	S,	let	x1	≺	x2	≺	·	·	·	≺	xk	be	one	containing	a	maximum	number	of	elements.	s..............................	Algorithm	6.11	Determine	Whether	Some	Number	Appears	Twice	in	a	Sequence.	x	:=	a1	3.	Thus,	the	implication	“if	(a,	b)	∈
R,	then	(b,	a)	∈	R”	is	true	for	all	a,	b	∈	S.	To	prove	this	result,	we	must	prove	for	every	integer	n	that	both	“3n	+	8	is	odd	if	n	is	odd”	and	“3n	+	8	is	odd	only	if	n	is	odd”	are	true.	Output:	k	“is	in	the	sequence”	or	k	“is	not	in	the	sequence”	as	appropriate.	Adds	the	first	(or	next)	number	in	the	sequence	to	the	temporary	sum	and	this	new	sum	becomes
the	temporary	sum.		Exercises	for	Section	3.2	1.	Prove	that	there	exist	nonempty	sets	A	and	B,	a	function	f	:	A	→	B	and	subsets	A1	and	A2	of	A	such	that	f	(A1	∩	A2	)	6=	f	(A1	)	∩	f	(A2	).	1001.	Example	15.13	There	are	two	non-isomorphic	tournaments	D1	and	D2	of	order	3.	is	a	true	statement.	Prove	that	there	do√not	exist	√	positive	real	numbers	a,	b
and	c	such	that	two	of	√	three	distinct	the	three	numbers	a	+	b,	a	+	c	and	b	+	c	are	equal.	A	................................	,	233,	which	are	Fibonacci	numbers	and	so	the	number	of	rabbits	at	the	end	of	the	year	is	233	pairs.	Thus	x2	−	1	=	0.	(b)	Let	B1	=	{1,	2},	B2	=	{3,	4}	and	B3	=	{5}.	Therefore,	g	◦	f	=	{(1,	x),	(2,	x),	(3,	y)}.	(c)	There	exists	a	woman	W	such
that	for	every	man	M,	W	is	richer	than	M.	Thus,	each	vertex	in	B	has	indegree	at	least	2r	+	1,	which	is	a	contradiction.	Let	G	be	a	graph	with	χ(G)	=	k	and	let	a	k-coloring	of	G	be	given.	Since	χ(K5	)	=	5	and	G	does	not	contain	K5	as	a	subgraph,	it	follows	that	χ(G)	≤	4.	universal	quantified	statement,	∀x	∈	S,	P	(x):	for	all	x	∈	S,	P	(x).	Output:	x	=	max(s)
1.	Suppose	that	f	:	A	→	B.	one-to-one	function	(injective	function):	a	function	from	A	to	B	such	that	distinct	elements	of	A	have	distinct	images	in	B.	.,	then	the	function	g	:	N	→	B	defined	by	g(n)	=	bn	is	bijective,	|N|	=	|B|	and	B	is	denumerable.	Prove	that	the	nth	derivative	of	f	(x)	is	given	by	f	(n)	(x)	=	(−1)n	e−x	(x	−	n)	for	every	positive	integer	n	37.
The	graph	G	is	shown	in	Figure	14.24.	Since	there	is	a	positive	integer	a	with	f	(a)	=	1,	it	follows	that	m	>	1.	Showing	that	the	vertices	of	G	can	be	colored	with	k	colors	probably	seems	much	easier	than	showing	that	we	must	use	at	least	k	colors	to	color	the	vertices	of	G.	while	i	<	n	do	begin	i	:=	i	+	1	s	:=	s	+	ai	x	:=	sx	end	5.	Case	3.	(a)	Q	∩	I.	,	s8
represent	locations.	(d)	If	2	is	an	odd	integer,	then	5	<	0.	Prove	that	if	(x2	−	1)2	=	0,	then	x4	−	x2	=	0.	,	Bk+1	be	any	k	+	1	sets.	(c)	n	is	one	of	the	integers	−1,	0,	2,	3.	r	r	w	w	v	.	•	The	Four	Color	Theorem:	If	G	is	a	planar	graph,	then	χ(G)	≤	4.	DIRECTED	GRAPHS	u	u	s	s	..............................................................	Both	addition	and	multiplication	are
commutative.	Consequently,	x	∈	(A	∪	B)	−	(A	∩	B).	(c)	If	Rob	doesn’t	take	Sue	to	the	movies,	then	Rob	couldn’t	get	a	car	to	drive.	For	a	∈	A,	the	equivalence	class	[a]	is	defined	by	[a]	=	{x	∈	A	:	x	R	a}.	So	there	must	be	at	least	two	students	who	received	the	same	quiz	score.	4th	place.	(b)	Conjecture	a	formula	for	an	for	each	positive	integer	n.
Particular	emphasis	is	paid	to	search	and	sort	algorithms.	We	first	consider	another	example	where	the	Principle	of	Mathematical	Induction	is	used.		How	Algorithm	6.6	is	implemented	in	Example	6.7	is	shown	in	the	table	below.	(T).	(b)	{∅}	⊆	B.	(e)	It	is	not	the	case	that	ab	>	0	and	a	+	b	>	0.	The	Division	Algorithm	and	Euclidean	Algorithm	are
introduced	and	illustrated	in	this	chapter	as	well.	E	.	Chapter	4	is	devoted	to	an	important	proof	technique	that	can	be	used	to	establish	the	truth	of	special	kinds	of	statements:	mathematical	induction.	y	..........................	Thus	Fk2	=	Fk−1	Fk+1	−	(−1)k	.	{a}	........................	(b)	1,	4,	9,	16,	.	On	the	other	hand,	should	our	intended	use	of	“or”	in	P	or	Q
be	that	we	only	want	P	or	Q	to	be	true	if	exactly	one	of	P	and	Q	is	true,	then	this	is	referred	to	as	the	exclusive	or	(as	it	excludes	P	and	Q	from	both	being	true).	This	contributes	1	to	both	the	indegree	and	outdegree	of	v.	r	........................	The	minimum	degree	of	a	planar	graph	G	with	V	(G)	=	{v1	,	v2	,	.	(c)	If	the	statement	is	false,	then	P	is	true.
Algorithms	are	discussed	in	Chapter	6.	Let	G	be	an	Eulerian	graph.	√	Solution.	(d)	Every	connected	3-regular	graph	is	not	Eulerian.	Since	the	order	of	F	is	greater	than	k,	this	is	a	contradiction.	Printed	in	the	United	States	of	America	7	6	5	4	3	2	1	v	Table	of	Contents	PREFACE	ix	0.	Assume	that	k+1	1	+	3	+	32	+	·	·	·	+	3k	=	3	2	−1	for	an	arbitrary
positive	integer	k.	.,	an	of	n	distinct	integers,	consider	the	following	algorithm	(where	the	output	is	not	given).	These	objects,	although	often	numbers	of	some	kind,	have	no	restrictions	on	what	they	can	be.	Therefore,	F1	=	1	and	F2	=	1	are	the	initial	values	here	and	since	the	recurrence	relation	is	Fn	=	Fn−2	+	Fn−1	for	n	≥	3,	it	follows	that	F3	F4	=
=	F1	+	F2	=	1	+	1	=	2	F2	+	F3	=	1	+	2	=	3	F5	=	F3	+	F4	=	2	+	3	=	5.	This	recursively	defined	sequence	has	the	same	recurrence	relation	as	the	Fibonacci	numbers	but	the	first	initial	value	is	different.	You	might	have	noticed	that	P	∧	Q	and	Q	∧	P	have	the	same	truth	value	for	each	combination	of	truth	values	of	the	two	statements	P	and	Q.	If	we	let
P	(x,	y)	be	the	open	sentence	P	(x,	y):	x	+	y	=	0.	y	=	|x|	p	ppp	pp	p	p	p	ppp	p	ppp	p	ppp	p	p	p	pp	pp	ppp	p	p	pp	p	p	p	pp	p	p	..........	Construct	a	truth	table	for	each	of	the	following.	Hence	(1)	a	+	b	=	0	or	a	−	b	=	0	and	(2)	b	+	c	=	0	or	b	−	c	=	0.	Consequently,	we	move	on	to	Step	4.	What	should	Al	do?	Since	this	is	a	necessary	condition	for	a	graph	to	be
planar,	it	is	most	useful	when	stated	in	its	contrapositive	form.	Each	Si	needs	only	nl2	multiplications,	so	Fnx	and	Fn-1c	can	be	computed	with	ne/2	multiplications.	Assume,	to	the	contrary,	that	δ(G)	≤	2.	The	Five	Color	Theorem	and	Four	Color	Theorem	Let	us	now	return	to	the	Four	Color	Problem,	which	asks	whether	every	planar	graph	is
4colorable.	,	n	−	1	and	one	other	vertex	having	one	of	these	degrees.	6	.	There	is	a	statue	honoring	him	at	the	Leaning	Tower	of	Pisa.	If	a	sequence	is	defined	recursively,	then	both	an	initial	value	(or	values)	must	be	specified	and	a	recurrence	relation	must	be	defined.	is	true	if	(1)	P	(m)	is	true	and	(2)	the	statement	∀k	∈	S,	P	(k)	⇒	P	(k	+	1)	is	true.
Certainly	none	of	these	problems	can	be	solved	by	observation	for	such	a	large	list.	(b)	For	every	real	number	x,	x	+	3	≤	0.	We	now	turn	to	quantified	statements	of	the	type	∃x	∈	S,	R(x).	...................................................................................................................................	In	fact,	if	C	is	chosen	large	enough,	then	f	(n)	≤	Cg(n)	for	every	positive	integers	n
(that	is,	k	can	be	chosen	to	be	1).	t2	...........................................	62.	Furthermore,	since	(c,	d)	R	(a,	b),	it	follows	that	c	≤	a	and	d	≤	b.	(b)	(∼	Q)	⇒	(∼	P	).	Then	the	orientation	D	of	G	obtained	from	D1	and	D2	by	adding	the	arc	(u,	v)	has	the	desired	property.	Mathematical	history	has	not	followed	the	same	path	as	other	histories	of	the	human	spirit.
Since	Q(1)	is	false,	P	(1)	⇔	Q(1)	is	false.	So	7m	+	3n	=	7(2a	+	1)	+	3(2b)	=	14a	+	7	+	6b	=	2(7a	+	3b	+	3)	+	1.	R	B........	Let	a	∈	Z.	The	input	10	tells	us	that	are	now	adding	1	+	0.	These	two	people	alternate	assigning	a	direction	to	an	edge,	beginning	with	A.	Is	f	a	function	from	the	set	R	of	real	numbers	to	R?	Assume,	to	the	contrary,	that	there	exists
a	smallest	positive	real	number,	say	r.	(a)	(a,	b,	c,	d,	e).	Hence	ab	and	dc	are	related	if	and	only	if	these	numbers	are	equal.	Since	f	r−b	a	a	a+1	b+1	33.	v2	v3	Figure	15.20:	The	tournaments	of	order	3	and	4	in	Example	15.13	(See	Figure	15.21(a)).	Therefore,	for	the	set	S	=	{1,	2,	3,	4}	in	Example	5.63,	f	=	{(1,	1),	(2,	2),	(3,	3),	(4,	4)}	is	also	a
permutation	of	S.	Pn	Pn	Pn	17.	Kazimierz	Kuratowski	(1896–1980),	well	known	for	his	research	in	the	mathematical	area	of	topology,	was	one	of	the	major	contributors	to	mathematics	in	Poland	during	the	20th	century,	not	only	because	of	his	research	but	because	he	was	so	influential	in	mathematics	education	in	his	native	Poland	following	World
War	II.	(a)	ab	is	odd	only	if	a	is	odd	and	b	is	odd.	Since	f	is	not	the	identity	function	on	N,	there	are	integers	n	such	that	f	(n)	>	n.	If	x	∈	A	−	B,	then	x	∈	A	but	x	∈	/	B;	while	if	x	∈	B	−	A,	then	x	∈	B	but	x	∈	/	A.	A	compound	statement	is	a	statement	constructed	from	one	or	more	given	statements	(called	component	statements	in	this	context)	and	one	or
more	logical	connectives.	These	observations	are	summarized	below.	What	a	difficult	calculus	exam!	6.	Disprove:	Let	x,	y	∈	R.	2	...	(c)	onto	but	not	one-to-one.	We	show	that	ak+1	=	k	+	1.	First,	we	claim	that	(vn	,	vn−1	)	∈	E(D).		P	P	ˆ	Let	T	be	a	tournament	with	V	(T	)	=	{v1	,	v2	,	.	31	23	13	Figure	15.31:	The	state	digraph	modeling	the	finite-state
automaton	in	Example	15.26	583	15.3.	FINITE-STATE	MACHINES	The	Road	Coloring	Problem	There	is	a	curious	problem	concerning	finite-state	automata	called	the	Road	Coloring	Problem.	DIRECTED	GRAPHS	b	......................................................	........................................................................................	Therefore,	f	(k)	=	k	for	every	integer	k	with	1	≤
k	<	m.	Then	either	m	is	even	or	n	is	odd.	The	arcs	represent	one-way	584	CHAPTER	15.	That	is,	A	=	B	if	and	only	if	A	⊆	B	and	B	⊆	A.	(a)	a	=	0	and	b	=	2.	.....................................................................................	When	two	(or	three)	bits	are	added,	we	either	write	down	0	or	1.	Prove	that	there	exist	integers	m	and	n	of	opposite	parity	such	that	108
CHAPTER	3.	Let’s	look	at	some	open	sentences.	Consider	S	=	{nr	:	n	∈	N}	where	r	∈	I.	Thus	(2c)2	=	6b2	and	so	4c2	=	6b2	.	Representations	of	Functions	It	is	often	convenient	to	visualize	a	function	by	means	of	a	diagram.	for	each	n	∈	Z?	The	number	an	can	also	be	defined	recursively	by		1	if	n	=	0	pn	=	a	·	pn−1	if	n	∈	N.	Result	4.10	If	a1	,	a2	,	.	(b)
B1	=	{1,	2,	3},	B2	=	{1,	4,	5},	B3	=	{2,	4,	6},	B4	=	{3,	5,	6}.	Then	m	=	2k	+	1	and	n	=	2ℓ	+	1	for	integers	k	and	ℓ.	For	every	statement	P	,	the	statement	P	∨	(∼	P	)	is	a	tautology	since	certainly	(exactly)	one	of	P	and	∼	P	is	true.	⋆	s3	.................	(a)	{⌈n/2⌉}.	(b)	A	graph	G	is	Eulerian	if	and	only	if	its	complete	subdivision	graph	is	Eulerian.	(b)	∃n	∈	S,	P
(n).	The	truth	table	for	the	negation	of	a	statement	is	shown	in	Figure	1.2.	Therefore,	for	every	statement	P	,	the	truth	value	of	its	negation	∼	P	is	opposite	to	that	of	P	.	Then	every	v	−	w	path	in	G	contains	u.	What	you	said	was	not	to	be	interpreted	that	if	you	went	to	one	of	these	two	places,	then	you	were	absolutely	not	going	to	the	other.	(See
Exercise	25.)	Prove	that	the	Well-Ordering	Principle	is	true	if	and	only	if	the	Principle	of	Mathematical	Induction	is	true.	We	begin	with	two	of	the	most	common	ways	of	combining	two	given	sets	to	form	a	new	set.	Let	C	be	the	set	of	professors	in	a	mathematics	department	who	taught	a	calculus	class	and	D	the	set	of	professors	in	a	mathematics
department	who	taught	a	discrete	mathematics	course.	(b)	B	=	{0,	2,	4,	.	If	f	is	onto,	then	there	is	a	real	number	x	such	that	f	(x)	=	3	and	so	x2	−	2x	+	5	=	3	or	x2	−	2x	+	2	=	0.	Prove	that	the	function	f	:	R	−	{5}	→	R	−	{1}	defined	by	f	(x)	=	x+1	x−5	is	bijective.	We	show	that	Fk+1	≤	1+2	5		√	k+1	it	follows	that	Fk+1	≤	1+2	5	when	k	=	1.	Let	a,	b	and
m	be	integers.	1,4,1	...	Result	to	Prove:	If	n	is	an	odd	integer,	then	5n	+	3	is	an	even	integer.	For	each	vertex	v	in	G,	deg	v	=	2k	for	some	integer	k.	For	example,	we	have	seen	that	2	is	irrational.	Then	x∈A∪B	≡	≡	∼	(x	∈	A	∪	B)	≡	∼	(x	∈	A	or	x	∈	B)	∼	((x	∈	A)	∨	(x	∈	B))	≡	(x	∈	/	A)	∧	(x	∈	/	B)	≡	(x	∈	A)	∧	(x	∈	B)	≡	x	∈	A	∩	B.	Assume	that	f	(c)	=	f	(d),
where	c,	d	∈	R.	A	B	..........................................	Since	A	⊆	A	and	∅	⊆	A	for	every	set	A,	it	follows	that	A	∈	P(A)	and	∅	∈	P(A).	,	an	of	n	numbers	so	that	the	terms	of	s	are	reordered	from	largest	to	smallest.	For	integers	x	and	y,	let	Q(x,	y)	:	(x	+	2)2	+	2y	2	=	1.	Hence	we	may	assume	that	k	≥	4.	Since	od	v1	=	n	−	1,	it	follows	that	v1	is	adjacent	to	vi	for	i	=
2,	3,	.	(a)	R1	=	{(1,	2),	(2,	1),	(3,	4),	(4,	3)}.	The	set	A	only	has	one	element,	namely	the	set	{1,	{1}}.	Since	u	∈	R(u)	for	every	vertex	u	of	D,	it	follows	that	r(u)	≥	1.	Suppose	that	G1	has	r1	regions	and	G2	has	r2	regions.	(a)	Since	the	only	0-element	set	is	∅	and	the	only	subset	of	∅	is	∅,	it	follows	that	s0	=	1.	Recall	that	Q	⇒	P	can	be	expressed	in	words
as	“P	if	Q”	and	P	⇒	Q	can	be	expressed	in	words	as	“P	only	if	Q.”	Therefore,	we	can	express	P	⇔	Q	in	words	as	P	if	Q	and	P	only	if	Q	or	as	P	if	and	only	if	Q.	See	Figure	2.	The	number	of	such	permutations	will	be	discussed	in	Chapter	9.	(ii)	Suppose	next	that	Adams	went	to	Las	Vegas.	Indeed,	a	computer	is	an	input-output	device.	196	CHAPTER	5.
Describe	the	identity	function	on	the	set	S1	=	{t,	u,	v}	and	on	the	set	S2	=	P(A),	where	A	=	{1,	2}.	Next,	we	verify	the	converse,	namely	if	mn	is	odd,	then	m	and	n	are	both	odd.	Find	positive	integer	values	for	each	of	x	and	y	such	that	all	of	the	statements	resulting	from	these	open	sentences	are	true	but	when	the	values	of	x	and	y	are	interchanged,
all	of	the	statements	are	false.	Let	u	be	a	vertex	in	V	(D)	−	{v}.	A	tree	has	only	n	-	1	edges	and	no	closed	loops.	First,	we	show	that	(A	−	B)	∪	(A	−	C)	⊆	A	−	(B	∩	C).	In	Step	1,	i	is	initialized	to	0.	Section	3.4	1.	(i)	A	∪	B.	Let	C	=	{a	+	b	2	:	a,	b	∈	Q}.	Is	f	a	function	from	A	to	B?	11.	Prior	to	1874	all	infinite	sets	were	considered	to	be	of	the	same	size.	0
.....	Suppose	that	we	believed	that	3n2	−n+3	is	even	for	every	positive	integer	n	and	that	we	attempt	to	give	an	induction	proof	of	this,	beginning	with	the	inductive	step.	7	..	(3)	Janet	didn’t	study	for	the	exam	but	received	an	A	on	it.	1	.	5	5	5	Also,	3	3	=	0.75000	·	·	·	and	=	0.74999	·	·	·	.	The	expression	we	begin	with	is	ordinarily	chosen	to	be	the	one
that	seems	easier	to	simplify.	Consider	the	statement	S:	I’m	going	to	the	party	tonight	only	if	I	get	paid	today.	f.(x)	=	|x	−	2|	...	(c)	If	a2	>	1,	then	a	>	1.	(e)	P5	(n)	:	n3	=	2n.	When	n	=	1,	for	example,	3n2	−	n	+	3	=	3	·	12	−	1	+	3	=	5,	which,	of	course,	is	odd.	s	s	s	s	s	s	r	Figure	15.44:	The	digraph	in	Exercise	22	23.		P	Q	P	⇒	Q	P	∧	(P	⇒	Q)	(P	∧	(P	⇒	Q))	⇒
Q	T	T	F	T	F	T	F	F	T	F	T	T	T	F	F	F	T	T	T	T	Figure	1.17:	(P	∧	(P	⇒	Q))	⇒	Q	is	a	tautology	The	tautology	(P	∧	(P	⇒	Q))	⇒	Q	considered	in	Example	1.64	is	called	modus	ponens	(mode	that	affirms	the	hypothesis)	in	logic.	Indeed,	it	seemed	more	natural	to	denote	these	two	numbers	more	simply	by	a	and	b.	Example	3.43	Disprove	the	following	statement:
There	exists	a	positive	integer	n	such	that	for	every	negative	integer	m,	n	+	m	<	0.	53	54	CHAPTER	2.	,	7}	is	the	universal	set.	A	A	Figure	2.9:	Venn	diagram	for	A	Example	2.33	Let	Z	be	the	universal	set	and	let	E	be	the	set	of	even	integers.	Depth-first	search	and	breadth-first	search	are	also	discussed	in	Chapter	13.	f1	........	Often,	R(x)	is	an
implication	P	(x)	⇒	Q(x)	for	open	sentences	P	(x)	and	Q(x)	over	S.	This,	in	fact,	is	true	and	will	be	verified	later.	That	is,	Ai	=	{i,	i	+	1}	for	i	=	1,	2,	.	(a)	x	6=	0	and	y	6=	0.	For	example,	consider	the	arcs	incident	with	state	s0	.	There	are	two	real	numbers	y	for	which	x2	+	y	2	=	9	+	y	2	=	25,	namely	y	=	4	and	y	=	−4.	Then	⌈x⌉	+	⌊x⌋	=	x	+	x	=	2x.	(e)	P5	=
{{a,	b},	{c,	d,	e},	{f,	g},	{f,	g}}.	256	....	,	Sk	}	be	a	partition	of	S,	where	k	≥	1.	(c)	No.	Section	12.2	1.	Before	attempting	to	describe	what	discrete	mathematics	is	or	at	least	some	of	the	topics	it	includes,	let’s	first	see	what	it	isn’t.	State	the	converse	and	contrapositive	of	each	of	the	following	implications.	.................	g◦f	..	output	x	Anything	written
within	brackets	[	]	is	a	comment.	(c)	a	function	h	:	A	→	B	that	is	onto	but	h(x)	6=	x	for	each	x	∈	B.	Let	A,	B	and	C	be	sets.	For	two	nonzero	integers	a	and	b	such	that	a	+	b	6=	0,	consider	the	two	open	sentences	P	:	ab	>	0.	(b)	For	B	=	{1,	2,	3,	4,	5,	6},	give	an	example	of	four	subsets	B1	,	B2	,	B3	and	B4	of	B	such	that	|Bi	∩	Bj	|	=	|i	−	j|	for	every	pair	i,	j
of	distinct	integers	with	1	≤	i,	j	≤	4.	(a)	{{a},	{b}}.	For	example,	if	you	tell	one	of	your	friends,	“Before	attending	my	discrete	math	class	tomorrow,	I’m	stopping	at	the	computer	lab	or	going	to	the	library.”	and	it	turns	out	that	you	visit	both	the	computer	lab	and	the	library,	then	what	you	said	is	true.	Investigate	the	truth	or	falseness	of	the
biconditional	P	if	and	only	if	Q.	The	relation	R	=	{(1,	1),	(1,	3),	(1,	4),	(2,	2),	(3,	1),	(3,	3),	(3,	4),	(4,	1),	(4,	3),	(4,	4),	(5,	5),	(5,	7),	(6,	6),	(7,	5),	(7,	7)}	on	S	is	an	equivalence	relation.	(See	Figure	5.23.)	Also,	f	−1	:	B	→	A	and	f	:	A	→	B,	so	the	composition	f	◦	f	−1	:	B	→	B	exists	and	(f	◦	f	−1	)(b)	=	f	(f	−1	(b))	=	f	(a)	=	b.	Then	n	=	2k	+	1	for	some	integer	k
and	so	7	−	n	=	7	−	(2k	+	1)	=	6	−	2k	=	2(3	−	k).	satisfy	Fn	=	Fn-l	+	Fn-	2	=	(A7	-A~)I()q	-A2).	r	x	s	...r	..	(b)	[0]	=	{0,	±2,	±4,	.	We	consider	these	two	cases.	Result	3.34	There	exists	an	integer	n	such	that	2	−	n2	>	0.	t	(c)	r	...................	(e)	f	(n)	=	n2	log	n.	Since	4k	3	is	an	integer,	n3	is	even.	Next	show	that	1	√	3	1	+	1	√	3	2	1	√	3	1	+	···+	r	1√	1	3	125	3
8+	3	4	8	√	√	73	3	3	>	3	=	27	>	25	=	52/3	,	24	1	1	√	+···+	√	>	(k	+	1)2/3	3	3	2	k	1	√	>	(k	+	2)2/3	.	If	P	(k),	then	P	(k	+	1).	2.	(c)	a	proof	by	contradiction.	When	k	=	2,	we	have	F3	=	2	≤	2	·	1	=	2F2	.	Let	3	r	∈	R.	Ordinarily,	there	is	more	than	one	step	within	a	while	loop	and	the	statement	P	is	adjusted	at	some	stage.	(a)	55.	(a)	Show	that	the	length	of	a
longest	directed	path	in	an	orientation	of	a	graph	with	chromatic	number	3	is	at	least	2.	Therefore,	x	∈	A	−	(B	∩	C).	0,	0	...........	Since	this	means	that	either	m	and	n	are	both	even	or	m	and	n	are	both	odd,	it	immediately	suggests	a	proof	by	cases.	A	function	f	:	Z	→	Z	is	defined	by	ì	í	n+1	n−1	f	(n)	=	î	n	if	n	≥	0	if	n	<	0	and	n	6=	−10	if	n	=	−10.	Then
=	2n	+3n	12n	20	+30	120	=	−1	2	=	1+1	1	−1	+3	12−1	=	2,	which	is	even.	That	is,	if	less	than	75¢	has	been	deposited	and	either	button	is	pushed,	then	there	is	no	output	and	the	machine	remains	at	its	current	state.	3	p	ppp	..........................	Since	H	contains	no	v1	−	v3	path,	v1	and	v3	belong	to	different	components	of	H.	For	example,	if	we	are
attempting	to	prove	that	a	statement	concerning	an	integer	n	is	true,	then	partitioning	Z	into	the	set	of	even	integers	and	the	set	of	odd	integers	may	be	a	key	step	in	obtaining	a	proof.	............................................................................................	The	number	of	comparisons	made	when	Algorithm	6.8	is	used	can	vary	widely	depending	on	where	in	the
sequence	the	number	k	appears	or,	in	fact,	whether	k	appears	in	the	sequence	at	all.	The	set	A	represents	the	set	of	(real	number)	solutions	of	the	equation	x2	−	x	−	6	=	0.	Maria	prepares	for	the	interview,	does	not	do	well	on	the	interview	and	does	not	get	the	job.	Consequently	and	finally,	the	Four	Color	Problem	had	been	solved.	When	the	finite-



state	machine	receives	its	first	input,	we	assume	that	the	machine	is	in	a	specified	starting	state,	often	denoted	by	s0	.	I	can’t	believe	it!	(exclamatory	sentence)	6.	Consider	the	two	statements	P	:	15	is	odd.	f8	=	{(a,	2),	(b,	1)}.	(a)	∅.	76	CHAPTER	2.	The	accepting	state	is	the	vertex	labeled	(3,	3,	0).	b.	Show	that	the	set	A	of	negative	integers	is
denumerable.	i	:=	i	+	1	if	ai	<	0	then	i	:=	n	+	1	and	output	“the	term”	ai	“is	a	negative	number	in	s”	end	5.	Algorithm:	Determine	Whether	and	Where	a	Given	Number	Appears	in	a	Sequence	This	algorithm	determines	whether	a	given	number	k	appears	in	a	sequence	s	:	a1	,	a2	,	.	(2.3)	Next,	we	show	that	A	−	(B	∪	C)	⊆	(A	−	B)	∩	(A	−	C).	x	:=	a1	[x	is
assigned	the	first	number	in	the	sequence]	2.	First,	we	show	that	(A	−	B)	∩	(A	−	C)	⊆	A	−	(B	∪	C).	So	3n	+	8	=	3(2k	+	1)	+	8	=	6k	+	11	=	2(3k	+	5)	+	1.	Since	a1	6=	a2	,	the	conclusion	of	Step	6	is	not	executed.	(e)	2.	A	function	f	from	A	to	B	is	denoted	by	f	:	A	→	B.	Observe	that	5n	=	(4	+	1)n	=	r=0	nr	4n−r	·	1r	=	r=0	nr	22(n−r)	=	r=0	nr	22n−2r	.
Observe	that	neither	c	nor	e	is	the	image	of	any	element	of	A.	Since	ℓ	+	3k	+	1	is	an	integer,	3(k	+	1)2	−	(k	+	1)	+	3	is	even	and	the	inductive	step	has	been	verified.	D2	:	v3	v1	.....	We	verify	that	[a]	=	[b].	(a)	If	you	drive	over	70	miles	per	hour,	then	you	(will)	receive	a	speeding	ticket.	b	...	f5	=	{(a,	1),	(b,	1)}.	(3.12)	will	be	a	result	to	us,	not	a	theorem.
z	........	SETS	Key	Results	•	If	A	is	a	set	with	|A|	=	n,	where	n	is	a	nonnegative	integer,	then	|P(A)|	=	2n	.	r	b	u2	u	...	156	CHAPTER	5.	First,	let	D	be	an	Eulerian	digraph.		2	We	give	one	additional	example	using	the	Insertion	Sort	Algorithm.	Let	b	∈	f	(A1	)	∪	f	(A2	).	Observe	that	2	2	k+1	X	(a	+	ib)	#	=	"	k	X	=	bk2	+	2ak	+	3bk	+	4a	+	2b	(k	+	1)(2a	+	kb)
+	2(a	+	kb	+	b)	=	.	We	show	that	1	+	3	+	5	+	·	·	·	+	(2k	+	1)	=	(k	+	1)2	.	(ii)	v1	.	210x4	y	6	.	Let	P	4ℓj	+	2	for	1P	m	be	the	size	of	G.	For	example,	if	a	and	b	are	two	variables,	then	their	values	can	be	interchanged	by	performing	the	following	steps,	where	a	new	variable	t	(for	temporary)	is	introduced	for	this	purpose:	:=	a	a	:=	b	:=	b	t	t	In	the	first	step
above,	t	takes	on	the	value	of	a	so	that	this	value	is	not	lost	in	the	second	step,	where	a	takes	on	the	value	of	b.	ALGORITHMS	AND	COMPLEXITY	Returning	to	the	while	loop	at	Step	2,	we	have	1	=	i	≤	n−1	=	3	and	so	Steps	3	–	5	are	performed.	.}.)	The	set	of	real	numbers	is	denoted	by	R	and	the	set	of	positive	real	numbers	is	denoted	by	R+	.	In	every
case,	at	least	one	of	the	three	people	is	a	friend	of	the	other	two	or	at	least	one	of	the	three	people	is	not	acquainted	with	of	the	other	two.	....4	.............	(c)	Give	an	example	of	a	relation	R	on	A	such	that	|R|	=	5.	Q.E.D.	is	an	abbreviation	for	the	Latin	phrase	“quod	erat	demonstrandum,”	whose	English	translation	is	“which	was	to	be	demonstrated.”	91
3.2.	DIRECT	PROOF	A	familiar	property	of	real	numbers	is:	a2	≥	0	for	every	real	number	a	and	a2	>	0	if	a	6=	0.	(iv)	v2	.	LOGIC	Many	mathematicians	abbreviate	“if	and	only	if”	as	“iff,”	which,	of	course,	is	not	a	word.	Then	2m	≥	3n	or	m	≥	32	n.	Prove	that	for	every	n	≥	2	elements	a1	,	a2	,	.	Thus	the	states	of	A	are	s0	,	s1	,	s2	,	s3	and	the	input	values
of	A	are	1,	2,	3.	(T)	(c)	42	6=	24	and	1	+	2	+	3	=	1	·	2	·	3.	Therefore,	the	constants	C	and	k	in	(6.1)	are	not	unique.	Prove	that	C	is	denumerable.	Another	answer	is	that	it’s	a	challenge	to	the	mind	to	be	able	to	prove	such	a	statement.	f1	=	{(a,	0),	(b,	0)}.	Certainly,	n	is	even	or	n	is	odd.	2	..............	(b)	B	∈	A,	B	⊂	C	and	A	∩	C	6=	∅.	Therefore,	A×B×C	=
{(0,	1,	1),	(0,	1,	2),	(0,	1,	3),	(0,	2,	1),	(0,	2,	2),	(0,	2,	3),	(1,	1,	1),	(1,	1,	2),	(1,	1,	3),	(1,	2,	1),	(1,	2,	2),	(1,	2,	3)}.	f1	A	f2	...........	.......2	.....	There	is	a	consequence	of	Corollary	14.7	that	concerns	the	degrees	of	the	vertices	of	a	planar	graph.	There	is	certainly	no	formula	as	to	how	ideas	occur	to	people.	44.	(b)	16.	Thus	f	−1	(B1	)∪f	−1	(B2	)	⊆	f	−1	(B1
∪B2	).	(Actually,	every	odd	integer	n	is	a	counterexample	here.)		Example	3.31	Disprove	the	following:	Let	m,	n	∈	Z.	We	would	then	want	to	show	that	m	and	n	are	of	opposite	parity.	Theorem	14.33	For	every	graph	G,	χ(G)	≤	1	+	∆(G).	Notice	that	A1	6=	A2	.	The	proof	would	then	continue	as	written	above.	Also,	suppose	that	A,	B	and	C	are	infinite	sets
such	that	|A|	=	|B|	and	|B|	=	|C|.	The	Principle	of	Mathematical	Induction	The	statement	∀n	∈	N,	P	(n)	:	For	every	positive	integer	n,	P	(n).	(d)	Yes.	In	addition,	there	are	more	innovative	exercises	to	challenge	students	to	think	for	themselves	and	come	up	with	ideas	of	their	own.	Hence	a	∈	f	−1	(B1	)	and	a	∈	f	−1	(B2	).	Hence				bcde	de	bc	=	=	be,	af	=
d	c	dc	which	implies	that	(a,	b)	R	(e,	f	)	and	so	R	is	transitive.	In	this	case,	the	man	pays	the	neighbor	an	additional	$50	but	the	neighbor	does	not	paint	the	dining	room.	If	we	had	decided	to	use	a	direct	proof,	then	we	would	have	started	the	proof	by	assuming	that	7n	+	3	is	an	odd	integer.	Since	a4	=	9	>	11	=	x	is	not	true	and	i	=	n,	we	proceed	to
Step	4,	which	outputs	x.	An	equivalence	relation	R	on	the	set	S	=	{1,	2,	3,	4,	5,	6}	results	in	three	distinct	equivalence	classes.	Notice	that	in	the	composition	g	◦	f	we	first	deal	with	f	and	then	with	g.	22	CHAPTER	1.	Because	2a2	is	an	integer,	n2	is	even.	These	subsets	can	be	represented	as	binary	strings	of	length	4.	In	Step	1,	x	is	assigned	the
number	8.	.,	an	of	n	numbers.	Just	as	the	two	innermost	parentheses	are	paired	off	in	(·	·	·	(·	·	·)	·	·	·),	so	too	are	the	innermost	begin	and	end	paired	off	when	two	ends	follow	two	begins.	.,	k.	There	are	many	sorting	algorithms.	As	expected,	this	can	be	verified	by	means	of	a	truth	table	(see	Figure	1.8).	(1.3)	If	Henry	attends	the	concert,	then	it	cost	him
less	than	$25.	Since	G	is	Hamiltonian,	G	contains	a	Hamiltonian	cycle	Cn	=	(v1	,	v2	,	.	Notice	that	{1,	2}	⊂	C	and	{1,	2}	∈	C,	that	is,	the	set	{1,	2}	is	both	a	proper	subset	of	C	and	an	element	of	C.	In	other	words,	if	the	codomain	of	a	function	has	fewer	elements	than	its	domain,	then	the	function	is	not	one-to-one.		One	of	De	Morgan’s	laws	for	sets
states	the	following:	If	A	and	B	are	any	two	sets,	then	A	∪	B	=	A	∩	B.	Let	T	be	a	tournament	of	odd	order	n.		The	table	below	shows	the	consequence	of	applying	Algorithm	6.11	to	the	sequence	in	Example	6.12.	v3	r	r	v5	r	v	r	v6	r	v2	Figure	14.37:	The	graph	in	Exercise	15	16.	(c)	Use	(b)	to	determine	si	for	1	≤	i	≤	6.	L6	.................	Thus,	we	accept	its
truth	without	proof.	Prior	to	reading	the	examples,	it	is	useful	to	review	the	concepts	and	their	definitions	and	theorems	that	the	exercises	deal	with.	(a)	0	R	−	2,	−2	R	2,	2	6	R	2,	−7	6	R	−	2.	Therefore,	g	◦	f	is	onto.	Second,	let	S	=	R	be	the	set	of	real	numbers.	Subcase	3.1.	a	+	b	≥	0.	Prove	that	if	d(u,	a	cycle	of	order	ℓ	for	each	integer	i	with	3	≤	ℓ	≤	k
+	1.	There	may	in	fact	be	many	pages	that	have	a	link	to	B,	implying	that	it	is	common	to	believe	that	B	is	important.	..................................................................................................	(a)	What	are	s1	,	s2	and	s3	?	R(n):	n2	is	even.	Consequently,	the	equals	relation	defined	on	the	set	of	integers	(or	on	any	nonempty	subset	of	real	numbers)	is	an	equivalence
relation.	(b)	If	T	has	exactly	two	end-vertices,	then	∆(T	)	≤	2	by	(a)	and	so	T	is	a	path.	2	6	3.	On	the	other	hand,	if	it	is	not	true	that	b	>	x,	then	the	conclusion	of	this	step	is	not	executed	and	we	proceed	to	Step	3	and	so	on.	Then	the	order	of	G	is	at	most	3	+	3	+	5	=	11,	which	is	impossible.	..............	Result	3.29	Let	A,	B	and	C	be	sets.	(d)	The	function	f
is	not	onto.	Then	T	is	a	right	triangle	if	and	only	if	a2	+	b2	=	c2	.	651	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	G:	...........	Suppose	that	χ(G1	)	=	s	and	χ(G2	)	=	t.	u	..............	More	unique	to	discrete	mathematics,	however,	are	topics	involving	procedures	(algorithms)	for	solving	problems	and	the	number	of	objects	possessing	certain
properties	of	interest	–	the	area	of	discrete	mathematics	called	enumerative	combinatorics.	The	relation	R	can	also	be	described	by	the	diagram	in	Figure	5.1.	......	Prove	that	if	x	+	y	≥	9,	then	either	x	≥	5	or	y	≥	5.	Supplementary	Exercises	for	Chapter	4	,	the	formula	holds	for	n	=	1.	Prove	or	disprove:	(a)	If	G	is	a	graph	of	order	5	that	is	not	K5	,	then
G	is	planar.	Since	m	is	an	integer	and	mn	>	0,	it	follows	that	m	≥	1	and	n	≥	1.	od	v	=	v∈V	(D)	v∈V	(D)	ˆ	A	nontrivial	graph	G	has	a	strong	orientation	if	and	only	if	G	is	connected	and	contains	no	bridges.	Indeed,	D2	is	an	orientation	of	the	graph	G.	Since	x	∈	A	−	B,	it	follows	that	x	∈	A	and	x	∈	/	B.	Floyd	is	lying	as	the	multigraph	modeling	this	situation
has	4	odd	vertices.	To	test	the	safety	and	efficacy	of	a	new	drug,	a	pharmaceutical	company	conducts	clinical	trials	of	the	drug	on	individuals	with	the	purpose	of	proving	that	the	drug	is	effective	in	treating	a	particular	medical	condition.	METHODS	OF	PROOF	11.	Example	5.62	Determine	whether	the	function	φ	:	R	→	R	defined	by	φ(x)	=	√	3	x	for	all	x
∈	R	is	bijective.	function	(from	A	to	B):	an	assignment	of	a	unique	element	of	B	to	each	element	of	A.	RELATIONS	AND	FUNCTIONS	we	see	that	x(x	−	3)	=	0	has	x	=	0	or	x	=	3	as	solutions	and	so	h(0)	=	h(3)	=	1.	If	a	=	2	and	b	=	1/2,	then	ab	=	2	2	=	2,	which	is	irrational.	Show	that	there	exists	some	set	C	and	a	bijective	function	g	:	C	→	A	such	that
g(y)	=	x	if	and	only	if	f	(x)	=	y	for	every	x	∈	A.	When	k	=	1,	we	have	ak+1	=	a2	=	4	=	22	and	so	ak+1	=	(k	+	1)2	for	k	=	1.	Since	6	<	8,	x	is	assigned	the	value	6	in	Step	2.	Next	show	that	ak+1	=	(k	+	1)(k	+	2).	Then	a	=	3	2	3	and	b	=	3	3	have	the	desired	properties.	By	the	Principle	of	Mathematical	Induction,	Fn	≤	2n	for	every	positive	integer	n.
Therefore,	g	is	not	one-to-one.	Deleting	x	from	C	results	in	an	Eulerian	trail	T	of	G	that	begins	either	at	u	or	v	and	ends	at	the	other.	This	contradicts	the	assumption	that	T	is	transitive.	ALGORITHMS	AND	COMPLEXITY	(possibly	arriving	at	a	page	whose	words	begin	with	R).	Determine	each	of	the	following	sets.	Consider	the	statement	S:	If	I	get	paid
today,	then	I’m	going	to	the	party	tonight.	Key	Results	•	Euler	Identity:	If	G	is	a	connected	plane	graph	with	n	vertices,	m	edges	and	r	regions,	then	n	−	m	+	r	=	2.	Determine,	with	explanation,	whether	the	following	functions	are	one-to-one.	Give√a	new	proof	35.	p	....	,	vi	,	v,	vi+1	,	.	.......t..	q	w	x	y	F	:	z	...........	√	√	(a)	A	·	B	for	A	=	{	21	,	1,	2}	and	B	=	{
2,	2,	4}.	Pn	(b)	Proof.	Furthermore,	the	distributive	law	holds,	namely	a(b	+	c)	=	ab	+	ac	for	all	real	numbers	a,	b	and	c.	Consider	the	graph	H	of	Figure	14.9,	however.	Show	that	f	(n)	=	Θ(g(n)).	An	infinite	sequence	is	often	denoted	by	a1	,	a2	,	a3	,	.	Because	i	6=	5,	the	algorithm	ends	and	we	are	left	with	the	output:	10	is	in	the	sequence.	(c)	For	every
even	integer	a	and	every	odd	integer	b,	(a	+	2)2	+	(b	+	3)2	6=	0.	The	numbers	3	2	and	3	3	are√both	irrational.	DIRECTED	GRAPHS	21.	Of	the	Steps	5	–	8,	only	a3	<	k	is	true	and	a	is	assigned	the	value	3	+	1	=	4.	Thus	od	vi	−id	vi	=	0	or	od	vi	=	id	vi	for	1	≤	i	≤	n.	u1	.......	(d)	2,	4,	8,	16,	.	(a)	1	R	1,	2	R	1,	1	6	R	3,	2	6	R	5.	Example	6.26	Determine	the
worst	case	time	complexity	of	Algorithm	6.8.	Solution.	(b)	g	◦	f	and	f	◦	g.	Let	a	∈	A1	.	By	the	Principle	of	Mathematical	Induction,	2n	>	n3	for	every	integer	n	≥	10.	In	fact,	there	is	no	directed	path	from	any	vertex	in	{u,	v,	w}	to	any	vertex	in	{x,	y,	z}	in	D2	.	(b)	Which	of	the	properties	reflexive,	symmetric,	transitive	does	R	possess?	Then	y	∈	A	and	y	∈
B.	For	an	integer	n,	consider	the	open	sentences	P	(n)	:	5n	+	3	is	odd.	The	statement	of	Result	3.13	begins	with	the	sentence	“Let	x	be	a	real	number.”	Again,	this	is	informing	us	that	the	domain	of	the	variable	x	is	the	set	of	real	numbers.	More	generally,	we	have	the	following	concept.	Adding	these	two	equations,	we	obtain	(3x	−	7y)	+	(3y	−	7z)	=	3x
−	4y	−	7z	=	2k	+	2ℓ	and	so	3x	−	7z	=	2k	+	2ℓ	+	4y	=	2(k	+	ℓ	+	2y).	For	each	of	the	following	statements,	construct	an	open	sentence	P	(x),	P	(x,	y)	or	P	(x,	y,	z),	where	x,	y	and	z	are	variables,	such	that	for	some	choice	of	values	of	the	variables	we	obtain	the	original	statement	and	for	a	different	choice	of	values	of	the	variables,	it	is	possible	to	obtain	a
statement	whose	truth	value	is	different	from	that	of	the	original	statement.	Its	converse	is	the	implication	“n2	is	even	only	if	n	is	even”	(the	“only	if”	part	of	the	“if	and	only	if”)	and	can	be	expressed	as:	If	n2	is	even,	then	n	is	even.	while	P	do	this	step	while	P	do	begin	these	steps	end	If	a	while	loop	is	encountered	in	an	algorithm	and	there	is	a	single
step	on	the	next	line,	then	this	step	is	executed	provided	the	statement	P	is	true.	98.	r	r	r	r	r	r	...	It	is	also	good	to	review	these	again	prior	to	a	quiz	or	an	exam	on	this	material.	5	5	5	5	5	...	3,3,0	...	Example	2.13	Let	A	=	{{1,	{1}}},	B	=	{1,	2,	3},	C	=	{1,	{∅}},	D	=	{1,	2,	{2}}	and	E	=	{∅,	{0},	0}.	R	=	{(1,	1),	(1,	3),	(1,	4),	(1,	5),(2,	2),	(3,	1),	(3,3),	(3,
4),	(3,	5),	(4,	1),	(4,	3),	(4,	4),	(4,	5),	(5,	1),	(5,	3),	(5,	4),	(5,	5),	(6,	6)}.	Let	e′	∈	E(T	′	)	−	E(T	)	and	let	C	′	be	the	cycle	in	T	+	e′	.	,	15}.	In	Step	3,	we	check	whether	c	<	x,	that	is,	whether	5	<	5.	Observe	that	ak+1	=	=	ak	−	ak−1	+	ak−2	+	2[2(k	+	1)	−	3]	=	k	2	−	(k	−	1)2	+	(k	−	2)2	+	2(2k	−	1)	k	2	−	(k	2	−	2k	+	1)	+	(k	2	−	4k	+	4)	+	4k	−	2	=	k	2	+	2k	+
1	=	(k	+	1)2	.	(f)	The	contrapositive	of	P	(n)	⇒	Q(n).		5.2.	EQUIVALENCE	RELATIONS	155	Example	5.21	A	relation	R	is	defined	on	Z	by	a	R	b	if	a	+	b	is	even.	Suppose	that	T1	and	T2	are	spanning	trees	of	K4	,	each	of	which	is	isomorphic	to	P4	,	say	T1	=	(w,	u,	v,	x)	and	T2	=	(u,	x,	w,	v).	In	Step	5,	a9	=	20	=	k	is	true,	so	20	appears	at	position	9	is
output	and	a	is	assigned	the	value	10	+	2	=	12.	If	A	∩	B	=	A	∩	C,	then	B	=	C.	Let	M	=	i=1	mi	≥	5r.	These	relationships	are	expressed	as	statements.	12................	We	first	show	that	f	−1	(B1	∩	B2	)	⊆	f	−1	(B1	)	∩	f	−1	(B2	).	b	.	,	3}	and	B	=	{−10,	−9,	.	Suppose	that	we	have	been	successful	in	giving	a	direct	proof	of	∀x	∈	S,	P	(x)	⇒	Q(x).	Observe	that
od	vi	=	n	−	1	−	id	vi	for	i	=	1,	2,	.	(f)	If	you	don’t	drive	over	70	miles	per	hour,	then	you	won’t	receive	a	speeding	ticket.	TO	THE	INSTRUCTOR	•	Construction	of	Chapters	Each	chapter	is	divided	into	sections	(and	sometimes	even	further	into	topics)	for	the	purpose	of	making	it	easier	to	decide	which	portions	of	a	chapter	to	discuss	each	class	period.
Robinson	.....	over	the	domain	Z	of	integers,	the	sentence	∀n	∈	Z,	R(n):	For	every	integer	n,	n2	−	n	is	even.	The	set	P2	is	not	a	partition	of	A	since	6	belongs	to	no	subset	in	P2	.	For	A,	B	∈	Tn	,	define	the	relation	Rn	on	Tn	by	A	Rn	B	if	A	∩	B	=	∅.	Section	4.3	1.	(e)	P(B).	Let	P	,	Q	and	R	be	statements.	(c)	{(1,	2),	(1,	3),	(2,	2),	(2,	3)}.	On	the	other	hand,	if	f
is	not	onto,	then	there	is	some	element	c	∈	B	that	is	not	the	image	of	any	element	in	A.	.....1	.	Row	picture	of	Ax	=	b.	(c)	∼	(∀n	∈	Z,	P	(n)).	Therefore,	χ(H)	=	2	for	the	graph	H	of	Figure	14.19.	i=1	i=1	21.	This	means,	however,	that	T	can	be	extended	to	a	longer	trail	with	initial	vertex	u.	....................................................................	Thus	f	is	the	identify
function	on	A.	610	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	9.	The	integer	n	=	3	is	input	as	is	the	sequence	s	:	1,	2,	3.	(b)	D	is	not	strong.	For	the	function	f	defined	by	f	(n)	=	n2	+1	n+1	(c)	f	(n)	=	n2	+	3n	+	2.	First,	observe	that	since	a		c,	we	have	c	∧	a	=	a.	Since	25	=	32	>	25	=	52	,	the	inequality	holds	for	n	=	5.	13	.	Definition	5.41
Let	A,	B	and	C	be	sets	and	suppose	that	f	:	A	→	B	and	g	:	B	→	C	are	two	functions.	.........................................	A	small	university	town	ordinarily	has	light	traffic	but	the	university	has	a	very	popular	football	team,	which	results	in	heavy	traffic	on	football	Saturdays.	Suppose	that	it	does	not.	In	this	case,	k	=	10,	n	=	3	and	a1	=	8,	a2	=	14,	a3	=	9.	,	11}.	c
.....	(b)	f	(x)	=	2x	+	1.	A	function	f	:	A	→	B	is	called	onto	if	every	element	of	B	is	the	image	of	some	element	of	A.	We	then	used	a	proof	by	contrapositive	to	show	that	“if	3m+	5n	is	even,	then	m	and	n	are	of	the	same	parity”	and	considered	two	cases	here	as	well.	Let	A	and	B	be	two	sets.	The	transposes	of	AB	and	A-I	are	BT	AT	and	(AT)-I.	We	show	that
1·4	4·7	(3k−2)(3k+1)	3k+1	1	1	1	k+1	1·4	+	4·7	+	·	·	·	+	(3k+1)(3k+4)	=	3k+4	.	Since	0	<	r/2	<	r,	it	follows	that	r/2	is	a	positive	real	number	that	is	smaller	than	r,	which	is	a	contradiction.	We	have	also	noted	that	graphs	do	not	accurately	capture	the	structure	of	a	street	system	in	which	some	locations	are	connected	by	two	or	more	streets.
Establishing	such	a	fact	requires	a	different	kind	of	argument.	(a)	If	a	and	b	are	of	opposite	parity,	then	2a	+	3b	is	odd.	Another	explanation	as	to	why	the	function	f	in	Example	5.55	is	not	onto	is	to	observe	that	all	images	must	be	multiples	of	3.	Hamiltonian	Tournaments	Definition	15.16	A	Hamiltonian	path	in	a	digraph	D	is	a	directed	path	that
contains	every	vertex	of	D,	while	a	Hamiltonian	cycle	in	D	is	a	directed	cycle	that	contains	every	vertex	of	D.	For	example,	the	set	P	of	Americans	who	have	served	as	president	of	the	United	States	can	be	partitioned	into	the	set	P1	of	individuals	who	have	been	elected	to	exactly	one	term	as	president,	the	set	P2	of	individuals	who	have	been	elected	to
exactly	two	terms	as	president,	the	set	P3	of	individuals	who	have	been	elected	to	three	or	more	terms	as	president	and	the	set	P0	of	individuals	who	have	been	elected	to	no	terms	as	president.	This	is	a	total	of	n	comparisons.	1	2	(a)	2	2	4	1	3	(b)	1	......	symmetric:	a	relation	R	on	a	set	S	is	symmetric	if	(a,	b)	∈	R,	then	(b,	a)	∈	R	for	all	a,	b	∈	S.	r	r	5	5	6
r	r	r	....	Furthermore,	we	might	reach	a	different	conclusion	if	we	change	the	data.	q.q..q...q.qq	......	(d)	P	∧	(Q	∨	R)	≡	(P	∧	Q)	∨	(P	∧	R).	Assuming	that	P	(i)	is	a	true	statement	for	1	≤	i	≤	k	means	then	that	we	are	assuming	the	following	k	statements	are	true:	P	(1),	P	(2),	.	(c)	{0}.	A	correct	proof	of	Result	3.35	could	have	also	been	given	by	selecting
(1)	m	=	0,	n	=	4,	(2)	m	=	1,	n	=	5	or	(3)	m	=	1,	n	=	3.	,	P	(k).	The	study	of	sets	and	their	properties	is	a	subject	in	itself,	namely	set	theory.	Since	a1	6=	10,	the	conclusion	of	Step	3	is	not	executed.	(b)	(Associative	Laws)	(A	∩	B)	∩	C	=	A	∩	(B	∩	C)	and	(A	∪	B)	∪	C	=	A	∪	(B	∪	C).	Let	(a,	b)	∈	N	×	N.	(a)	X	R1	Y	if	X	⊆	Y	.	One	example	is	the	following.	(c)
Since	2	·	3	+	(−6)	=	0,	it	follows	that	3	R	(−6).	q	q	.	(a)	P(A)	=	{∅,	{∅},	{a},	A}.	Thus	we	may	assume	that	a	6=	0	and	b	6=	0.	...........................	(a)	Everyone	likes	“The	Wizard	of	Oz.”	(b)	There	is	a	city	whose	population	exceeds	that	of	Mexico	City.	y	=	3x	+	2	..	That	is,	when	attempting	to	show	that	P	(k	+	1)	is	true	in	the	inductive	step	in	the	Strong
Principle	of	Mathematical	Induction,	we	are	allowed	to	assume	more	(which	may	be	just	what	is	needed).	At	this	point	(at	time	t2	),	the	machine	is	at	state	s2	.	We	repeat	Step	3	for	i	=	3.	Consider	the	following	quantified	statement:	For	every	even	integer	a	and	every	odd	integer	b,	a	+	b	is	odd.	Since	the	subgraph	of	G	induced	by	V1	is	the	complete
graph	Kk	and	k	≥	3,	it	follows	that	G	contains	a	triangle.	r	..................................	P	T	T	F	F	Q	T	F	T	F	∼P	F	F	T	T	9.	The	composition	g	◦	f	of	f	and	g	is	the	function	from	A	to	C	defined	by	(g	◦	f	)(a)	=	g(f	(a))	for	a	∈	A.	(c)	The	set	C	=	{1,	2,	{1,	2}}	has	three	elements	and	so	|C|	=	3.	Perhaps	even	more	subtle	is	observing	that	it	might	be	worthwhile	to
express	a/b	in	lowest	terms.	(e)	State	∼	(P	∧	Q)	using	the	phrase	“it	is	not	the	case	that.”	(f)	Use	an	appropriate	De	Morgan’s	Law	to	restate	∼	(P	∧	Q).	We	return	to	Step	5.	1/6.	Solving	for	x,	we	see	that	we	must	have	x	=	4	.	The	function	f	:	E	→	O	defined	by	f	(n)	=	n	+	1	is	bijective.	Which	of	the	properties	reflexive,	symmetric	and	transitive	does	each
relation	below	on	P(S)	possess?	qqq	................	When	using	this	algorithm,	it	is	useful	at	times	to	interchange	the	values	of	two	variables.	Suppose	that	ℓ1	R	ℓ2	for	lines	ℓ1	and	ℓ2	.	Let	S	=	{n	∈	Z	:	−n	∈	N}.	LOGIC	Example	1.1	These	four	kinds	of	sentences	are	illustrated	below.	I	obtained	all	A’s	only	if	I	received	an	A	in	math.	Certainly	(1)	a	=	a	for
every	a	∈	Z,	(2)	if	a	=	b,	then	b	=	a	for	all	a,	b	∈	Z	and	(3)	if	a	=	b	and	b	=	c,	then	a	=	c	for	all	a,	b,	c	∈	Z.	The	relation	R	=	{(1,	1),	(1,	2),	(1,	4),	(2,	1),	(2,	2),	(2,	3),	(3,	1),	(3,	2),	(3,	3),	(4,	1)}	is	defined	on	the	set	S.	.,	An	),	A1	×	A2	×	·	·	·	×	An	:	the	set	of	ordered	n-tuples	(a1	,	a2	,	.	Prove	the	following:	Let	A	and	B	be	sets.	(iii)	Figure	4.2:	Illustrating
Exercise	12	Chapter	4	Highlights	Key	Concepts	arithmetic	sequence:	a	sequence	{an	}	in	which	the	difference	of	every	two	consecutive	terms	an	and	an+1	is	some	constant	k,	that	is,	an+1	−	an	=	k.	if	c	>	x	then	x	:=	c	[if	c	>	x,	then	x	is	assigned	the	value	c]	4.	RELATIONS	AND	FUNCTIONS	Example	5.3	For	the	sets	A	=	{0,	1}	and	B	=	{1,	2,	3},
suppose	that	R	=	{(0,	2),	(0,	3),	(1,	2)}	is	a	relation	from	A	to	B.	z	......	State	each	of	the	following	in	words	and	determine	whether	they	are	true	or	false.	Consider	the	following	two	statements	P	:	I	didn’t	get	the	job.	Determine	a3	,	a4	,	a5	and	a6	.	s	s	s	s	s	s	r	x	x	(a)	(b)	Figure	15.40:	The	digraph	in	Exercise	17	20.	Let	V	=	{P	(n),	Q(n),	R(n)}	be	the	set
of	the	following	open	sentences	involving	integers	n:	P	(n):	n	is	even.	It	is	ordinarily	clear	which	use	of	“or”	is	intended.	Show	that	every	number	a	∈	S	is	the	image	of	some	real	number	x.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	(b)	According	to	Theorem	14.26,	what	does	the	observation	in	(a)	say	about	χ(C	2n+1	)?		We	have	mentioned	that	if	P
and	Q	are	statements,	then	P	⇒	Q	is	also	a	statement	and	therefore	has	a	truth	value	(which,	of	course,	depends	on	the	truth	values	of	P	and	Q).	A	student	of	mine	asked	me	to	day	to	give	him	a	reason	for	a	fact	which	I	did	not	know	was	a	fact	–	and	do	not	yet.	Let	T	′	be	a	trail	of	maximum	length	in	D′	with	initial	vertex	w.	(c)	If	(u,	v)	is	a	directed	edge
of	a	strong	tournament	T	,	then	(u,	v)	lies	on	Hamiltonian	cycle	of	T	.	s	..........................................	Give	examples	of	three	sets	A,	B	and	C	such	that	(a)	A	⊆	B	6⊂	C.	Figure	15.14:	The	digraphs	in	Example	15.9	Example	15.10	Suppose	that	four	teams	t1	,	t2	,	t2	,	t4	are	participating	in	a	round	robin	tournament,	where	t1	has	defeated	the	other	three
teams	and	t2	has	defeated	t3	which	has	defeated	t4	which	has	defeated	t2	.	The	truth	or	falseness	of	P	(then,	he,	there)	depends	on	the	values	of	the	variables	“then,”	“he”	and	“there.”	For	example,	the	statement	P	(on	20	July	1969,	Neil	Armstrong,	on	the	moon):	It	was	on	20	July	1969	that	Neil	Armstrong	arrived	on	the	moon.	Prove	that	3	2	is
irrational.	4	........................	(Thus	D	may	contain	both	(u,	v)	and	(v,	u)).	For	an	integer	n	6=	1,	P	(n)	is	false.		One	question	that	might	have	occurred	to	you	as	we	look	back	at	the	proof	we	gave	in	Result	3.20	is	why	we	decided	to	use	a	proof	by	contrapositive	rather	than	a	direct	proof.	(a)	(A	∪	B)	−	(B	∩	C).	Each	law	in	Theorem	2.35	can	be	anticipated
by	considering	Venn	diagrams.	Then	A	∩	(B	∪	C)	=	(A	∩	B)	∪	(A	∩	C).	Now	each	subset	of	A	either	contains	ak+1	or	it	doesn’t.	One	free	variable	is	Si	=	1,	other	free	variables	=	o.	............q..........................................................	This	is	a	total	of	n	+	1	comparisons.	Therefore,	5n	+	3	is	an	even	integer.	Therefore,	f	(A1	∩A2	)	6=	f	(A1	)∩f	(A2	).	C3	:
...............	Let	P	be	a	partition	of	a	set	S	containing	elements	a	and	b.	(b)	Apply	this	algorithm	to	the	graph	G	of	Figure	14.37.	Assume	that	n	>	3	or	n	<	−2.	Result	4.4	For	every	positive	integer	n,	1	+	3	+	5	+	·	·	·	+	(2n	−	1)	=	n2	.	Determine	the	distinct	equivalence	classes.	(a)	Determine	(g	◦	f	)(−4).	Step	3	is	a	while	loop.	On	the	other	hand,	since	f	(a1
)	=	f	(a2	),	it	follows	that	f	(A1	)	=	{f	(a1	)}	=	{f	(a2	)}	=	f	(A2	).	Result	to	Prove:	Let	x	be	a	real	number.	7.	Then	the	implication	is	false.	1/32.	In	fact,	we	have	seen	that	an	element	of	a	set	can	itself	be	a	set.	First,	a	slight	variation	of	“If	P	,	then	Q”	is	“Q	if	P	.”	However,	P	⇒	Q	can	also	be	expressed	as	“P	implies	Q.”	Indeed,	common	ways	of	expressing
P	⇒	Q	in	words	are	listed	in	Figure	1.10.	Since	f	(x)	=	y,	it	follows	that	y	=	3x	+	2.	x2	=	25	is	necessary	for	x	=	5.	10	.....	If	y	∈	B,	then	y∈	/	Ay	=	B,	which	is,	of	course,	impossible.	Q(n):	n	is	not	the	sum	of	two	even	integers.	In	this	manner,	a	“rank”	can	be	assigned	to	each	web	page,	determined	by	the	ranks	of	the	pages	that	have	a	link	to	it.	If	the
answer	is	“no,”	then	the	function	f	is	not	onto.	Therefore,	23	n	≤	m	≤	35	(n	−	2)	and	23	n	≤	53	(n	−	2),	which	implies	that	n	≥	20,	a	contradiction.	For	two	statements	P	and	Q,	use	truth	tables	to	verify	the	following.	r	c2	s	.......	P	T	T	F	F	Q	T	F	T	F	P	∨Q	T	T	T	F	∼Q	F	T	F	T	∼P	F	F	T	T	P	∧Q	T	F	F	F	(∼	P	)	∨	(∼	Q)	F	T	T	T	(P	∧	Q)	⇔	((∼	P	)	∨	(∼	Q))	F	F	F	F
(P	∨	Q)	⇒	(∼	P	)	F	F	T	T	11.	Then	7n2	−	2n	+	15	=	=	7(2k	+	1)2	−	2(2k	+	1)	+	15	=	7(4k	2	+	4k	+	1)	−	(4k	+	2)	+	15	28k	2	+	28k	+	7	−	4k	−	2	+	15	=	28k	2	+	24k	+	20	=	2(14k	2	+	12k	+	10).	Q:	a	>	−2.	√	√2	11.	deposited	......		Intersection	and	union	satisfy	some	familiar-sounding	properties.	It	may	seem	that	this	is	a	peculiar	way	to	define	when	an
implication	is	true	and	when	it	is	false.	(b)	Describe	the	distinct	equivalence	classes	resulting	from	R	and	show	that	the	set	of	all	distinct	equivalence	classes	produces	a	partition	of	Z.	......................................................................................	3	..........	First,	let	G	be	a	nonempty	bipartite	graph	with	partite	sets	U	and	W	.	Then	n2	is	even	is	a	necessary	and
sufficent	condition	for	n	to	be	even.	Define	an	equivalence	relation	R	on	S	by	R	=	{(1,	1),	(1,	2),	(2,	1),	(2,	2),	(3,	3),	(4,	4),	(5,	5)}.	Squaring	both	sides,	we	obtain	2	=	a2	/b2	and	so	a2	=	2b2	.	Observe	that	in	Map	2,	537	14.2.	COLORING	GRAPHS	the	regions	R1	and	R3	are	colored	the	same.	If	(a,	b)	∈	R,	we	also	write	a	R	b;	while	if	(a,	b)	∈	/	R,	we	write
a	6	R	b.	x	=	5	only	if	x2	=	25.	....	In	Step	7,	j	is	increased	to	4.	We	have	seen	that	if	a	set	A	has	n	elements,	then	there	are	2n	subsets	of	A.	Example	15.12	A	transitive	tournament	T	of	order	6	is	shown	in	Figure	15.19.	Next	we	compare	values	of	2n	and	n	for	some	positive	integers	n.	√	√2	Proof.	All	of	the	graphs	G,	G1	,	G2	and	G3	of	Figure	14.10	are
then	subdivisions	of	the	graph	G.	,	vk+1	.	RELATIONS	AND	FUNCTIONS	Example	5.63	Give	an	example	of	a	permutation	on	the	set	S	=	{1,	2,	3,	4}.	1	5	2	4	3	5	2	Puzzle	1	1	2	3	4	3	1	1	5	2	Puzzle	2	Figure	1.22:	Two	puzzles	in	Exercise	28	Chapter	2	Sets	One	of	the	most	fundamental	concepts	in	mathematics	is	that	of	a	set.	Determine	the	largest
positive	integer	k	such	that	χ(H)	=	χ(G)	=	k,	where	H	is	obtained	from	a	nonempty	graph	G	by	subdividing	each	edge	of	G	exactly	once.	Hence	after	Step	4,	x	=	7.	Result	to	Prove:	There	is	no	smallest	positive	real	number.	Determine	whether	the	following	implications	are	true	or	false:	(a)	If	2	is	an	even	integer,	then	5	>	0.	Although	our	goal	is	always
to	write	clear	and	correct	proofs,	you	should	not	be	overly	concerned	with	this.	At	the	beginning	of	Month	#2,	the	two	rabbits	have	developed	into	adult	rabbits	and	can	bear	other	rabbits.	See	Exercise	13.	(b)	State	P	∧	(∼	Q).	Because	c2	is	an	integer,	3b2	is	even.	Since	e	is	a	bridge	in	G,	a	contradiction	to	Theorem	12.36	is	produced.	codomain	(of	f	):
the	set	B	where	f	is	a	function	from	A	to	B.	f	(x)	=	(−1	+	4x)(1	+	2x	+	3x2	+	4x3	+	·	·	·)	and	an	=	3n	−	1	for	n	≥	0.	If	ni=1	|	od	vi	−id	vi	|	=	0,	then	|	od	vi	−id	vi	|	=	0	for	1	≤	i	≤	n.	Furthermore,	P	(0)⊕Q(0)	is	false,	while	P	(1)⊕Q(1)	and	P	(2)⊕Q(2)	are	both	true.	Is	R	an	equivalence	relation?	The	related	topic	of	recurrence	is	discussed	in	Chapter	4	as
well.	Even	this	proof,	however,	required	extensive	use	of	computers.	The	subdigraph	of	D	induced	by	the	vertices	on	the	r	−	s	path	in	T	.	Also,	since	2	·	(−3)	+	(−1)	=	−7	<	0,	it	follows	that	(−3)	6	R	(−1).	.,	vk	}	are	colored	differently.	For	example,	{x,	y,	z}	is	a	set	consisting	of	the	three	elements	x,	y	and	z.	(a)	Either	x	is	an	odd	integer	or	y	is	an	odd
integer.	Show	that	a	digraph	D	is	strong	if	and	only	if	its	converse	D	14.	Observe	that	1	is	the	only	positive	integer	whose	image	under	f	is	0.	The	following	table	gives	the	directed	distances	from	v1	to	the	other	vertices	of	D.	2	2	...		.	This	can	be	accomplished	by	taking	a	general	element	of	X,	denoted	by	x	say	and	showing	that	x	must	also	belong	to	Y	.
Therefore,	(S,	R−1	)	is	a	poset.	Verify	that	the	Euler	Identity	holds	for	each	graph.	Since	G3	=	K5	,	it	follows	by	Corollary	14.10	that	G3	is	nonplanar.	State	the	negation	of	each	of	the	following	implications	using	Theorem	1.50.	Then	11a	−	5b	is	even.	(See	Figure	14.23(c).)	Since	c6	is	adjacent	to	vertices	colored	2	and	3,	it	must	be	colored	1.	Definition
5.51	Let	A	and	B	be	two	nonempty	sets.	31...........	Figure	15.45	shows	a	proper	coloring	of	the	arcs	of	a	strong,	aperiodic	digraph	D	with	uniform	outdegree	2.	So	n3	=	(2k)3	=	8k	3	=	2(4k	3	).	Suppose	that	D	contains	a	vertex	k	with	id(k)	≥	2.	,	k	(such	that	adjacent	vertices	are	colored	differently).	More	generally,	for	n	≥	2	sets	A1	,	A2	,	.	The	graph	G
has	n	=	8	vertices.	Input:	A	real	number	a	and	a	nonnegative	integer	n.	If	(u,	v)	∈	E(T	),	then	(v,	u)	∈	/	E(T	).	0	.	In	fact,	the	vertices	of	H	can	be	colored	with	three	colors	(as	shown	in	Figure	14.22).	•	Let	A,	B	and	C	be	nonempty	sets	and	f	:	A	→	B	and	g	:	B	→	C	two	functions.	Since	1	=	a	≤	b	=	9,	Steps	4–8	are	executed.	Draw	a	digraph	D	with	vertex
set	V	,	where	for	A,	B	∈	V	,	there	is	a	directed	edge	from	A	to	B	if	∀n	∈	Z,	A	⇒	B	is	a	true	statement.	First,	it	will	cost	him	$120,526,770	to	purchase	these	lottery	tickets.	(F)	(e)	15	is	odd	and	21	is	odd.	(b)	F.	(e)	f	(a,	b)	=	a	+	10.	ur	......	Since	1	=	1(1+1)	,	2	n(n	+	1)	.	tournament:	an	orientation	of	a	complete	graph.	Is	f	a	function	from	A	to	R?	Here	k	=
11,	n	=	4	and	a1	=	9,	a2	=	10,	a3	=	14,	a4	=	11.	In	this	problem,	we	are	asked	whether	some	number	appears	two	or	more	times	in	a	given	sequence	of	numbers.	These	functions	are	also	described	by	the	diagrams	in	Figure	5.16.	1/24.	(b)	The	converse	of	(a)	is	false.	Consequently,	C	is	a	circuit	of	maximum	length	in	D	containing	u.		In	all	of	the
examples	of	recurrence	relations	that	we	have	seen,	we	computed	the	first	few	terms	of	the	sequence	being	considered.	For	each	function	fi	(1	≤	i	≤	4)	in	Figure	5.24,	determine	whether	fi	is	(a)	one-to-one	and	(b)	onto.	Because	a	graph	G	is	bipartite	if	and	only	if	G	has	no	odd	cycles	(Theorem	12.31),	there	is	an	immediate	corollary.	Hence	there	must
be	some	element	a′	such	that	a′	≺	a.	188	CHAPTER	5.	Next	we	show	that	(A	∪	B)	−	(A	∩	B)	⊆	(A	−	B)	∪	(B	−	A).	.,	ak	}	be	the	subset	of	A	obtained	by	removing	ak+1	from	A.	Based	on	these	values,	we	might	be	led	to	believe	that	an	=	n	+	1	for	every	n	∈	N.	Since	a0	=	0	=	0	·	3−1	,	the	formula	holds	for	n	=	0.	It	isn’t	continuous	mathematics,	which	is
studied	in	calculus.	(i)	{{{0}}}	∪	A.	(2)	∼	((∼	P	)	∧	(∼	Q))	≡	P	∨	Q.	(a)	Proof.	(iii)	verify	the	conjecture	in	(b).	In	the	proof	of	Result	3.34,	it	was	not	particularly	difficult	to	notice	that	n	=	1	had	the	desired	property	that	2	−	n2	>	0.	(b)	If	a	is	even	and	b	is	odd,	then	a	+	b	is	odd.		Result	3.23	Let	n	be	an	integer.	Let	A	=	{1,	2,	3,	4},	B	=	{1,	2,	3},	C	=	{1,
2,	4}	and	D	=	{1,	3,	4}.	Since	k	−	8a	+	8b	∈	Z,	it	follows	that	11b	−	5a	is	even.	Since	this	is	not	true,	we	move	on	to	Step	4,	where	x	=	5	is	output.	(a)	Either	Rob	won’t	get	a	car	to	drive	or	he	will	take	Sue	to	the	movies.	Bonds	........	Prove	that	101	cannot	be	expressed	as	the	sum	of	two	even	integers.	That	is,	A	∪	B	=	A	∩	B.	.}	is	denumerable.	Prove
that	f	=	Θ(f	).	...q	...................	(a)	f	=	{(0,	−2),	(1,	−1),	(3,	0),	(4,	1)}.	(f)	f	(n)	=	n	log	n.	Let	H	′	be	the	graph	obtained	by	inserting	a	vertex	of	degree	2	into	every	edge	of	H.	Furthermore,	|∅|	=	0.	Thus	(a,	a)	∈	R	and	so	R	is	reflexive.	output	set:	a	finite	set	of	outputs.	Give	an	example	of	a	set	D	containing	the	set	C	of	complex	numbers	as	a	proper
subset.	When	we	verified	that	“if	n	is	an	odd	integer,	then	3n	+	8	is	odd,”	we	assumed	that	n	is	odd	and	so	wrote	that	n	=	2k	+	1	for	some	integer	k;	while	when	we	verified	that	“if	3n	+	8	is	odd,	then	n	is	odd,”	we	assumed	that	n	is	even	and	wrote	that	n	=	2ℓ	for	some	integer	ℓ.	•	Solutions	Manual	for	Instructors	There	is	a	Solutions	Manual	for
Instructors	(prepared	by	the	authors)	that	contains	detailed	solutions	of	all	exercises	in	the	textbook	(both	section	exercises	and	chapter	exercises),	including	complete	proofs	of	all	exercises	requesting	a	proof	(not	simply	hints)	and	often	explanations	of	solutions	of	exercises	having	a	numerical	answer	(not	simply	the	answer).	Thus,	as	claimed,	s	is
irrational.	(b)	Since	all	cycles	are	even,	G	is	bipartite.	Section	10.3	1.	We	also	direct	the	edges	u1	u4	and	u2	u5	arbitrarily.	Perhaps	it	is	now	clear	that	there	is	only	one	transitive	tournament	of	each	order.	.,	an−1	}.	,	15}	{i	∈	Z	:	5	≤	i	≤	10}	=	{5,	6,	7,	8,	9,	10}	A⊕B	=	=	(A	−	B)	∪	(B	−	A)	=	(A	∪	B)	−	(A	∩	B)	{1,	2,	3,	4,	11,	12,	13,	14,	15}.	Among
Steps	5–7,	only	a5	<	k	is	true	and	so	only	the	conclusion	of	Step	7	is	performed,	where	a	is	assigned	the	value	5	+	1	=	6.	A	sequence	A1	,	A2	,	A3	,	.	Sentence	6	in	Example	1.3	is	therefore	an	open	sentence,	not	a	statement.	In	a	direct	proof,	we	begin	by	assuming	that	x	−	2	=	0.	.}	and	B	=	{b1	,	b2	,	b3	,	.	Consider	the	two	cases.	(d)	There	is	no
smallest	positive	real	number.	Suppose	that	there	is	an	element	a	∈	L	that	has	two	complements,	say	b	and	c.	Thus,	A∩B∩C	=	{x	:	x	∈	A,	x	∈	B	and	x	∈	C}	A∪B∪C	=	{x	:	x	∈	A,	x	∈	B	or	x	∈	C}.	607	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Case	2.	This	observation	leads	us	to	the	digraph	counterpart	of	Theorem	12.10.	(b)	0	⊆	{∅}.
Assume	that	(1	+	x)k	≥	1	+	kx,	where	k	is	an	arbitrary	positive	integer.	Prove	or	disprove:	Let	A	be	a	finite	set	with	|A|	=	n	≥	2.	The	biconditional	of	these	two	open	sentences	is	P	(n)	⇔	Q(n):	(n	−	1)2	=	0	if	and	only	if	7n	−	3	=	0.	The	time	complexity	of	an	algorithm	concerns	a	study	of	the	time	required	to	solve	the	problem	using	the	algorithm	as	a
function	of	the	size	of	the	input.	1.4	Biconditionals	There	is	a	concert	coming	to	Henry’s	town	that	he	would	like	to	attend	but	he	thinks	it’s	likely	to	be	too	expensive	for	his	budget.	,	an	of	n	numbers	contains	any	negative	numbers.	(b)	Determine	χ(G).	(a)	A	=	{1,	2,	3,	4}.	n	<	−2.	This	is	an	alternative	explanation	as	to	why	f	is	not	onto.	Prove	that	if	a
and	b	are	positive	real	numbers,	then	a	+	b	6=	a	+	b.	There	are	several	ways	to	describe	an	algorithm.	In	Step	7,	j	is	increased	to	5.	(d)	It	is	not	the	case	that	if	ab	is	odd,	then	a	is	odd	and	b	is	odd.	554	CHAPTER	14.	Illustrate	Algorithm	6.11	for	the	sequence	s	:	1,	2,	3.	For	the	converse,	let	D	be	a	nontrivial	connected	digraph	for	which	od	v	=	id	v	for
every	vertex	v	of	D.	(b)	What	variation	of	this	game	is	suggested	and	what	is	the	outcome	of	this	game?	1	+	2	+	···	+	n	=	Result	4.2	For	every	positive	integer	n,	1	+	2	+	···	+	n	=	Proof.	Therefore,	h	is	not	bijective.	s	s	s	s	(c)	Figure	37:	State	digraphs	for	the	finite-state	machines	in	Exercise	5	7.	Of	course,	if	a	roll	of	standard	coins	is	weighed,	then	its
weight	will	be	100	grams;	while	if	the	roll	of	counterfeit	coins	is	weighed,	then	it	will	weigh	110	grams	and	we	will	know	that	these	are	the	counterfeit	coins.	26.	Section	2.4	1.	186	CHAPTER	5.	Show	that	there	exists	some	set	C	and	a	bijective	function	g	:	B	→	C	such	that	g(y)	=	x	if	and	only	if	f	(x)	=	y	for	every	y	∈	B.	This	problem	eventually	became
known	as	the	Four	Color	Problem.	Now	ak+1	=	2ak	−	1	=	2(2k−1	+	1)	−	1	=	2k	+	1.	q	q	.....	For	an	integer	n	and	the	open	sentences	P	(n):	n	is	odd.	1,	0	...	Therefore,	⌈6.4⌉	=	7	and	⌊6.4⌋	=	6.	e	.........................................................................	A	coin	placed	on	one	of	the	squares	can	be	moved	to	any	adjacent	square	in	the	same	row	or	column	of	the	first
square.	This	is	actually	quite	easy	to	answer.	3	...........	Then	χ(G)	=	2	if	and	only	if	G	is	bipartite.	Let	i	and	j	be	integers	such	that	0	≤	i	≤	k	and	0	≤	j	≤	k	and	i	+	j	=	k	+	1.	(b)	Give	an	example	of	a	real	number	a	such	that	P	(a)	⇒	Q(a)	is	true.	Once	we	know	a	certain	object	exists,	it	is	often	helpful	to	give	this	object	a	name.	How	many	cakes	must	Red
have	at	the	beginning	of	her	walk	in	order	to	give	her	grandmother	two	cakes?	Also,	discrete	mathematics	is	concerned	with	the	study	of	relations	and	graph	theory,	a	growing	area	of	discrete	mathematics	with	a	much	shorter	history.	78	CHAPTER	2.	3	......	10.	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	r	..	(a)	A	=	{x	∈	S	:	x	−	8	∈	S}.	For	an	integer	n,
consider	the	open	sentences	P	(n):	5n	+	7	is	even.	For	three	statements	P	,	Q	and	R,	use	truth	tables	to	verify	the	following.	•	Chapter	Highlights	At	the	end	of	each	chapter	are	Chapter	Highlights.	,	a10	.)	Since	6	=	a	6=	b	+	1	=	11,	the	conclusion	of	Step	8	is	not	performed.	Typically,	the	elements	of	a	sequence	belong	to	the	set	Z	or	R.	For	a	directed
edge	e	=	(u,	v)	in	a	digraph	D,	the	vertex	u	is	called	the	initial	vertex	of	e	and	v	is	the	terminal	vertex	of	e.	Because	a1	6=	a3	,	the	conclusion	of	Step	6	is	not	performed	and	we	move	to	Step	7	where	j	is	increased	to	4.	A	concept	that	is	encountered	often	in	both	continuous	mathematics	and	discrete	mathematics	is	that	of	a	set.	METHODS	OF	PROOF
or	If	n	is	an	integer,	then	n	is	not	between	√	5	and	e.	···	···	···	···	···	···	..	We	now	illustrate	this	approach.	1	............	Since	√	3	=	x/y,	it	follows	that	3	=	x2	/y	2	and	so	x2	=	3y	2	.	We	noted	that	the	range	of	f	is	{y	∈	R	:	y	≥	−3}.	L,	N	......	(a)	The	square	of	3	is	larger	than	the	cube	of	2.	This	implies	that	a	=	b	and	so	a	+	b	=	2a	is	even.	Griffey	....	2	,	the
formula	holds	for	n	=	1.	....q........		The	following	is	a	fundamental	property	of	the	big-theta	concept	and	can	be	considered	as	a	consequence	of	Theorem	6.20	(see	Exercise	13).	4	......	On	the	other	hand,	if	we	can	produce	a	contradiction	by	assuming	that	there	exists	a	positive	integer	n	such	that	P	(n)	is	false,	then	we	have	verified	(4.1)	using	a	proof
by	contradiction.	..................................................	(b)	For	sets	A	and	B,	verify	that	A	−	B	=	A	∩	B.		Example	5.11	A	relation	R	is	defined	on	the	set	N	of	positive	integers	by	a	R	b	if	a	<	b.	1...........	If	f	=	Θ(g),	then	g	=	Θ(f	).	If	R	is	expressed	as	∀x	∈	S,	P	(x)	⇒	Q(x)	for	open	sentences	P	(x)	and	Q(x)	over	a	domain	S,	then	we	have	already	described	two
methods	we	might	use	to	verify	the	truth	of	R,	namely	a	direct	proof	and	a	proof	by	contrapositive.	Write	out	the	first	four	terms	of	the	sequence	{an	}	for	which	an	=	2n−1	o	n	3n	,	where	n	∈	N.	Nevertheless,	there	is	some	inconsistency	among	authors	in	the	notation	for	set	inclusion	and	proper	set	inclusion.	Thus	P	(3)	⇒	Q(3)	is	true	and	P	(−3)	⇒
Q(−3)	is	false.	Once	20¢	has	been	deposited,	the	customer	can	push	one	of	two	buttons	(M	for	mint	and	C	for	cookie)	to	purchase	either	the	mint	or	the	cookie.	(b)	(a)	S	=	{0,	1,	2,	3}.	A	puzzle	consists	of	a	4	×	4	grid,	some	of	whose	squares	are	assigned	one	of	the	numbers	1,	2,	3,	4.	Let	y	∈	A	−	(B	∪	C).	Since	a	and	nb	are	integers	and	nb	=	6	0,	it
follows	that	r	is	rational,	a	contradiction.	By	(4.7),	(k	+	1)!	=	(k	+	1)k!.	If	an	edge	joins	two	vertices	representing	two	3	friends,	we	color	this	edge	red	(R)	while	if	an	edge	joins	two	vertices	representing	two	strangers	we	color	this	edge	blue	(B).	644	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Section	12.3	1.	In	Steps	5	–	7,	only	18	=	a8
<	k	=	20	is	true	and	a	is	assigned	the	value	8	+	1	=	9.	Now	let	y	be	an	odd	integer.	3	0	......	4180	IL	Route	83,	Suite	101	Long	Grove,	IL	60047-9580	(847)	634-0081	[email	protected]	www.waveland.com	Copyright	©	2011	by	Waveland	Press,	Inc.	(a)	Yes.	Section	9.2	1.	Ordinarily,	it	is	not	practical	to	show	that	P	(x)	⇒	Q(x)	is	true	for	every	element	x	∈
S	by	considering	each	element	in	S	individually.	Only	G1	and	G4	are	planar.	,	an	of	n	numbers	so	that	the	terms	of	s	are	reordered	from	smallest	to	largest.	Prove	that	if	u	and	v	do	not	lie	on	a	common	cycle,	then	od	u	6=	od	v.	We	now	construct	a	bijective	function	f	from	N	to	Q+	.	3	2	3	is	irrational.		Definition	2.25	Two	sets	A	and	B	are	disjoint	if	they
have	no	elements	in	common,	that	is,	if	A	∩	B	=	∅.	B	is	lighter	2	Figure	28:	The	decision	tree	in	Exercise	7	Section	13.3	1.	Even	if	he	could	purchase	one	lottery	ticket	per	second,	he	could	only	purchase	604,800	tickets	in	a	week,	which	would	take	him	too	much	time.	,	Ak	.	Thus	f	is	bijective.	Since	a1	6=	11,	the	conclusion	of	Step	3	is	not	executed.	0
........	Let	r,	s	∈	R	such	that	r	≤	m	and	s	≥	M	.	d	...	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	As	a	consequence	of	Theorem	14.13,	we	now	have	a	solution	of	the	Three	Houses	and	Three	Utilities	Problem.	is	defined	recursively	by	131	4.3.	SEQUENCES	a1	=	1	and	an	=	n	n−1	an−1	for	n	≥	2.	1·2	2·3	(k	+	1)(k	+	2)	k+2	Let’s	now	see	how	a	proof	of
(4.3)	can	be	given	using	the	Principle	of	Mathematical	Induction.	The	set	P3	is	not	a	partition	of	A	since	all	subsets	in	a	partition	are	required	to	be	nonempty.	(b)	P2	=	{{a,	b,	c,	d},	{e,	f	}}.	538	CHAPTER	14.	P	(n)	⊕	Q(n):	n3	+	2n	is	even	or	n2	−	4	<	0	but	not	both.		In	Example	4.31,	we	were	asked	to	conjecture	(guess)	a	formula	for	an	.	Subtracting
b	from	both	sides	and	dividing	by	a,	we	have	c	=	d	and	so	f	is	one-to-one.	(a)	See	Figure	35.	Q:	the	set	of	rational	numbers.	Therefore,	χ(Cn	)	=	3	if	n	is	odd.	The	Road	Coloring	Theorem	Every	strong	aperiodic	digraph	with	uniform	outdegree	r	has	a	synchronized	coloring	with	r	colors.	21.	(The	“exclusive	or”	is	also	a	binary	operation.)	In	fact,	by
Theorem	1.22	conjunction	and	disjunction	are	commutative	since	P	∧	Q	≡	Q	∧	P	and	P	∨	Q	≡	Q	∨	P	for	every	two	statements	P	and	Q.	Let	A	=	{1,	2,	3},	B	=	{a,	b,	c}	and	C	=	{x,	y,	z}.	61	2.1.	SETS	AND	SUBSETS	9.	Then	a2	+	a2	=	2(a2	)	is	an	even	integer	and	so	a	R	a.	Suppose	that	sn−1	(n	−	1	≥	0)	is	the	number	of	subsets	of	an	(n	−	1)-element	set.
The	function	f	:	A	→	B	is	defined	by	f	(x)	=	x2	for	each	x	∈	A.	The	range	of	f	is	f	(A)	=	{b2	,	b3	}.	Sets	an	index	i	equal	to	1.	,	n},	where	n	≥	2	is	an	integer,	and	let	f	:	S	→	S	be	a	function	with	the	property	that	f	(i)	6=	i	for	every	integer	i	with	1	≤	i	≤	n.	(a)	A	=	{a,	b,	c,	d,	e}.	Each	room	has	a	light	switch.	In	this	case,	k	=	20,	n	=	10	and	a1	=	3,	a2	=	7,	.
(e)	f	(a,	b)	=	2a	3b	.	(vi)	v3	.		If	the	equivalence	classes	determined	in	the	preceding	examples	are	examined,	then	it	might	be	observed	that	in	each	example	every	two	equivalence	classes	are	either	equal	or	disjoint.	Next,	we	show	that	g	=	O(f	).	(d)	{1,	5,	12,	21}.		It	is	ordinarily	the	case	that	we	are	not	concerned	with	the	exact	number	of
comparisons	or	arithmetic	operations	when	computing	the	time	complexity	of	an	algorithm.	R	R	....	Any	other	occurrences	of	v	on	C	contribute	1	to	both	the	indegree	and	outdegree	of	v	and	so	od	v	=	id	v	in	this	case	as	well.	Suppose	that	the	states	are	the	entrances	to	various	street	intersections	and	the	input	values	are	turn	left	and	drive	one	block
(ℓ),	turn	right	and	drive	one	block	(r)	and	go	straight	ahead	for	one	block	(s).		Without	Loss	of	Generality	From	time	to	time	there	are	occasions	when	the	proofs	of	two	cases	are	so	similar	that	including	proofs	of	both	cases	is	repetitive.	By	the	Principle	of	Mathematical	Induction,	the	result	is	true.	(b)	Either	I	got	the	job	or	I	will	go	back	to	college.	If
we	assign	the	colors	1,	2,	.	(b)	Let	x	be	a	rational	number.	,	s8	.	Does	there	exist	a	strong	orientation	D	of	a	graph	G	and	two	vertices	u	and	v	of	G	such	that	d~D	(u,	v)	6=	dG	(u,	v)	and	d~D	(v,	u)	6=	dG	(v,	u)?	The	definition	of	n!,	where	n	∈	{0}	∪	N,	can	also	be	expressed	as	a	sequence	f0	,	f1	,	f2	,	.	(a)	In	D1	,	(v1	,	v2	,	v3	).	Express	R	as	a	set	of
ordered	pairs.	4200.	For	the	set	Q	of	rational	numbers,	the	set	I	of	irrational	numbers	and	the	universal	set	R	of	real	numbers,	determine	the	following.	Consequently,	we	can	prove	that	the	statement	(4.3)	is	true	if	we	can	(1)	show	that	1	1	=	1·2	1+1	and	(2)	verify	the	following	implication	for	an	arbitrary	k	∈	N:	If	1	1	k	1	+	+	···	+	=	,	1·2	2·3	k(k	+	1)
k+1	then	1	1	1	k+1	+	+	···+	=	.	The	sentence	∀x	∈	S,	R(x)	(3.1)	is	stated	in	words	as:	For	every	x	∈	S,	R(x).	(An	empty	box	and	a	box	containing	an	empty	box	are	not	the	same	thing.)	The	set	{∅}	has	one	element,	namely	the	empty	set	∅	and	so	|{∅}|	=	1.	For	the	set	S	=	{1,	2,	.	(d)	Not	doing	well	this	semester	implies	that	I	took	too	many	courses.	(b)
False.	638	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	1800	72	24	.....	(c)	{.	−1	..............	(c)	Determine	which	of	the	following	are	subsets	of	A:	0,	{0},	{{0}}.	z	....	The	remainder	of	the	proof	is	straightforward.	This	statement	could	also	be	expressed	as	The	population	of	no	city	exceeds	that	of	Mexico	City.	It	is	not.	3	.	By	the	First
Theorem	of	Digraph	Theory,	v∈V	(D)	od	v	=	a·2+(n−a−b)·1+b·0	=	n	+	a	−	b	=	n.	c	a	.	We	may	assume	that	v	∈	V	(G1	).	542	CHAPTER	14.	(b)	Prove	that	the	product	of	a	nonzero	rational	number	and	an	irrational	number	is	irrational.	Since	a4	=	15	>	12,	x	is	assigned	the	value	15	in	Step	3.	2	(c)	x	R3	y	if	y	=	x	.	We	repeat	Step	3	for	i	=	4.	Q(n)	:	n2	−	n
−	6	=	0.	Let	n	∈	S	=	{1,	2,	3}.	(b)	A	∈	B	and	A	∩	B	=	∅.	x	:=	x	+	ai	[ai	is	added	to	the	current	value	of	x	to	provide	the	new	value	of	x]	4.	Dividing	by	3,	we	obtain	a	=	b	and	so	f	is	one-to-one.	(−1)n+1	(n−1)!	xn	(−1)k+2	k!	.	√	√	33.	We	use	a	proof	by	contradiction.	3	is	rational.	This	gives	rise	to	the	structures	referred	to	as	lattices	and	Boolean
algebras,	which	are	also	discussed	in	Chapter	11.	let	r	∈	R.	.,	10},	determine	the	following.	We	are	then	required	to	show	that	n	is	an	even	integer.	Then	n	=	2.	Another	application	of	coloring	involves	questions	of	scheduling.	(d)	{2,	4,	6,	8}.	We	would	now	refer	to	this	example	as	a	result	and	a	solution	to	the	example	as	a	proof	of	the	result.	So	there
are	two	distributive	laws	in	this	case.	p	pp	p	1	pp	ppp	...........	Thus	y	∈	/	B	=	Ay	.	(f)	There	is	a	rational	number	that	cannot	be	expressed	as	the	sum	of	two	rational	numbers.	The	state	digraph	D	of	A	is	shown	in	Figure	15.32.	75	.	De	Morgan’s	Laws	:	A	∪	B	=	A	∩	B	and	A	∩	B	=	A	∪	B.	For	every	integer	a,	there	exists	an	integer	b	such	that	|	2a+1	−	b|
<	12	.	Since	a	∨	b	is	an	upper	bound	of	a	and	b,	we	have	b		a	∨	b.	Since	a1	=	1	=	2	·	1	−	1,	the	formula	holds	for	n	=	1.	Since	a	and	a	−	b	are	rational,	a	=	p/q	and	a	−	b	=	x/y,	where	p,	q,	x,	y	∈	Z	and	q,	y	6=	0.	Then	f	(c)	=	f	(2x	+	1)	=	f	(2x)	+	f	(1).	It	is	assumed	that	at	the	beginning	of	the	year	(the	beginning	of	Month	#1),	there	is	a	pair	of	rabbits
(one	male	and	one	female).	This	might	remind	you	of	the	points	(1,	2)	and	(2,	1)	in	the	Cartesian	plane,	which	are	not	same.	If	there	exist	some	positive	constant	C	and	positive	integer	k	such	that	f	(x)	≤	Cg(x)	for	every	real	number	x	≥	k	(see	Figure	6.1(b)),	then	f	(n)	≤	Cg(n)	for	every	integer	n	≥	k	and	f	(n)	=	O(g(n)).	Notice	that	it	wouldn’t	be	useful
to	give	the	statement	P	itself	to	your	friend,	for,	regardless	of	how	your	friend	responded,	we	wouldn’t	know	if	it’s	the	truth	or	a	lie.	There	are	sn−1	subsets	of	B.	However,	we	only	know	this	when	n	≥	3.	Since	degG	v	+	degG	v	is	odd,	it	follows	that	n	is	even,	which	is	impossible.	(c)	C	=	{n	∈	Z	:	−4	<	n	≤	4}.	denumerable	set	(or	countably	infinite	set):
a	set	A	such	that	|A|	=	|N|.	In	each	case,	either	0	or	1	is	carried	over	to	the	next	addition.	Section	5.4	1.	Is	D	countable	or	uncountable?	(b)	The	only	integers	n	for	which	(3n	−	2)2	<	20	are	n	=	0,	n	=	1	and	n	=	2.	(f)	P6	=	{A}.		Definition	14.20	The	smallest	number	of	colors	needed	to	color	the	vertices	of	a	graph	G	is	called	the	chromatic	number	of	G
and	is	denoted	by	χ(G).	Find	a	sequence	of	pourings	that	results	in	two	bottles	both	containing	2	ounces	of	liquid.	Observe	that	1	1	1	+	+	···	+	2·3	3·4	(k	+	2)(k	+	3)	=	»	1	1	1	+	+	···	+	2·3	3·4	(k	+	1)(k	+	2)	–	+	1	(k	+	2)(k	+	3)	=	1	k(k	+	3)	+	2	k2	+	3k	+	2	k	+	=	=	2k	+	4	(k	+	2)(k	+	3)	2(k	+	2)(k	+	3)	2(k	+	2)(k	+	3)	=	(k	+	1)(k	+	2)	k+1	=	.	(c)
Assuming	that	S	is	true	and	that	I	didn’t	get	paid	today,	does	this	mean	that	I’m	not	going	to	the	party	tonight?	We	show	that	(a,	b)	R	(e,	f	).	Prove	that	an	+	b	and	a	+	bn	are	of	opposite	parity	if	and	only	if	n	is	even.	v3	.........	Alvin:	H,	E	Fan:	H,	F	Brenda:	E,	F	Ghia:	M,	H	Charles:	M,	F	Dina:	M,	B	Howard:	H,	E,	G	Ida:	B,	G	Edwin:	E,	G	John:	F,	B	The
next	day	after	the	students	returned	to	high	school,	they	were	required	to	take	make-up	exams	for	the	exams	they	missed.	In	this	case,	the	equivalence	classes	are	[1]	=	{1,	4},	[2]	=	{2,	3,	6},	[3]	=	{2,	3,	6},	[4]	=	{1,	4},	[5]	=	{5}	and	[6]	=	{2,	3,	6}.	In	this	case,	this	means	that	we	would	start	with	(k	+	1)!	and	show	that	it	is	greater	than	2k+1
(recall	that	k	≥	4)	or	start	with	2k+1	and	show	that	it	is	less	than	(k	+	1)!.	Since	a	+	b	is	an	integer,	n	is	odd.	(b)	g	:	Z	→	Z	is	defined	by	f	(n)	=	⌈n/2⌉	for	n	∈	Z.	Therefore,	by	(4.8)	either	b	=	0	or	bk+1	=	0.	Observe	that	f	=	O(g)	since	n	≤	n2	for	every	positive	integer	n	(and	so	we	may	take	C	=	1	and	k	=	1	in	the	definition).	A	graph	G	of	order	n	has
chromatic	number	n	if	and	only	if	G	=	Kn	.	z	A	B	ru	rv	rw	rx	ry	rz	a	r	b	r	c	r	d	r	(d,	y)	y	.......	........................................	Furthermore,	since	f	(xn−1	)	=	n	−	1,	it	follows	that	xn−1		xi	for	all	i	with	1	≤	i	≤	n	−	1.	k-coloring:	a	coloring	that	uses	k	colors.	The	2-bit	string	00	is	the	only	one	of	the	four	2-bit	strings	with	two	consecutive	0s.	If	G	is	a	planar	graph
of	order	5	or	less,	then	certainly	χ(G)	≤	5.	Let	a	∈	f	−1	(B1	)∪f	−1	(B2	).	This	algorithm	determines	whether	a	specified	number	k	is	one	of	the	numbers	in	a	list	s	:	a1	,	a2	,	.	2	1	2	1	Figure	14.19:	Colorings	of	the	graph	H	in	Example	14.19	(2)	Show	that	every	coloring	of	G	requires	at	least	k	colors.	...........................................	L5	Figure	14.38:	Traffic
lanes	at	street	intersections	in	Exercise	19	20.	floor	function	⌊x⌋:	the	largest	integer	less	than	or	equal	to	x.	Use	induction	to	prove	that	for	every	real	number	x	>	−1	and	every	positive	integer	n,	(1	+	x)n	≥	1	+	nx.		In	the	following	example,	there	is	a	clear	initial	state	and	a	unique	accepting	state.	Therefore,	[a]	=	[b].	Begining	of	Month	#n	No.	of	pairs
of	rabbits	No.	of	pairs	of	adult	rabbits	1	1	0	2	1	1	3	2	1	4	3	2	5	5	3	6	8	5	7	13	8	8	21	13	9	34	21	10	55	34	11	89	55	12	144	89	13	233	144	The	numbers	r1	,	r2	,	.	Therefore,	for	every	integer	n	≥	1,	2n2	≤	2(n3	).	When	n	=	2,	we	have	Fn−1	Fn+2	=	F1	F4	=	1	·	3	=	3	and	Fn	Fn+1	=	F2	F3	=	1	·	2	=	2.	Within	the	proof	we	typically	make	use	of	one	or	more
of	the	following:	(1)	definitions	of	concepts,	(2)	axioms	or	principles	that	have	been	agreed	upon,	(3)	assumptions	we	may	have	made,	(4)	previous	theorems.		Exercises	for	Section	2.4	1.	f	..........	Even	a	graphing	calculator	cannot	help	us	to	give	a	precise	answer	here.	...................	We	show	that	the	sum	of	the	interior	angles	of	every	(k	+	1)-gon	is	(k	−
1)	·	180o.	(c)	1.	To	prove	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true	by	means	of	a	direct	proof,	we	begin	by	assuming	that	P	(x)	is	true	for	an	arbitrary	element	x	∈	S	and	then	we	show	that	Q(x)	is	true.	The	state	digraph	for	this	machine	is	given	in	Figure	15.30.	6	..............	Q(n):	n2	≥	2n	.	Here	too	one	might	correctly	guess	that	there	are	2n	subsets	of	a	set	with
n	elements.	In	order	for	{∅}	to	be	a	subset	of	B,	∅	must	be	an	element	of	B.	c11...........	The	number	of	steps	needed	to	use	some	algorithms	to	solve	certain	kinds	of	problems	is	analyzed.	One	of	these	uses	a	table	called	a	state	table,	while	the	second	uses	a	digraph	(or	diagram	)	called	a	state	digraph.	We	now	know	that	|N|	=	|Z|,	that	is,	the	set	of
positive	integers	and	the	set	of	integers	have	the	same	number	of	elements.	Then	a	−	a	=	0	and	so	a	R	a.	Give	an	example	of	a	relation	R	from	A	to	B	such	that	1	is	related	to	5	but	2	is	not	related	to	4.	Therefore,	D	has	a	synchronized	coloring.	(c)	If	2	is	an	odd	integer,	then	5	>	0.	For	the	present	however,	we	state	this	result	for	future	use.	The
maximum	number	of	comparisons	in	Algorithm	6.8	occurs	when	k	is	the	last	term	of	the	sequence	or	when	k	does	not	appear	in	the	sequence.	2n	,	n	·	2n−1	.	Because		is	antisymmetric,	a	∨	b	=	b.	Definition	2.42	A	partition	of	a	nonempty	set	A	is	a	collection	of	nonempty	subsets	of	A	such	that	every	element	of	A	belongs	to	exactly	one	of	these	subsets.
(d)	{2}	⊆	D.	Furthermore,	every	real	number	has	a	decimal	expansion.	(a)	s0	s1	s2	f	0	1	s2	s1	s0	s2	s1	s2	g	0	1	0	0	1	0	0	1	The	output	is	11000010.	i=1	Example	2.23	For	sets	A	=	{1,	3,	4},	B	=	{3,	4,	6}	and	C	=	{2,	3,	5},	A	∩	B	∩	C	=	{3}	and	A	∪	B	∪	C	=	{1,	2,	.	The	negation	of	the	statement	in	(b)	could	also	be	written	as	There	is	no	real	number	x
for	which	x2	<	0.	In	the	worst	case,	the	number	k	does	not	appears	in	the	sequence.	This	was	done	using	a	proof	by	contrapositive.	(c)	This	gives	us	s1	=	2,	s2	=	3,	s3	=	s2	+	s1	=	3	+	2	=	5,	s4	=	s3	+	s2	=	5	+	3	=	8,	s5	=	s4	+	s3	=	8	+	5	=	13,	s6	=	s5	+	s4	=	13	+	8	=	21,	all	of	which,	of	course,	are	Fibonacci	numbers.	u	F′	:	v	......	C4	:	..............	(e)
The	Pythagorean	Theorem	is	an	astonishing	theorem!	√	√	(f)	2	<	1.5	<	3.	(e)	T.	Let	A	=	{0,	{0},	{0,	{0}}}.	s	s	s	s	.....	Then	a	and	b	are	both	odd,	say	a	=	2x	+	1	and	b	=	2y	+	1,	where	x,	y	∈	N.	Therefore,	R	×	R	is	the	set	of	all	points	in	the	Cartesian	plane.	So,	for	example,	c1	cannot	be	shipped	in	the	same	container	with	any	of	c2	,	c5	,	c7	,	c10	and	c2
cannot	be	shipped	in	the	same	container	with	any	of	c3	,	c6	,	c8	(as	well	as	with	c1	of	course).	Thus,	x	R	x	and	R	is	reflexive.	onto	function	(surjective	function):	a	function	from	A	to	B	such	that	every	element	of	B	is	the	image	of	some	element	of	A.	This	string	can	also	be	expressed	more	simply	as	0,	0,	1,	0,	1	or	as	00101.	A	rectangle	is	often	drawn	to
represent	the	universal	set.	(c)	The	set	of	all	integers	strictly	between	−3	and	5.	Exercises	for	Section	15.2	1.	In	each	case,	determine	the	output	produced	from	the	input	string	1010011	with	initial	state	s0	.	We	will	see	other	logical	connectives	shortly.	Since	B	is	uncountable,	B	is	infinite.	10,	1	.	(b)	Determine	whether	T	in	(a)	is	planar	or	nonplanar.
.....................	Does	the	function	g	◦	f	necessarily	have	an	inverse	function?	(b)	A	=	{1},	B	=	{{1}}.	(3.18)	for	two	different	choices	for	the	domain	S	of	x.	.....................................................q..qqqqqqqqqqqqqqqqqqqqqqq	.....	Therefore,	m	=	2a	and	n	=	2b	for	integers	a	and	b.	If	a	direct	proof	is	used	to	verify	the	inductive	step,	we	then	assume	for	an
arbitrary	positive	integer	k	that	P	(i)	is	a	true	statement	for	every	integer	i	with	1	≤	i	≤	k	(which	is	called	the	induction	or	inductive	hypothesis)	and	show	that	P	(k	+	1)	is	a	true	statement.	On	the	other	hand,	the	vertices	of	G	can	be	colored	with	four	colors	1,	2,	3,	4	as	shown	in	Figure	14.24.	Since	f	is	not	bijective,	either	f	is	not	one-to-one	or	f	is	not
onto.	•	The	other	method	is	to	show	that	the	size	m	of	G	exceeds	3n	−	6,	where	n	≥	3	is	the	order	of	G.	For	n	=	0,	n!	is	defined	as	n!	=	0!	=	1.	First	assume	that	x	∈	Z.	P	(n)	:	2n+1	+3n−1	5n−1	Q(n)	:	n2	+2n+3	n3	+1	R(n)	:	n2	+3n	2	is	an	integer.	equivalence	class	(resulting	from	an	equivalence	relation	R	on	A),	[a]:	the	set	of	all	elements	in	A	that	are
related	to	a	by	R.	Determine	a1	,	a2	,	a3	,	a4	and	a5	.	We	now	assume	that	a	R	b	and	b	R	c,	where	a,	b,	c	∈	Z.	.}	124	CHAPTER	4.	However,	P	(0)	and	P	(1)	are	both	true.	So	n	=	2k	for	some	integer	k.	(a)	P1	=	{{a,	c,	e,	g},	{b,	f	},	{d}}.	x	y	r	r	r	r	r	r	rz	Figure	14.14:	The	graph	G	in	Exercise	2	3.	However,	the	equality	in	(4.6)	is	totally	obvious.	First,	we
prove	that	if	m	and	n	are	odd,	then	mn	is	odd.	There	are	10	orientations.	(iii)	Let	G	=	C4	and	H	=	C5	.	18	CHAPTER	1.	Since	F1	=	1	≤	21	,	the	inequality	holds	for	n	=	1.	m	and	n	are	even.	(b)	B	=	{n	∈	Z	:	n2	<	4}.	(c)	If	g	is	one-to-one,	then	g	◦	f	is	one-to-one.	We	first	show	that	if	x	is	even,	then	xk+1	is	even.	Draw	the	graphs	of	the	following	functions:
(a)	f	:	R	→	R	defined	by	f	(x)	=	|x	−	2|,	where	x	∈	R.	s	s	s	s	(b)	(c)	Figure	15.34:	State	digraphs	for	the	finite-state	machines	in	Exercise	7	8.	Then	3ab	is	even	if	and	only	if	a	and	b	are	even.	Let	f	=	{(x,	y)	∈	A	×	B	:	y	=	x2	}.	Maria	does	not	prepare	for	the	interview,	does	not	do	well	on	the	interview	and	does	not	get	the	job.	That	is,	we	still	do	not	know
whether	K3,3	is	planar.	0	0	Draw	the	digraph	D.	Since	b2	is	an	integer,	a2	is	even.	Use	a	proof	by	contradiction	to	prove	that	if	n	is	an	even	integer,	then	7n	+	9	is	odd.	...........G	.........	Therefore,	−4	≤	2n	≤	6.	Indeed,	if	the	domain	of	the	variable	n	in	an	open	sentence	P	(n)	is	the	set	S	=	{i	∈	Z	:	i	≥	m}	=	{m,	m	+	1,	m	+	2,	.	This	is	only	a	small	sample
of	the	kinds	of	statements	that	can	be	verified	with	the	aid	of	the	Principle	of	Mathematical	Induction.	This	is	illustrated	again	in	the	next	example.	Therefore,	a	≤	c,	b	≤	d,	c	≤	e	and	d	≤	f	.	We	will	reserve	the	term	theorem,	however,	for	a	true	mathematical	statement	that	is	especially	useful,	interesting	or	significant.	Then	3	a	=	3	b.	Observe	that	11b
−	5a	=	(11a	−	5b)	−	16a	+	16b	=	2k	−	16a	+	16b	=	2(k	−	8a	+	8b).	(c)	There	exists	an	even	integer	a	such	that	for	every	integer	b,	ab	is	even.	r	r	r	r	r	r	...........	(b)	f	(n)	=	⌊n/2⌋.	Thus	if	a	set	S	has	three	elements,	for	example,	then	S	×	S	has	9	elements	and	there	are	29	=	512	different	subsets	of	S	×	S	and	so	there	are	512	possible	relations	on	S.	Then
a	=	b.	We	claim	that	there	is	x	∈	A	such	that	(x,	u)	∈	E(T	)	and	so	(u,	v,	x,	u)	is	a	triangle.	logical	connectives:	∼	(not),	∨	(or),	⊕	(exclusive	or),	∧	(and),	⇒	(implies),	⇔	(if	and	only	if).	χ(H)	=	k.	183	5.5.	CARDINALITIES	OF	SETS	33.	Since	a1	=	1,	the	formula	holds	for	n	=	1.	Then	j	is	increased	to	3.	Prove	the	following.	Assume	for	an	arbitrary	positive
integer	k	that	Fi	≤	1+2	5	for		√	2		√	k+1	.	Thus	χ(Kn	)	≤	n.	(b)	If	c	and	d	are	even	integers,	do	we	know	that	c	+	d	is	even?	Recall	that	a	compound	statement	is	a	statement	constructed	from	one	or	more	given	statements	(the	component	statements)	and	one	or	more	logical	connectives.		23.	Since	|B|	=	k,	it	follows	by	the	inductive	hypothesis	that
there	are	2k	such	subsets.	Thus	(w,	u)	and	(v,	w)	are	arcs	in	T	.	We	therefore	have	the	truth	of	the	implication	(∼	R)	⇒	C.	For	k	≥	2,	however,	ak+1	=	2ak	−	ak−1	+	2.	Next,	suppose	that	we	apply	the	same	input	string	with	the	initial	state	s4	,	say.	Sets	the	temporary	sum	equal	to	0.	Therefore,	in	f	−1	the	image	of	−1	is	y−2	y	is	x.	,	an	of	n	numbers	so
that	the	terms	are	reordered	from	smallest	to	largest.	Let	A	=	{1,	2,	3,	4}.	Suppose	that	the	order	of	G	is	n	and	the	size	is	m.	Figure	5.25	shows	a	map	consisting	of	four	cities	c1	,	c2	,	c3	,	c4	with	a	road	between	each	pair	of	cities.	Let	y	=	x7	−4.	Then	a	∈	f	−1	(B1	)	and	a	∈	f	−1	(B2	).	In	such	instances,	it	may	be	useful	to	consider	a	collection	P	of	two
or	more	subsets	of	S	such	that	every	element	of	S	belongs	to	at	least	one	of	these	subsets.	Let	x	∈	R	and	suppose	that	the	image	of	x	under	f	is	y.	94	CHAPTER	3.	No.	x	∈	A	and	x	∈	B	∪	C	≡	(x	∈	A)	∧	((x	∈	B)	∨	(x	∈	C))	((x	∈	A)	∧	(x	∈	B))	∨	((x	∈	A)	∧	(x	∈	C))	(x	∈	A	∩	B)	∨	(x	∈	A	∩	C)	≡	x	∈	(A	∩	B)	∪	(A	∩	C).	−70.	On	this	particular	day,	she	has	made
some	cakes	to	take	on	her	trip	to	give	to	her	grandmother	as	a	gift.	Determine	which	of	the	three	puzzles	of	Figure	1.19	have	solutions.	(c)	The	quantified	statement	∃x	∈	S,	R(x):	There	exists	x	∈	S	such	that	is	true	since	R(3)	(also	R(4))	is	a	true	statement.	s2	.................	x2	+	5x	+	4	is	even.	Which	of	the	following	pairs	of	sets	are	equal?	(As	of	this
writing,	Page	became	CEO	of	Google	in	April	2011.)	How	relevant	a	certain	web	page	P	is	to	the	key	words	typed	at	www.google.com	can	be	determined	by	considering	the	web	pages	that	have	a	link	to	P.	(b)	83.	the	biconditional	of	these	statements	is	P	⇔	Q:	32	>	23	if	and	only	if	43	>	34	.	(a)	“If	2	+	3	=	5,	then	4	+	6	=	10”	reduces	to:	If	T	,	then	T	.
Determine	the	chromatic	number	of	the	graph	G	of	Figure	14.42.	(e)	There	are	infinitely	many	primes.	Consider	the	statements	P	:	7	is	an	even	integer.	In	Section	9.5	we	will	visit	a	topic	that	will	allow	us	to	determine	a	formula	(or	closed	form)	for	an	in	many	instances	when	the	sequence	{an	}	is	defined	recursively.	Having	just	said	this,	however,
there	is	something	that	the	statements	in	Results	3.44	–	3.46	have	in	common.		Example	2.5	Write	each	of	the	following	sets	by	listing	its	elements.	path	of	length	2	and	so	d(u,	Suppose	that	we	have	a	collection	of	teams	involved	in	a	round	robin	tournament	and	the	results	of	the	matches	in	this	round	robin	tournament	are	modeled	by	a	tournament	T
.	The	statement	we	wish	to	prove	can	also	be	expressed	as	an	implication.	(c)	State	(∼	P	)	∧	Q.	Example	6.12	Illustrate	Algorithm	6.11	for	the	sequence	s	:	11,	9,	13,	9.	No	part	of	this	book	may	be	reproduced,	stored	in	a	retrieval	system,	or	transmitted	in	any	form	or	by	any	means	without	permission	in	writing	from	the	publisher.	Show	that	|E|	=	|O|.
Prove	that	mn	+	m	is	odd	if	and	only	if	m	is	odd	and	n	is	even.	However,	by	(3.13)	we	already	know	that	(x	−	1)2	≥	0.	A	traffic	light	is	located	at	the	intersection.	Exercises	for	Section	1.1	1.	It	remains	to	show	that	π+9	f	4	is	indeed	π.	The	distances	between	various	pairs	of	towns	are	given	below.	However,	(−1)	6	R	(−4)	because	2(−1)	+	(−4)	=	−6	<
0.	2	9.	............................................	(a)	0	∈	{∅}.	(d)	{1,	2}.	Assume	that	f	=	O(g)	and	g	=	O(f	).	(c)	h	=	{(1,	2),	(2,	3),	(3,	4),	(4,	5)}.	Since	a3	=	12	and	10	=	y	<	12	<	x	=	15,	y	is	assigned	the	value	12	in	Step	7.		Observe	that	we	were	able	to	conclude	that	χ(G)	=	4	for	the	graph	G	of	Figure	14.23(a)	and	yet	G	does	not	contain	K4	as	a	subgraph.	if	ai	>
ai+1	then	swap(ai	,	ai+1	).	We	now	look	at	two	of	the	best	known	ways	of	doing	this.	Let	A	=	{1,	2,	3}	and	let	R	=	{(1,	3)}	be	a	relation	on	A.	(b)	{{∅,	{1}},	{{2}},	{A}}.	Observe	that	3(k	+	1)2	−	(k	+	1)	+	3	=	3(k	2	+	2k	+	1)	−	k	−	1	+	3	=	3k	2	+	6k	+	3	−	k	+	2	=	(3k	2	−	k	+	3)	+	6k	+	2	=	2ℓ	+	2(3k	+	1)	=	2(ℓ	+	3k	+	1).	is	a	sequence	whose	nth
term	is	n.	Then	n	is	an	odd	integer	and	so	n	=	2k	+	1	for	some	integer	k.	1)	(1,	1)	Figure	13:	A	Hasse	diagram	of	the	poset	in	Exercise	5(b)	7.	For	n	≥	3,	an	n-bit	string	with	no	two	consecutive	0s	either	(1)	has	1	as	the	last	bit	and	so	the	first	n	−	1	bits	give	an	(n	−	1)-bit	string	having	no	two	consecutive	0s	or	(2)	has	10	as	the	last	two	bits	and	so	the
first	n	−	2	bits	give	an	(n	−	2)-bit	string	having	no	two	consecutive	0s.	.,	vn	},	where	od	vi	=	n	−	i	for	i	=	1,	2,	.	Since	it	is	possible	to	consider	the	negation	of	an	open	sentence	as	well	as	the	disjunction	and	conjunction	of	two	open	sentences,	it	should	come	as	no	surprise	that	we	can	consider	P	⇒	Q	when	P	and	Q	are	open	sentences.	Define	an
equivalence	relation	R′	on	S	by	R′	=	{(1,	1),	(1,	2),	(2,	1),	(2,	2),	(3,	3),	(3,	4),	(4,	3),	(4,	4),	(5,	5)}.	(b)	Claim:	an	=	2n−1	for	every	positive	integer	n.	For	the	finite-state	machine	whose	state	digraph	is	given	in	Figure	15.35,	find	the	output	for	the	input	strings	in	(a)-(d)	with	initial	state	s0	.	So	if	|A|	=	|B|	and	|B|	=	|C|,	then	we	can	conclude	that	|A|	=	|C|
whether	the	sets	involved	are	finite	or	infinite.	List	1	24568	24568	4568	4568	568	68	8	8	9	9	9	9	9	9	9	9	List	13	3	3	2	7	7	7	7	7	7	7	∅	Comparision	1	m.	You	may	very	well	have	seen	sequences	in	calculus,	which	are	encountered	during	the	study	of	infinite	series.	Therefore,	B	is	an	infinite	proper	subset	of	A.	During	the	37	years	that	followed	this
conjecture,	the	problem	became	known	as	the	Road	Coloring	Problem.	In	the	first	instance,	P	or	Q	is	true	if	at	least	one	of	P	and	Q	is	true.	The	sets	A1	=	{a,	b},	A2	=	{a,	c}	and	A3	=	{b,	c}	are	not	pairwise	disjoint,	however,	since	A1	∩	A2	=	{a}	6=	∅,	for	example.	(d)	−35.	For	the	reflexive	property,	we	are	required	to	show	that	if	a	∈	Z,	then	a	R	a.
(interrogative	sentence)	4.	Assume	that	ak	=	2k+1	−	1	for	a	positive	integer	k.	(b)	Determine	|A|.	Rayleigh	quotient	q	(x)	=	X	T	Ax	I	x	T	x	for	symmetric	A:	Amin	<	q	(x)	<	Amax.	(c)	s4	=	s3	+	(4	−	1)	=	3	+	3	=	6.	u′	u	v	...........	For	example,	suppose	that	you	had	taken	ten	quizzes	in	a	certain	course	and	wanted	to	sort	them	from	lowest	to	highest	(or
highest	to	lowest).	Prove	or	disprove:	There	is	no	set	having	more	elements	than	the	set	R	of	real	numbers.	In	other	words,	there	is	a	clear	ranking	of	all	six	teams.	Then	S-I	AS	=	A	=	eigenvalue	matrix.	We	show	that	a	R	b.	(a)	f	(x)	=	2.	Let	y	∈	[b].	(c)	Find	all	integers	n	≥	3	for	which	there	exists	a	tree	T	of	order	n	such	that	T	is	a	maximal	planar
graph.	•	A	graph	G	has	chromatic	number	1	if	and	only	if	G	=	K	n	for	some	positive	integer	n.	......1	........	Therefore,	the	statement:	Let	x	∈	R.	v	z	H:	z	w	w	y	y	x	x′	Figure	14.9:	A	nonplanar	graph	A	graph	G′	is	called	a	subdivision	of	a	graph	G	if	either	G′	=	G	or	G′	can	be	obtained	from	G	by	inserting	vertices	of	degree	2	into	one	or	more	edges	of	G,	that
is,	by	subdividing	edges	of	G.	Assume	that	f	(a)	=	f	(b),	where	a,	b	∈	Z.	(a)	The	set	of	all	integers	whose	absolute	value	is	at	most	3.	In	this	step,	we	determine	whether	d	>	x,	that	is,	whether	7	>	5.	b	..................................................................	(a)	A	=	{a,	{b}}.	A	function	f	:	A	→	B	is	defined	by	ì	if	n	∈	{−1,	0,	1}	í	n2	−n	if	n	∈	{−2,	2}	f	(n)	=	î	2	n	−9	if	n
∈	{−3,	3}.	•	The	set	of	irrational	numbers	is	uncountable.	Since	3	−	k	is	an	integer,	n	is	even.	A	.................................................................................B	.	It	is	also	easy	to	find	a	5-coloring	of	H.	Figure	6.7	illustrates	how	the	list	changes	as	we	proceed	through	the	Insertion	Sort	Algorithm.	Then	2	−	n2	=	2	−	12	=	1	>	0.	Even	a	proof	that	is	written
correctly	may	not	be	persuasive	to	a	person	reading	the	proof.	(d)	transitive.	P14	=	{{d},	{a,	b,	c}}.	p1	...........................	(d)	If	8	+	11	=	21,	then	12	+	14	=	28.	Since	n	is	odd,	n	=	2k	+	1	for	some	integer	k.	1,	2,	1	.....	If	the	instructor	prefers	not	to	do	this,	other	examples	can	be	given.	(a)	Assuming	that	S	is	true	and	that	I	got	paid	today,	does	this
mean	that	I’m	going	to	the	party	tonight?	Here	the	man	does	not	pay	the	neighbor	an	additional	$50,	yet	the	neighbor	paints	the	dining	room.	Let	Q(a,	b)	be	the	open	sentence	Q(a,	b):	ab	=	0.	By	the	third	row	of	the	truth	table	in	Figure	1.9,	this	implication	is	true.	A	..........................................................................................B	.....................	The	n	roots
are	the	eigenvalues	of	A.	For	a	subset	B1	of	B,	the	inverse	image	f	−1	(B1	)	of	B1	is	defined	as	f	−1	(B1	)	=	{a	∈	A	:	f	(a)	∈	B1	}.		Not	surprisingly,	for	any	statement	P	,	the	statements	P	and	∼	(∼	P	)	are	logically	equivalent.	Since	5k	−	4	is	an	integer,	5n	−	7	is	odd.	After	j	+	1	passes	through	the	while	loop	at	Step	3,	a	=	b	+	1.	Assume,	to	the	contrary,
that	there	exists	an	integer	n	such	that	5n	+	1	is	odd	and	n	is	odd.	If	n	=	2k	+	1	is	odd,	then	let	S	=	{(i	−	1,	1	−	i)	:	0	≤	i	≤	k}	∪	{(i	+	1,	2	−	i)	:	0	≤	i	≤	k}.	For	a	universal	set	U	,	draw	a	Venn	diagram	for	three	sets	A,	B	and	C	indicating	the	locations	of	the	elements	of	U	if	A,	B	and	C	satisfy	all	of	the	conditions	(a)–(h)	and	then	determine	A,	B,	C	and	U
.	Draw	a	digraph	having	these	properties.	Find	a	compound	statement	constructed	from	three	component	statements	P,	Q	and	R	that	is	true	for	50%	of	the	combinations	of	truth	values	of	P,	Q	and	R.	If	you	don’t	get	an	A	in	this	course,	then	you	don’t	do	every	problem	in	this	book.	We	claim	that	s	is	irrational.	(h)	−3,	1,	5,	9,	.	Since	(x,	y)	∈	R2	and	(y,	z)
∈	R2	but	(x,	z)	∈	/	R2	,	the	relation	R2	is	not	transitive.	It	remains	to	show	that	f	is	onto.	(c)	Let	G	=	Cp	,	where	p	is	prime	and	p	≥	2k	+	1.	For	example,	(g	◦	f	)(s1	)	=	g(f	(s1	))	=	g(B)	=	3,	which	means	that	s1	is	one	of	three	students	who	received	the	same	grade,	namely	B,	in	the	computer	science	class.	Prove	that	an	=	2n	+	3	for	every	positive
integer	n.	Having	laid	the	foundation	of	discrete	mathematics,	we	now	proceed	more	deeply	into	the	subject	with	our	emphasis	changing	to	problem-solving.	Regardless	of	how	a	set	is	described,	what	is	most	important	is	that	its	description	should	make	it	clear	which	elements	it	contains.	The	proofs	too	are	similar	to	those	we	have	seen	and	so	are
not	presented	here,	but	are	left	instead	as	exercises	(see	Exercises	7	and	8).	2	2	(a	+	i)	+	[a	+	(k	+	1)b]	=	(k	+	1)(2a	+	kb)	+	[a	+	(k	+	1)b]	2	i=0	i=0	613	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	By	the	Principle	of	Mathematical	Induction,	nonnegative	integer	n.	P1	=	{{a},	{b},	{c},	{d}}.	A	set	is	a	collection	of	objects,	called	the
elements	of	the	set.	The	functions	from	A	to	B	are	f1	=	{(a,	0),	(b,	0)},	f3	=	{(a,	1),	(b,	0)},	f2	=	{(a,	0),	(b,	1)},	f4	=	{(a,	1),	(b,	1)}.	For	a	real	number	r,	the	ceiling	⌈r⌉	of	r	is	the	smallest	integer	that	is	greater	than	or	equal	to	r;	while	the	floor	⌊r⌋	of	r	is	the	greatest	integer	less	than	or	equal	to	r.	,	vr	,	v1	)	be	a	cycle	of	G.	C1	G:	C3	........	From	the	way
in	which	the	sequence	a1	,	a2	,	a3	,	.	Also,	Spain	defeats	China,	which	in	turn	defeats	Germany.	Thus	no	real	number	y	≤	0	can	be	the	image	of	any	positive	real	number	and	so	h	is	not	onto.	d	..	.......................................................................................................................................	In	Step	3,	ai	and	k	are	compared	for	i	=	1,	2,	.	(a)	Give	an	example	of	two
integers	that	are	related	by	R	and	two	integers	that	are	not.	In	order	to	establish	this	fact,	we	begin	by	presenting	a	necessary	and	sufficient	condition	for	two	equivalence	classes	to	be	equal.	Assume	that	m	or	n	is	even.	The	relation	R1	is	not	symmetric	since,	for	example,	(x,	y)	∈	R1	but	(y,	x)	∈	/	R1	.	(c)	The	output	is	1000010.	Section	2.2	1.	(a)	Write
an	algorithm	to	determine	the	smallest	number	in	a	list	a,	b,	c	of	three	numbers.	In	this	situation,	a	multigraph	can	be	used.	48	CHAPTER	1.	2	.....................................	Since	a	R	a	if	a	+	a	is	even,	we	need	to	show	that	if	a	∈	Z,	then	a	+	a	=	2a	is	even.	Then	n	−	3	is	even	if	and	only	if	n	+	4	is	odd.	......r	.	Of	course,	we	also	know	that	if	G	is	a	graph	of
order	n	and	size	m	such	that	m	>	3n	−	6,	then	G	is	nonplanar.	The	biconditional	of	P	and	Q	is	denoted	by	P	⇔	Q.	Then	χ(G)	≥	2	if	and	only	if	G	contains	at	least	one	edge.	In	this	chapter	we	introduce	the	powerful	method	of	proof	by	mathematical	induction.	If	m	>	1	or	n	>	1,	then	mn	>	1,	which	would	produce	a	contradiction.	Prove	for	every	positive
integer	n	that	s	r	q	2+	2+	2	+	···+	√	π	2	=	2	cos	n+1	,	2	where	the	number	2	occurs	n	times	in	the	expression	on	the	left.	C	...........	Suppose	that	2n2	−n−1	=	0.	Let	S	and	R	be	two	compound	statements	with	the	same	component	statements.	Definition	1.41	For	statements	(or	open	sentences)	P	and	Q,	the	implication	Q	⇒	P	is	called	the	converse	of	P	⇒
Q.	Verifying	that	statements	are	true	deals	with	the	topic	of	proof.	For	a	real	number	x,	consider	the	open	sentence	P	(x)	:	x(x	−	5)	=	6.	Chapter	10:	Discrete	Probability	Section	10.1	1.	Therefore,	(uj	,	v)	is	a	directed	edge	of	T	for	some	j	with	1	≤	j	≤	k.	12	...	ALGORITHMS	AND	COMPLEXITY	Algorithm	6.8:	Determine	whether	a	specified	number	k	is
one	of	the	numbers	in	a	list	s	:	a1	,	a2	,	.	42.	A	proper	coloring	of	D	with	d	colors	is	a	synchronized	coloring	if	for	every	vertex	v	of	D	there	exists	a	string	sv	of	these	colors	such	that	applying	this	string	to	each	vertex	u	of	D	results	in	a	directed	u	−	v	walk.	Q(x):	x2	−	x	−	2	=	0.	Observe	that	the	sum	of	the	interior	angles	of	Pk+1	is	the	sum	of	interior
angles	of	Pk	and	the	interior	angles	of	P3	.	(a)	{{x},	{y}}.	Chapter	13	is	devoted	to	the	important	class	of	graphs	called	trees.	This	set	is	sometimes	denoted	by	R2	as	well.	A	function	f	:	A	→	B	has	an	inverse	function	f	−1	:	B	→	A	if	and	only	if	f	is	bijective.	c	.................	Suppose	that	u	∈	V	(G1	),	v,	x	∈	V	(G2	)	and	y	∈	V	(G3	).	This	implies	that	there	is	no
element	a	∈	A	such	that	(a,	c)	is	in	f	and	therefore	no	element	a	∈	A	such	that	(c,	a)	is	in	g.		44	CHAPTER	1.	Continuing	in	this	manner,	we	see	that	A	=	{a2	,	a4	}	can	be	represented	by	0101.	The	only	sets	B	for	which	A	⊂	B	⊂	C	are	{a,	b,	c,	d}	and	{a,	b,	c,	e}.	Countable	and	Uncountable	Sets	Definition	5.80	A	set	that	is	either	finite	or	denumerable	is
called	countable.	(b)	1/8.		Fibonacci	Numbers	The	best	known	and	most	studied	recursively	defined	sequence	is	one	that	results	from	certain	positive	integers	called	the	Fibonacci	numbers.	(b)	Conjecture	a	formula	for	an	for	n	≥	1.	Since	this	is	a	tautology	and	is	therefore	true,	you	will	learn	instantly	whether	your	friend	is	always	being	truthful	or	is
always	lying.	g	...	It	only	remains	to	put	these	pieces	together	and	write	a	careful	proof.	FS,	N	.	Let	A	=	{a,	b,	c,	d}	and	B	=	{q,	r,	s,	t}.	That	the	two	implications	P	⇒	Q	and	(∼	Q)	⇒	(∼	P	)	are	logically	equivalent	is	verified	in	the	truth	table	shown	in	Figure	1.11.	Let	m	and	n	be	two	integers.	0	....	Two	chemicals	that	can	react	with	each	other	should	not
be	placed	in	the	same	container	during	the	shipment.	THE	ROAD	TO	DISCRETE	MATHEMATICS	By	the	middle	of	the	20th	century,	another	kind	of	mathematics,	quite	unlike	the	continuous	mathematics	of	calculus,	had	become	prominent:	discrete	mathematics.	Therefore,	R	is	an	equivalence	relation.		65	2.2.	SET	OPERATIONS	AND	THEIR
PROPERTIES	Difference	and	Symmetric	Difference	Definition	2.28	The	difference	A	−	B	of	two	sets	A	and	B	is	defined	as	A	−	B	=	{x	:	x	∈	A	and	x	∈	/	B}.	P	∧	(Q	⊕	R)	≡	(P	∧	Q)	⊕	(P	∧	R).	Although	in	this	case,	it	doesn’t	appear	too	difficult	to	make	the	right	guess,	it	is	still	possible	that	we	may	have	guessed	incorrectly	or	that	we	can’t	come	up	with	a
good	guess.	,	q	n·	Dot	products	are	q	T	q	j	=	0	if	i	=1=	j	and	q	T	q	i	=	1.	√An	irrational	number	is	a	real	√	√	number	that	is	not	rational.	If	a	∈	S	such	that	a	and	n/a	are	relatively	prime,	then	a	=	n/a.	In	addition,	Q1	⇒	Q2	is	the	converse	of	Q2	⇒	Q1	.	What	is	the	strong	subdigraph	of	D	of	largest	order?	Counting	the	number	of	edges	on	the	boundary	of
each	region	and	suming	these	numbers	over	all	regions,	we	obtain	the	number	N	.	Suppose	that	this	is	not	the	case.	(a)	{(1,	1),	(1,	2),	(1,	{2}),	({1},	1),	({1},	2),	({1},	{2})}.	2	is	rational.		We	mentioned	that	there	are	no	restrictions	on	what	the	elements	of	a	set	can	be.	2.2	Set	Operations	and	Their	Properties	Much	of	our	interest	in	sets	is	because	of
properties	they	possess	when	combined	to	produce	other	sets.	(b)	r3	2	r	r	4	r	5	(c)	r	4	1.........................	RELATIONS	AND	FUNCTIONS	Exercises	for	Section	5.4	1.	What	the	Binary	Search	Algorithm	does	to	the	sequence	s	is	shown	in	Figure	6.4.		a=1	a1	a2	a3	a4	a5	a6	a7	a8	a9	a10	k	=	20	b	=	10	3	7	8	11	12	15	16	18	20	22	n	=	10	a9	a10	...	ℓ	R	ℓ2	ℓ	...
v	...............	Typically,	a	general	element	that	belongs	to	a	set	is	represented	by	a	lower	case	letter.		We	saw	in	Chapter	5	that	(1)	2n	≥	n	for	all	n	≥	1,	(2)	2n	≥	n2	for	all	n	≥	4	and	(3)	n!	≥	2n	for	all	n	≥	4.	r	G:	.........	Thus	a	+	d	=	b	+	c	and	c	+	f	=	d	+	e.	,	uk	,	then	the	resulting	graph	is	called	the	complete	subdivision	graph	of	G	(see	Figure	14.39(b)).	In
this	case,	we	assume	that	P	(x,	y)	is	true	for	an	arbitrary	element	x	∈	S	and	an	arbitrary	element	y	∈	T	and	we	then	show	that	Q(x,	y)	is	true.	Thus	u	and	w	are	not	connected	in	G	−	v	and	so	G	−	v	is	disconnected.	Prove	the	result	in	Result	4.5:	For	every	positive	integer	n,	12	+	22	+	·	·	·	+	n2	=	n(n+1)(2n+1)	.	As	is	probably	expected,	the	result	of
performing	either	of	these	operations	produces	yet	another	open	sentence.	Corollary	14.9	If	G	is	a	graph	of	order	n	≥	3	and	size	m	such	that	m	>	3n	−	6,	then	G	is	nonplanar.	.....................................................................2	.......	If	P	and	Q	are	statements,	then	P	⊕	Q	is	true	if	exactly	one	of	P	and	Q	is	true.	Consider	the	following	quantified	statement:
There	exist	an	even	integer	a	and	an	odd	integer	b	such	that	(a	+	2)2	+	(b	+	3)2	=	0.	Let	(L,	)	be	a	distributive	lattice	and	let	a,	b,	c	∈	L,	where	a		c.	√	k+1	k+1	By	the	Principle	of	Mathematical	Induction,	the	inequality	holds	for	every	positive	integer	n.	Let	T1	be	the	tree	obtained	from	P7	by	adding	a	new	vertex	x	and	joining	x	to	v2	,	let	T2	be	the	tree
obtained	from	P7	by	adding	a	new	vertex	y	and	joining	y	to	v3	and	let	T3	be	the	tree	obtained	from	P7	by	adding	a	new	vertex	z	and	joining	y	to	v4	.	So	a	=	2c,	where	c	∈	Z.	(b)	If	x	is	a	real	number,	then	(x	+	1)2	>	0.	The	following	is	called	the	Principle	of	Finite	Induction.	C	C	(A	∪	B)	∩	(A	∪	C)	A∪C	Figure	3:	Venn	diagrams	for	Exercise	7	with	whom
you	have	never	had	a	conversation.	r7	6	r	r3	(d)	2r	.......	Computer	science	became	a	major	area	of	study,	especially	computer	programming,	development	of	software,	data	structures	and	analysis	of	x	algorithms.	G2	:	R	R4	R2	R3	Figure	14.18:	The	dual	graphs	of	Map	1	and	Map	2	of	Figure	14.37	Not	only	is	the	dual	graph	of	every	map	a	connected
planar	graph,	each	connected	planar	graph	is	the	dual	graph	of	some	map.	(a)	A	∩	B	∩	C	=	{2},	(b)	A	∩	B	∩	C	=	{3,	6,	12},	(c)	A	∩	B	∩	C	=	{1,	9,	11},	(d)	B	∩	A	∩	C	=	{4,	8},	(e)	C	∩	A	∩	B	=	{10},	(f)	(B	∪	C)	∩	A	=	{4,	8,	10},	(g)	(A	∪	C)	∩	B	=	{1,	5,	7,	9,	10,	11},	(h)	(A	∪	B)	∩	C	=	{1,	4,	8,	9,	11}.	Let	P	be	a	longest	path	in	G,	say	P	=	(u	=	v1	,	v2	,	.



Determine	the	boundaries	of	the	regions	of	the	plane	graph	G	in	Figure	14.14.	............	G3	:	...............	Multiplying	this	inequality	by	(the	positive	integer)	k	+	1,	we	have	(k	+	1)k!	>	(k	+	1)	·	2k	.	Because	the	chromatic	number	of	a	graph	G	is	the	largest	chromatic	number	among	the	components	of	G,	we	can	restrict	ourselves	to	connected	planar
graphs	only.	Since	G	has	an	odd	cycle,	χ(G)	≥	3.	In	each	case,	G	has	an	odd	number	of	odd	vertices,	which	is	impossible.	If	the	edges	xz	and	zy	are	replaced	by	xy	and	x	is	assigned	the	color	k	+	1,	then	a	(k	+	1)-coloring	of	G	is	produced,	which	implies	that	χ(G)	≤	k	+	1.	A	function	f	:	A	→	B	is	one-to-one	if	whenever	a,	b	∈	A	and	a	6=	b,	then	f	(a)	6=	f
(b).	•	Concepts	and	Theorems	Each	chapter	contains	several	concepts	and	theorems	central	to	the	chapter.	(See	Exercise	14.)		Although	the	functions	that	one	considers	in	calculus,	such	as	that	in	Example	5.33,	appear	to	be	given	by	some	sort	of	formula,	this	is	not	necessary.		What	Result	4.2	gives	us,	of	course,	is	a	formula	for	the	sum	of	the	first	n
positive	integers.	The	definition	of	each	concept	is	presented	and	definitions	of	the	major	concepts	are	prominently	displayed.	So	in	this	case	as	well,	s1	is	the	final	state	of	this	directed	walk.	Since	degG	u	+	degG	u	is	even,	it	follows	that	n	is	odd.	′	..	For	S	=	{{1},	{1,	2},	{1,	2,	3}},	find	the	power	set	P(S).	q.q	v5	......	In	Step	2,	a	comparison	is	made
since	1	is	compared	with	n.	Using	(4.10)	and	the	recursion	relation	for	the	Fibonacci	numbers,	we	obtain	Fk	Fk+2	=	Fk	(Fk	+	Fk+1	)	=	Fk2	+	Fk	Fk+1	=	[Fk−1	Fk+1	−	(−1)k	]	+	Fk	Fk+1	=	Fk−1	Fk+1	+	Fk	Fk+1	+	(−1)k+1	=	(Fk−1	+	Fk	)Fk+1	+	(−1)k+1	2	=	Fk+1	Fk+1	+	(−1)k+1	=	Fk+1	+	(−1)k+1	.	Applying	this	sequence	to	u	results	in	a
directed	u	−	u	walk.	Let	u	and	v	be	distinct	vertices	in	a	tournament	such	that	d(u,	~	~	Show	that	d(u,	v)	6=	d(v,	u).	Since	n2	≤	n3	whenever	n	≥	1,	it	follows	that	2n2	≤	2n3	for	n	≥	1.	Assume,	for	a	positive	integer	k,	that	ai	=	i	+	1	for	every	integer	i	with	1	≤	i	≤	k.	Fibonacci	numbers	Fn	:	F1	=	1,	F2	=	1	and	Fn	=	Fn−2	+	Fn−1	for	n	≥	3.	No.	21.	For
two	nonempty	sets	A	and	B,	we	say	that	|A|	≤	|B|	if	there	exists	a	one-to-one	function	f	:	A	→	B.	If	3n	+	14	is	even,	then	n	is	even.	If	at	a	certain	state,	bottle	a	is	empty	or	bottle	b	is	filled,	then	no	arc	leaving	that	state	will	be	labeled	ab.	The	table	below	compares	the	values	of	n!	and	2n	for	several	positive	integers	n.	{(a,	a),	(a,	d),	(b,	b),	(b,	f	),	(c,	c),	(c,
e),	(d,	a),	(d,	d),	(e,	c),	(e,	e),	(f,	b),	(f,	f	)}.	,	t	and	in	Step	3,	ai	and	k	are	compared	for	i	=	1,	2,	.	Since	a	∨	b	is	the	least	upper	bound	of	a	and	b,	it	follows	that	a		a	∨	b	=	b.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	•	If	G	contains	less	than	five	vertices	of	degree	4	or	more	and	less	than	six	vertices	of	degree	3	or	more,	then	it	is	impossible	for	G	to
contain	a	subgraph	that	is	a	subdivision	of	K5	or	K3,3	and	so,	by	Kuratowski’s	theorem,	G	is	planar.	Then	the	quantified	statement	∀x	∈	S,	∃y	∈	T,	R(x,	y)	can	be	expressed	as:	For	every	x	∈	S,	there	exists	y	∈	T	such	that	R(x,	y);	while	the	quantified	statement	∃x	∈	S,	∀y	∈	T,	R(x,	y)	can	be	expressed	as:	There	exists	x	∈	S	such	that	for	every	y	∈	T	,	R(x,
y).	It	should	be	clear	that	if	a	graph	G	contains	a	nonplanar	subgraph,	then	G	too	is	nonplanar.	b	...........	Let’s	see	how	this	version	of	the	definition	of	one-to-one	function	can	be	used.	Let	x	and	y	be	integers.	Normally,	we	use	a	capital	(upper	case)	letter	to	denote	a	set,	such	as	A,	B,	C,	S,	X,	Y	or	perhaps	A1	,	A2	,	A3	and	so	on.	x	=	5	is	sufficient	for	x2
=	25.	Write	out	the	first	four	terms	of	the	sequence	(−1)	22n	2	136	CHAPTER	4.	(a)	Write	a	table	that	gives	the	different	assignments	of	truth	values	for	three	statements	P	,	Q	and	R	if	they	are	being	considered	simultaneously.	A	B	A⊕B	Figure	2.7:	Venn	diagrams	for	A	−	B	and	A	⊕	B	Therefore,	for	an	element	x	∈	A	⊕	B,	we	must	have	x	∈	A	−	B	or	x	∈
B	−	A.	q	q	q	q	...	Let	A	=	{1,	2,	3},	B	=	{a,	b}	and	let	a	function	f	:	A	→	B	be	defined	by	f	=	{(1,	a),	(2,	b),	(3,	a)}.	Since	k	+	1	≥	3,	it	follows	by	the	recurrence	relation	that	ak+1	=	2ak	−	ak−1	=	2(k	+	1)	−	[(k	−	1)	+	1]	=	2k	−	2	−	k	=	k	+	2.	Describe	the	members	of	the	following	sets.	In	fact,	the	graph	of	this	function	is	a	parabola,	which	is	shown	in
Figure	5.7.	For	each	point	(x,	y)	on	this	graph,	y	=	f	(x).	proper	subset	(A	is	a	proper	subset	of	B),	A	⊂	B	:	A	is	a	subset	of	B	and	A	6=	B.	r	rv	r	x	x	r	G1	r	r	r	G2	G3	Figure	14.13:	Graphs	in	Exercise	1	2.	(a)	f	(x)	=	5x	−	1.	The	Venn	diagram	for	A	⊕	B	in	Figure	2.7	also	illustrates	the	fact	that	A	⊕	B	=	(A	∪	B)	−	(A	∩	B).	Example	6.9	Illustrate	Algorithm	6.8
for	k	=	10	and	s	:	8,	14,	10,	9.	Step	1	tells	us	to	assign	x	the	value	of	a.	(e)	A	⊕	B.	The	only	possible	additions	of	bits	are	0	+	0,	0	+	1,	1	+	0	and	1	+	1.	Theorem	14.15	If	G	is	a	graph	containing	a	subdivision	of	K5	or	K3,3	as	a	subgraph,	then	G	is	nonplanar.	2..........	The	integers	a,	b	and	c	are	the	integers	1,	2	and	3	in	some	order.	If	P	is	a	statement,
then	∼	P	is	a	statement	whose	truth	value	is	opposite	to	that	of	P	.	...............................................................................................................	(a)	If	b	∈	A,	then	what	is	A	∩	B?	(c)	{0,	1,	2}.	A	complex	number	is	a	number	that	can	be	expressed	as	a	+	bi	for	some	real	numbers	a	and	b	and	where	√	i	=	−1.	r	r	Figure	26:	The	trees	in	Exercise	1	3.	Since	(a,	c)	=
(x,	z)	∈	R1	,	the	implication	in	(5.1)	is	true	when	(a,	b)	=	(x,	z)	and	(b,	c)	=	(z,	z).	By	the	Pigeonhole	Principle,	there	is	at	least	one	element	b	∈	B	that	is	the	image	of	at	least	⌈	17	5	⌉	=	4	elements	of	A.	(e)	She	sold	her	book	to	what’s-his-name.	If	we	let	P	:	The	defendant	committed	the	robbery.	Suppose	that	you	are	given	the	fact:	Let	n	be	an	integer.
This	is	not	a	proof.	b	d	Again,	if	we	think	of	the	ordered	pair	(a,	b)	as	representing	the	positive	rational	number	ab	,	then	the	equivalence	class	[(a,	b)]	is	the	set	of	all	ordered	pairs	(c,	d)	such	that	ab	=	dc	.	“Proof.”	We	use	the	Strong	Principle	of	Mathematical	Induction.	(b)	(i)	2	≺	4	≺	8	≺	24	≺	72	≺	40	≺	200	≺	1800;	(ii)	2	≺	4	≺	8	≺	24	≺	40	≺	72	≺
200	≺	1800.	Prove	that	for	every	two	rational	numbers	a	and	b	with	a	<	b,	there	exists	a	rational	number	r	such	that	a	<	r	<	b.	5.5	Cardinalities	of	Sets	With	the	aid	of	functions,	we	can	take	a	new	and	expanded	look	at	what	is	meant	by	the	number	of	elements	in	a	set	(especially	an	infinite	set).	output	s	Let’s	see	how	the	Bubble	Sort	Algorithm	works
with	a	specific	example.	(e)	E	=	{0,	∅,	{∅}}.	Figure	15.2:	Two	digraphs	and	a	graph	Example	15.2	Soccer	teams	from	the	countries	of	Brazil,	China,	Germany	and	Spain	play	one	another.	Our	next	example	involves	rational	numbers.	Of	course,	if	it’s	impossible	for	both	P	and	Q	to	be	true,	then	this	has	no	effect	on	the	truth	value	of	P	∨	Q.	For	an	odd
integer	n,	let	P	(n):	7n	+	4	is	odd.	30	CHAPTER	1.	Therefore,	P	(1)	∧	Q(1)	is	false.	Therefore,	f	◦	f	−1	is	the	identity	function	on	B.	√	√	12.	One	element	of	D	is	the	integer	0	and	the	other	element	of	D	is	the	empty	set	∅.	Next	we	look	at	4	and	where	it	should	be	placed	in	the	sequence	that	precedes	it.	Then	there	exists	a	bijective	function	f	from	A	to	B.
(c)	(d)	Figure	15.42:	The	digraphs	in	Exercise	6	7.	This	means	that	if	we	were	to	push	the	fabric	softener	button	at	state	s3	,	then	we	receive	a	bottle	of	fabric	softener	and	the	machine	returns	to	state	s0	.	(d)	C	−	D.	~	v):	the	minimum	length	of	a	directed	distance	(from	a	vertex	u	to	a	vertex	v	in	a	digraph)	d(u,	directed	u	−	v	path	in	the	digraph.	Let	x
∈	(A	−	B)	∪	(B	−	A).	C	(a)	B	A	.........	3n2	is	even	if	and	only	if	n3	is	even.	(b)	What	is	the	range	of	f	?	Since	x	is	incident	only	with	the	edges	ux	and	vx,	one	of	these	is	the	first	edge	of	C	and	the	other	is	the	final	edge	of	C.	See	Figure	2.1.	A	r	........................................................	Thus,	as	claimed,	P	is	a	partition	of	A.	(a)	w.	(a)	Let	A	=	{a,	b},	B	=	{1,	2,	3},
C	=	{x,	y},	f	=	{(a,	1),	(b,	2)}	and	g	=	{(1,	x),	(2,	y),	(3,	y)}.	Disprove:	There	exists	a	real	number	x	such	that	x4	−	x2	+	2	=	0.	The	negation	of	the	quantified	statement	in	(b)	is	For	every	real	number	x,	x2	≥	0.	s1	s0	.................	√	√	5.	Let	S	=	{−2,	−1,	0,	1,	2}	and	let	f	=	{(x,	y)	∈	S	×	S	:	|x|	+	|y|	=	2}.	1·2	2·3	3·4	n(n	+	1)	n+1	(4.3)	Proof	Strategy.	If
(k+2)(k+3)/2	is	even,	then	(k+3)(k+4)/2	is	even.	There	are	4	orientations.	xy	.............................	For	example,	Figure	15.10	shows	the	two	orientations	of	the	3-cycle	C3	and	the	four	orientations	of	C4	.	z	..........................	2	1	..........	(4)	We	assume	that	the	machine	operates	in	a	deterministic	manner,	where	the	output	is	determined	by	a	sequence	of
input	values	and	the	initial	state	of	the	machine.	We	now	consider	some	applications	of	the	Principle	of	Mathematical	Induction	of	an	entirely	different	nature.	Among	the	features	of	a	finite-state	machine	are	the	following:	(1)	The	machine	can	be	in	only	one	of	finitely	many	states	at	any	time.	Take	one	pill	of	each	type	for	the	next	three	days	and	then
place	the	remaining	pill	with	the	three	pills	on	the	table.	The	nature	of	the	statement	suggests	that	we	should	use	a	proof	by	contradiction.	LOGIC	Example	1.11	Suppose	that	Janet	is	a	college	student	who	took	a	programming	course	last	semester.	(b)	We	have	noted	in	(a)	that	s1	=	2	and	s2	=	3.	k	=	1	and	G	is	a	complete	graph.	T	T	F	F	T	F	T	F	F	F	T
T	Figure	1.11:	The	logical	equivalence	of	an	implication	and	its	contrapositive	Example	1.47	For	an	integer	n,	consider	the	two	open	sentences	P	(n):	3n	+	11	is	even.	w	v	...	Thus	the	formula	holds	for	n	=	2.	B	63	2.2.	SET	OPERATIONS	AND	THEIR	PROPERTIES	D	C	....................................	It	is	probably	clear	that	in	order	for	a	graph	G	to	have	a	strong
orientation,	G	must	be	connected	and	contain	no	bridges.	....2...	A	set	T	is	called	a	subset	of	S	if	every	element	of	T	is	an	element	of	S.	Suppose	that	G	is	a	graph	with	chromatic	number	k	≥	2	and	that	there	is	given	a	k-coloring	of	G	using	the	colors	{1,	2,	.	Determine	whether	the	tournaments	T1	and	T2	in	Figure	15.43	are	(a)	transitive,	(b)	strong,	(c)
neither.	A	relation	R	is	defined	on	S	by	a	R	b	if	there	exists	a	prime	number	with	one	or	more	digits	whose	first	digit	is	a	and	whose	last	digit	is	b.	(e)	The	statement	is	false.	For	the	function	f	,	every	element	of	B	is	the	image	of	some	element	of	A.	D1	:	.	Since	P	is	a	longest	path	in	G,	every	vertex	adjacent	to	u	must	lie	on	P	.	Each	of	the	laws	in
Theorem	1.31	can	be	verified	by	truth	tables	(see	Exercise	16).	The	degrees	of	the	vertices	of	a	certain	graph	G	are	3,	4,	4,	4,	5,	6,	6.	Are	these	compound	statements	true	or	false?	For	the	converse,	assume	that	n	is	even.	•	The	Five	Color	Theorem:	If	G	is	a	planar	graph,	then	χ(G)	≤	5.	,	vn−1	,	v1	)	be	a	cycle	of	order	n	−	1	in	T	and	let	v	∈	V	(C	′	)	such
that	v	∈	/	V	(C).	For	sets	A,	B	and	C,	let	f	:	A	→	B	and	g	:	B	→	C	be	functions	that	are	both	one-to-one	and	onto.	There	exists	an	odd	integer	n	such	that	n2	is	even.	(c)	S	=	{1,	3,	5,	7}.	(c)	No.	(d)	{x,	z}.	Since	1	=	i	≤	n	=	4,	Steps	3	and	4	are	performed.	2..	The	functions	fb	and	fg	are	defined	similarly.	To	verify	that	X	⊆	Y	,	we	show	that	each	element	of	X
belongs	to	Y	.	If	540	CHAPTER	14.	Theorem	1.22	(Commutative	Laws)	For	every	two	statements	P	and	Q,	P	∧	Q	≡	Q	∧	P	and	P	∨	Q	≡	Q	∨	P	.	using	(a)	a	direct	proof.	Then	there	exists	a	∈	A1	∪	A2	such	that	f	(a)	=	b.	What	is	the	resulting	output	string	(which	lists	the	bits	of	c	in	reverse	order)	and	the	sequence	of	states	s0	and	s1	,	where	si	(i	=	0,	1)	is
the	state	in	which	i	is	carried	over	to	the	next	addition?	For	an	integer	n,	consider	the	open	sentence	P	(n)	:	12	is	an	integer.	Then	1	1	1	1	<	and	<	.	This	implies	that	all	vertices	of	T	have	the	same	outdegree	x.	There	is	also	a	connection	between	the	big-theta	concept	and	limits.	Let	φ(a)	=	φ(b),	where	a,	b	∈	R.	If	we	interchange	the	colors	of	547	14.2.
COLORING	GRAPHS	the	vertices	in	F2	,	then	no	vertex	adjacent	to	v	is	colored	2.	Since	3x	−	7y	and	3y	−	7z	are	even,	3x	−	7y	=	2k	and	3y	−	7z	=	2ℓ	for	some	integers	k	and	ℓ.	pp	ppp	p	p	pp	ppp	pp	ppp	p	.........................................	(1)	I	don’t	get	this	job	and	I	don’t	take	another	class.	(c)	Is	the	coloring	of	the	arcs	of	D	in	Figure	15.40(b)	a	synchronized
coloring?	An	integer	m	was	defined	to	be	odd	if	it	can	be	written	as	2b	+	1	for	some	integer	b,	not	as	2b	−	1.	For	example,	if	a	coin	is	placed	on	square	6,	then	the	coin	can	be	moved	to	square	1,	7	or	11.	However,	it	turns	out	that	lim	n→∞	f	(n)	n(2	+	sin	n)	=	lim	=	lim	(2	+	sin	n)	n→∞	g(n)	n→∞	n	does	not	exist.	587	15.3.	FINITE-STATE	MACHINES	......
You	may	have	also	noticed	that	each	of	the	sets	A	and	C	in	Example	2.16	has	two	elements,	while	both	P(A)	and	P(C)	have	4	=	22	elements.	Let	A	=	{a,	b,	c,	d,	e}	and	B	=	{x,	y,	z}	and	let	f	={(a,	x),	(b,	x),	(c,	z),	(d,	x),	(e,	z)}	be	a	function	from	A	to	B.	The	state	digraph	of	this	finite-state	automaton	is	shown	in	Figure	15.31.	However,	3x	−	7x	=	−4x	=
2(−2x)	is	even.	No,	f	fails	to	be	a	function	from	R	to	R	for	two	reasons.	If	this	weren’t	so,	then	∅	6⊆	A	would	mean	that	there	is	some	element	in	∅	that	is	not	in	A.	Suppose,	however,	that	we	were	to	consider	the	new	input	string	bbrbbrbbr	(15.2)	and	apply	this,	once	again	using	s5	as	the	initial	state.	Then	G	−	v	contains	K3,3	as	a	subgraph	and	so	G
−	v	is	nonplanar,	which	is	a	contradiction.	Construct	a	truth	table	for	(P	⇒	Q)	⇒	(∼	P	).	y2	..........................	(a)	3	R	1	but	1	6	R	3.	R	R..................	The	fact	that	a	planar	graph	G	does	not	contain	K5	as	a	subgraph	and	χ(K5	)	=	5	does	not	mean	that	χ(G)	≤	4.	In	order	to	see	this,	let	A	and	B	be	two	sets	that	are	subsets	of	some	universal	set	U	.	The
statement	is	true.	P5	=	{{b},	{d},	{a,	c}}.	Hence	A	−	B	⊆	A	∩	B.	(a)	Show	that	it	is	possible	to	turn	all	the	lights	on.	Theorem	1.50	For	every	two	statements	P	and	Q,	∼	(P	⇒	Q)	≡	P	∧	(∼	Q).	4	...........	114	CHAPTER	3.	We	have	observed	that	P	(n)	is	true	for	n	=	0	and	n	=	1,	while	Q(n)	is	false	for	these	values	of	n.	Let’s	consider	P	(n)	for	a	few	values	of
n.	A	sequence	is	said	to	be	recursively	defined	if	one	or	more	initial	terms	of	the	sequence	are	specified,	while	later	terms	in	the	sequence	are	defined	according	to	the	values	of	terms	preceding	them.	Since	a3	6=	11,	we	proceed	to	Step	4,	where	i	is	increased	to	4.	LOGIC	Example	1.66	Lieutenant	Klumbo	of	the	Los	Angeles	Police	Department	has
spent	the	day	interrogating	four	suspects	in	a	murder	case:	Adams,	Benjamin,	Carter,	Dickens.	For	the	converse,	suppose	that	G	contains	two	vertices	u	and	v	with	d(u,	v)	=	n	−	1.	,	6}	is	the	universal	set.	Then	Benjamin	went	to	Las	Vegas.	uncountable	set:	a	set	that	is	not	countable.	Let	S	be	a	nonempty	set	and	let	P	=	{S1	,	S2	,	.	(a)	For	a	sequence
s:	a1	,	a2	,	.		Exercises	for	Section	3.7	1.	(c)	T.	We	will	provide	comments	about	many	of	the	steps	in	the	first	few	algorithms	that	we	present.	is	true	by	(2).	We	show	that	P	is	the	only	u	−	v	path	in	G.	The	nth	term	is	therefore	(−1)n	n	.	Describe	each	of	the	following	sets	in	words.	Let	P	(x):	The	month	x	has	31	days.	Consider	the	following	quantified
statement:	There	exists	an	integer	a	such	that	ab	≥	0	for	every	integer	b.	In	fact,	f	−1	=	{(x,	a),	(v,	b),	(w,	c),	(z,	d),	(y,	e)}.	Then	3a	=	3b.	a	..	(5,	3)	.........	Then	r2	is	a	positive	real	number	and	f	(r2	)	=	r2	=	r;	so	f	is	onto.	direct	proof:	in	a	direct	proof	of	∀x	∈	S,	P	(x)	⇒	Q(x),	we	assume	that	P	(x)	is	true	for	an	arbitrary	x	∈	S	and	show	that	Q(x)	is	true.	,
k.	n	,	where	n	∈	N	∪	{0}.	594	CHAPTER	15.	565	15.1.	FUNDAMENTAL	CONCEPTS	OF	DIGRAPH	THEORY	Exercises	for	Section	15.1	1.	(c)	a	partition	P	of	S	such	that	|P|	=	2.	,	k}	such	that	no	two	adjacent	vertices	of	G	are	colored	i	and	j,	say	i	=	k	−	1	and	j	=	k.	(b)	Horner’s	algorithm	is	more	efficient	than	the	algorithm	in	Exercise	8.	Necessarily,	u
and	v	belong	to	the	same	partite	set	of	G	and	so	every	u	−	v	path	must	have	even	length.	Show	that	the	minimum	degree	of	a	maximal	planar	graph	of	order	4	or	more	is	3	or	more.	The	relation	R	=	{(1,	1),	(2,	2),	(3,	3),	(4,	4),	(5,	5),	(6,	6),	(1,	4),	(2,	3),	(2,	6),	(3,	2),	(3,	6),	(4,	1),	(6,	2),	(6,	3)}	on	S	is	an	equivalence	relation.	The	passing	years	saw	first
the	introduction	of,	then	advances	in	and	now	the	bombardment	of	technology	into	college	courses	and	everyday	life.	Since	5n	+	7	≤	5n	+	7n	=	12n	≤	12n2	for	n	≥	1,	it	follows	that	f	=	O(g),	where	C	=	12	and	k	=	1	in	the	definition.	On	the	other	hand,	the	quantified	statement	∃x	∈	S,	∀y	∈	T,	R(x,	y)	(3.5)	can	be	expressed	as	There	exists	x	∈	S	such
that	for	every	y	∈	T	,	R(x,	y).	Theorem	14.16	(Kuratowski’s	Theorem)	A	graph	G	is	planar	if	and	only	if	G	contains	no	subgraph	that	is	a	subdivision	of	K5	or	K3,3	.	Draw	the	state	digraphs	for	the	finite-state	machines	whose	state	tables	are	given	in	(a)-(c).	In	Case	2,	when	m	and	n	are	both	odd,	we	wrote	m	=	2a+	1	and	n	=	2b	+	1	for	integers	a	and	b.
The	symbols	r,	b	and	g	represent	the	colors	red,	blue	and	green,	respectively.	1.5	Tautologies	and	Contradictions	We	have	now	seen	the	following	logical	connectives:	∼	∧	∨	⊕	⇒	⇔	negation	(not)	conjunction	(and)	disjunction	(or)	exclusive	or	implication	(implies)	biconditional	(if	and	only	if).	37	1.4.	BICONDITIONALS	Q	P	⇒Q	P	T	T	F	F	T	F	T	F	T	F	T	T
Q⇒P	T	T	F	T	P	⇔Q	T	F	F	T	Figure	1.13:	The	truth	table	for	the	biconditional	Because	of	the	way	P	⇔	Q	is	defined,	we	can	determine	the	truth	table	for	this	statement	ourselves,	as	shown	in	Figure	1.13.	In	each	case,	a	is	called	the	base.	p..ppp..p	pp	.........	Since	k	<	210,	it	follows	that	T	⊂	S.	(d)	f	(a,	b)	=	|a|	−	|b|.
........................................................................	Let	A	=	{1,	2,	3,	4}	and	B	=	{1,	2,	3,	4,	5}.	Find	the	nth	terms	of	three	different	sequences	beginning	with	1,	2,	4,	where	n	∈	N.	(b)	The	counterfeit	coins	cannot	be	identified.	Since	n2	+4n+1	≤	n2	+4n2	+1	=	5n2	+1	≤	5n2	+20	=	5(n2	+4)	for	n	≥	1,	we	have	f	=	O(g),	where	C	=	5	and	k	=	1	in	the
definition.	.......................................................	For	a	given	number	k	and	a	sequence	s	:	a1	,	a2	,	.	1.2.	NEGATION,	CONJUNCTION	AND	DISJUNCTION	21	(a)	P	(x)	is	true	when	x	=	3	or	x	=	5.	We	may	further	assume	that	a/b	has	been	reduced	to	lowest	terms.	s	.....s	.....	(a)	P	T	T	T	T	F	F	F	F	Q	T	T	F	F	T	T	F	F	R	T	F	T	F	T	F	T	F	(b)	Maria	prepares	for	the
interview,	does	well	on	the	interview	and	gets	the	job.	It	should	be	noted	that	when	the	truth	value	of	a	statement	is	being	determined,	one	may	need	to	consider	the	context	of	the	sentence.		√	n	1+	5	2	for	every	positive	inte-	11.	(c)	C	=	{∅,	{∅},	{∅,	{∅}}}.	(b)	I’m	lucky	if	my	car	lasts	through	the	winter.	Prove	by	induction	that	n2	>	n	+	1	for	every
integer	n	≥	2.	√	32.	However,	{∅}	⊆	E.	Let	a	∈	f	−1	(B1	∪	B2	).	In	this	sequence,	n	=	4	and	a1	=	11,	a2	=	9,	a3	=	10,	a4	=	8.	Example	1.65	Your	friend	knows	the	truth	value	of	a	certain	statement	P	but	you	don’t.	Prove	that	if	m	+	n	≥	10,	then	m	≥	5	or	n	≥	5.	Then	|I|	2r	r	|S|	=	2s	=	s	=	q.	(b)	B	=	{x	∈	Z	:	|x|	≤	2}.	Maria	does	not	prepare	for	the
interview,	does	not	do	well	on	the	interview	but	gets	the	job.	The	computer	must	be	able	to	remember	past	information	as	it	works	its	way	through	the	input.	Looking	once	more	at	the	proof	of	Theorem	5.64	and	how	it	was	shown	that	g	◦	f	is	one-to-one,	we	see	that	we	started,	as	expected,	with	the	assumption	that	(g	◦	f	)(a1	)	=	(g	◦	f	)(a2	)	for
elements	a1	and	a2	in	A.	Let	(S,	R)	be	a	poset.	One	of	these	eight	vertices	has	outdegree	0	and	another	has	outdegree	2.	.......................................................................................	(a)	g	◦	f	=	{(1,	x),	(2,	y),	(3,	z)},	(g	◦	f	)−1	=	{(x,	1),	(y,	2),	(z,	3)}.		Example	5.43	illustrates	the	fact	that	even	when	f	◦	g	and	g	◦	f	are	both	defined,	they	need	not	be	equal.	For
us	then,	results	are	examples,	often	presented	to	illustrate	a	proof	technique.	√	√	3	Case	2.	(d)	F.	In	connection	with	the	concept	of	a	strong	digraph	is	the	following	related	problem.	Assume,	to	the	contrary,	that	10	can	be	expressed	as	the	sum	of	an	odd	integer	x	and	two	even	integers	y	and	z.		Example	4.23	For	a	positive	integer	n,	we	have	defined
n!	(n	factorial)	by	n!	=	n(n	−	1)(n	−	2)	·	·	·	3	·	2	·	1.	The	negation	of	Q2	is	∼	Q2	:	Broadway	is	not	a	street	in	New	York	City.	These	are	verified	in	the	truth	table	of	Figure	1.14,	where	the	entries	in	the	columns	headed	by	P	∨	(∼	P	)	and	P	∧	(∼	P	)	are	in	bold	to	call	attention	to	the	resulting	tautology	and	contradiction,	respectively.	q	q	...		An	open
sentence	containing	a	variable	x	is	typically	represented	by	P	(x)	or	some	similar	notation.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	Period	1:	C1	,	C6	,	Period	2:	C3	,	C5	,	Period	3:	C4	,	Period	4:	C2	.	(b)	f	(S)	=	|S|	−	1.	,	vk−1	.	Certainly	n2	≤	n3	for	n	≥	1	and	so	3n2	≤	3n3	for	n	≥	1.	g	.............	(b)	If	the	statement	is	true,	then	P	is	true.	60	for	G1	and
512	for	G2	.	,	Pk	,	we	can	write	P1	∧	P2	∧	·	·	·	∧	Pk	as	the	conjunction	of	the	statements	and	P1	∨	P2	∨	·	·	·	∨	Pk	as	the	disjunction	of	these	k	statements.	We	show	that	|P(A)|	=	2k+1	.	In	order	to	study	this	question,	we	describe	a	common	method	of	comparing	the	growth	of	two	functions	f	and	g	defined	on	the	set	N	of	positive	integers	and	whose
values	are	positive	real	numbers,	that	is,	whose	codomain	is	the	set	R+	.	That	is,	v	∈	R(u)	if	D	contains	a	directed	u	−	v	path.	Since	5k	+	6	is	an	integer,	5n	+	7	is	even.	u........	Example	2.36	For	the	sets	C	=	{1,	2,	4,	5}	and	D	=	{1,	3,	5}	and	the	universal	set	U	=	{1,	2,	3,	4,	5},	it	follows	that	68	CHAPTER	2.	At	the	base	of	all	this	is	an	understanding	of
what	is	meant	by	a	statement.	is	true	if	(1)	P	(m)	is	true	and	(2)	the	statement	∀k	∈	S,	P	(m)∧P	(m+1)∧·	·	·∧P	(k)	⇒	P	(k+1)	is	true.	(a)	Write	the	implication	P	⇒	Q	in	words	and	determine	whether	it	is	true	or	false.	Disprove:	Let	m	and	n	be	integers.	state	diagram:	a	diagram	representing	the	states	and	functions	in	a	finite-state	machine	or	a	finite-state
automaton.	u	H:	y	...........	(a)	s1	=	2,	s2	=	4	and	s3	=	7.	So	χ(Kn	)	=	1	+	∆(Kn	).	Probably	one	such	area	involves	even	and	odd	integers.	(d)	D	=	{n	∈	Z	:	|2n	−	1|	+	|2n	+	1|	≤	3}.	(b)	Give	a	recursive	definition	of	sn	for	n	≥	1.	A	planar	graph	G	of	order	n	≥	3	has	size	m	<	3n	−	6.	If	x	=	2,	then	sentence	6	is	a	true	statement;	while	for	any	number	x	6=	2,
sentence	6	is	a	false	statement.	In	Step	3,	when	at	=	k,	i	is	changed	from	t	to	n	+	1.	That	is,	the	number	of	comparisons	is	only	meant	to	give	us	an	estimate	or	an	idea	of	how	much	time	it	would	take	to	use	this	algorithm	on	a	data	set	of	size	n.	A	denumerable	set	is	also	called	countably	infinite.	(c)	Verify	your	conjecture	in	(b).	There	√	3	are	two	cases,
according	to	whether	3	2	3	is	rational	or	irrational.	(a)	(g	◦	f	)(d).	For	the	converse,	assume	that	m	and	n	are	of	opposite	parity,	say	m	is	even	and	n	is	odd.	(a)	Show	that	each	of	the	following	is	a	synchronized	sequence	for	some	vertex	of	D:	(i)	rrbbrrrrbbrr	(ii)	bbbrbbbr	(iii)	brbrrb	(iv)	brbbbbrbbb	(v)	bbrbrrbr	(vi)	rbbrbb	(b)	Show	that	the	coloring	of	D
of	Figure	15.45	is	a	synchronized	coloring.	initial	list	sorted	list	Figure	8:	Sorting	a	list	by	the	Insertion	Sort	Algorithm	in	Exercise	9.	Definition	6.1	An	algorithm	is	a	procedure	for	solving	a	problem	that	consists	of	input,	output	and	a	finite	sequence	of	steps	that	converts	the	input	to	the	output.	Assume	that	x	≥	0.	.2	......	7	.	(3.14)	Although	we	are
surely	familiar	with	many	properties	of	even	and	odd	integers,	such	as	the	sum	of	two	even	integers	is	even	and	the	product	of	two	odd	integers	is	odd,	we	do	not	allow	ourselves	to	make	any	such	assumptions	about	even	and	odd	integers.	Prove	that	if	A	and	B	are	disjoint	countable	sets,	then	A	∪	B	is	countable.	State	the	negations	of	the	following
quantified	statements.	In	a	finite-state	machine,	it	is	often	the	case	that	we	wish	to	arrive	at	some	state	or	states	with	an	appropriate	input	string.	We	show	that	T	is	strong.	(c)	Figure	15.9:	A	graph	with	a	strong	orientation	As	with	graphs,	it	is	important	to	know	when	two	digraphs	are	the	same.	(b)	If	G	is	a	graph	of	order	6	that	does	not	contain	K5	or
K3,3	as	a	subgraph,	then	G	is	planar.	6	4	2	5	3	1	4	6	2	5	3	1	2	4	6	5	3	1	4	5	6	3	1	2	3	4	5	6	1	1	2	3	4	5	6	2	...	The	remaining	two	vertices	of	D	have	indegree	1.	(b)	B1	6=	B2	.	Let	S	be	the	set	of	even	integers,	T	the	set	of	odd	integers	and	P	(a,	b):	(a	+	2)2	+	(b	+	3)2	=	0.	Then	3m	∈	Z	and	f	(3m)	=	⌈(3m)/3⌉	=	⌈m⌉	=	m.	for	i	=	a	to	b	do	this	step	for	i	=	a	to
b	do	begin	these	steps	end	When	a	for	loop	is	first	encountered,	i	is	assigned	the	integer	a	and	the	step	on	the	next	line	is	executed.	antisymmetric,	transitive.	Since	there	are	other	kinds	of	“colorings”	of	graphs,	the	coloring	described	in	Definition	14.18	is	often	called	a	proper	coloring	of	a	graph.	n	>	3.	(2,	2)	......	The	vertex	v1	is	assigned	the	color	1.
C:	the	set	of	complex	numbers.	..	Furthermore,	as	we	mentioned,	the	only	situation	under	which	P	⇒	Q	is	false	is	when	P	is	true	and	Q	is	false.		Exercises	for	Section	1.6	1.	Thus	|A|	=	0	<	1	=	|P(A)|.	Then	deg	v	≤	(n/3)	−	1	=	(n	−	3)/3,	contradicting	the	fact	that	that	δ(G)	≥	(n	−	2)/3.	The	Strong	Principle	of	Mathematical	Induction	then	states	that	all	of
the	statements	P	(1),	P	(2),	P	(3),	.	There	can	be	only	one	vertex	of	degree	n	−	1,	for	otherwise,	there	are	no	vertices	of	degree	1.	89	3.2.	DIRECT	PROOF	or	If	x	∈	S,	then	R(x).	w	...........................	Thus	the	digraph	D	in	Figure	15.8	is	connected.	•	For	every	graph	G,	χ(G)	≤	1	+	∆(G).	(d)	Use	a	formula	from	this	section	to	find	the	total	number	of	tiles
placed	on	the	floor.	The	difference	between	using	the	Principle	of	Mathematical	Induction	and	using	the	Strong	Principle	of	Mathematical	Induction	to	prove	that	∀n	∈	N,	P	(n)	is	true	lies	in	their	respective	inductive	steps.	(a)	Observe	that	|n	+	1|	=	0	only	when	n	+	1	=	0	and	n	+	1	=	0	only	when	n	=	−1.	T2	:	v	v	v2	.....	(2’)	If	we	win	the	game,	then	we
score	a	touchdown.	In	this	case,	a	=	3,	b	=	5,	c	=	2,	d	=	7.	qq	........................	Thus	either	3	is	even	or	b2	is	even.	(a)	Write	f	as	a	set	of	ordered	pairs.	However,	Q(3)	is	true,	while	Q(−3)	is	false.	v	.........	Adding	3	to	both	sides	and	then	dividing	by	5,	we	obtain	a	=	b.	Since	x2	≥	0	and	(y	2	−	4)2	≥	0	for	all	real	numbers	x	and	y,	we	can	only	have	x2	+	(y	2
−	4)2	=	0	when	both	x2	=	0	and	(y	2	−	4)2	=	0.	6	be	an	open	sentence	over	the	domain	S.	Is	there	a	procedure	that	can	be	used	to	find	a	solution	to	the	problem?	(a)	The	statement	is	true.	Our	goal	is	to	show	that	5n	+	3	is	an	even	integer,	that	is,	to	show	that	we	can	write	5n	+	3	as	2ℓ	for	some	integer	ℓ.	Let	x	be	a	real	number.	Let	a1	and	a2	be	two
distinct	elements	in	Aj	.	a=9	a9	a10	b	=	10	20	22	“20	is	in	position	9”	is	output	Figure	6.4:	Applying	the	Binary	Search	Algorithm	to	Example	6.33	Applying	the	Binary	Search	Algorithm	to	our	example	in	which	we	were	searching	for	the	word	traverse	in	the	dictionary,	we	would	begin	by	opening	the	dictionary	to	the	middle	page	(or	thereabouts)	and
probably	see	that	we	were	on	a	page	where	the	words	begin	with	L,	say.	A	function	f	:	A	→	B	associates	with	person	a	∈	A	his	or	her	age	in	years,	while	g	associates	with	a	person	of	a	particular	age,	the	cost	of	a	movie	ticket.	(d)	D	=	{0,	{0},	∅}.	Since	1	=	a	≤	b	=	10,	Steps	4	–	8	within	the	while	loop	are	executed.	Show	that	there	is	a	function	f	:	R	→
R	that	is	(a)	onto	but	not	one-to-one.	(a)	78.	In	fact,	sometimes	no	technique	seems	to	work.	For	example,	there	is	an	arc	from	state	s0	to	state	s1	labeled	25,	N.	Let	A	=	{a,	b,	c}	and	B	=	{1,	2,	3,	4}.	For	sets	A	and	B	of	integers,	define	A	+	B	=	{a	+	b	:	a	∈	A,	b	∈	B}.	nonplanar	graph:	a	graph	that	is	not	planar.	(b)	P	∧	(∼	Q).	For	example,	if	ℓ	is	the
straight	line	with	equation	y	=	2x	+	1,	then	[ℓ]	consists	of	all	lines	with	slope	2;	while	if	ℓ′	is	the	straight	line	with	equation	x	=	3,	then	[ℓ′	]	consists	of	all	vertical	lines.	Thus	f	(a)	=	x	and	f	(b)	=	y.	We	have	mentioned	that	if	f	:	R	→	R	is	a	function	defined	by	f	(x)	=	x2	−	4x	+	1	for	x	∈	R,	then	the	range	of	f	is	S	=	{y	∈	R	:	y	≥	−3}.	Among	all	of	the
solutions	of	the	problem,	is	there	a	best	(or	optimal)	solution?	By	the	Principle	of	Mathematical	Induction,	an	=	2n−1	for	every	positive	integer	n.	You	are	given	three	wicks	(the	wicks	only,	not	as	parts	of	candles),	each	of	which	takes	80	minutes	to	burn	completely	but	none	of	which	burns	at	a	constant	rate.	If	A	has	n	elements,	then	at	most	n
elements	of	B	can	be	images	of	A.	For	1	≤	i	≤	k,	let	Ai	be	the	set	of	elements	of	A	whose	image	in	B	is	bi	.	Our	goal	then	is	to	show	that	there	is	some	rational	number	r	such	that	rs	is	irrational.	(a)	For	a1	=	1	and	a2	=	3,	(i)	determine	a3	,	a4	and	a5	.	Since	D	contains	a	directed	vj	−	vk−1	path	and	r(vk−1	)	=	k	−	1,	it	follows	r(vj	)	≥	k	−	1,	which	is	a
contradiction.	Then	(A	−	B)	∪	(A	−	C)	=	A	−	(B	∩	C).	Observe	that	x2	−	2x	+	5	=	(x2	−	2x	+	1)	+	4	=	(x	−	1)2	+	4.	This	fact	is	stated	below	as	a	theorem.	This	method	is	a	consequence	of	the	following	principle.	606	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	11.	The	set	containing	no	elements	is	called	the	empty	set.	When	the	graded
quiz	is	returned	to	the	class,	a	student	might	ask:	Did	anyone	get	a	perfect	score	on	the	quiz?	(a)	w	+	x.	Subtracting	1	from	both	sides	and	dividing	by	5,	we	obtain	a	=	b.	Donna	plans	to	take	vector	calculus	and	statistics.	.	An	integer	n	is	odd	if	n	=	2b	+	1	for	some	integer	b.	(d)	It	is	Friday	or	I	go	to	class.	(f)	6,	18,	54,	162,	.	The	authors	especially
acknowledge	and	thank	Neil	Rowe,	Publisher,	Waveland	Press,	Inc.,	however,	for	his	constant	interest,	support	and	communication	involving	this	project.	Two	functions	f	:	A	→	B	and	g	:	A	→	B	are	said	to	be	equal	if	f	(a)	=	g(a)	for	every	element	a	∈	A.	If	every	element	of	A	does	not	belong	to	exactly	k	−	1	subsets	in	P,	then	P	is	a	partition	of	A.	Since	4!
=	24	>	16	=	24	,	the	inequality	holds	for	n	=	4.	204	CHAPTER	6.	Since	5k	+	1	is	an	integer,	5n	+	2	is	even.	A	digraph	D	contains	three	vertices	with	indegree	0	and	three	vertices	with	indegree	2.	while	i	≤	n	do	begin	3.	In	Step	4,	p	is	assigned	the	value	⌊(9	+	10)/2⌋	=	9.	for	every	positive	integer	n.	Result	3.47	If	n	is	an	odd	integer,	then	3n	−	11	is
even.	We	will	see	that	many	theorems	are	expressed	(or	can	be	expressed)	as	implications.	Since	4ℓ3	+	6ℓ2	+	3ℓ	is	an	integer,	n3	is	odd.	(b)	none.	DIRECTED	GRAPHS	v3	v2	u	......	Then	x	=	n	+	21	for	some	n	∈	Z	and	so	2x	=	2n	+	1.	(b)	{(1,	3),	(2,	3)}.	Dividing	by	2,	we	have	−2	≤	n	≤	3.	Observe	that	Fk	Fk+3	=	=	Fk	(Fk+1	+	Fk+2	)	=	Fk	Fk+1	+	Fk
Fk+2	=	Fk−1	Fk+2	−	(−1)k	+	Fk	Fk+2	Fk−1	Fk+2	+	Fk	Fk+2	+	(−1)k+1	=	(Fk−1	+	Fk	)Fk+2	+	(−1)k+1	=	Fk+1	Fk+2	+	(−1)k+1	.	Now	simplify.		Now	we	change	the	domain	of	the	function	in	Example	5.61.	Let	f	(a)	=	f	(b),	where	a,	b	∈	R+	.	On	the	other	hand,	if	only	one	web	page,	say	C,	has	a	link	to	B,	then	C	is	saying	that	B	is	the	authoritative
web	page	for	this	topic.		Negations	of	Quantified	Statements	Let’s	now	consider	negations	of	quantified	statements.	(b)	[0]	=	{x	∈	Z	:	x	is	even}	and	[1]	=	{x	∈	Z	:	x	is	odd}.	He	says	that	if	a	figure	be	anyhow	divided	and	the	compartments	differently	coloured	so	that	figures	with	any	portion	of	common	boundary	line	are	differently	coloured	–	four
colours	may	be	wanted	but	not	more	–	the	following	is	his	case	in	which	four	are	wanted.	union	(of	A	and	B),	A	∪	B:	the	set	of	all	elements	belonging	to	at	least	one	of	A	and	B.	Then	ad	=	bc.	While	clear	and	well-written	proofs	are	always	preferred,	short	proofs	are	not	necessarily	better.	R(4):	10	is	even.	Its	converse	is	the	implication:	If	the	lengths	of
the	three	sides	of	a	triangle	are	a,	b	and	c,	where	a	≤	b	≤	c	and	a2	+	b2	=	c2	,	then	the	triangle	is	a	right	triangle.	In	fact,	for	any	integer	k	≥	3	and	any	k	statements	P1	,	P2	,	.	v3	v1	v4	T1	:	v4	.....	By	the	recurrence	relation,	a3	=	2a2	−	a1	=	2	·	3	−	2	=	4,	a4	=	2a3	−	a2	=	2	·	4	−	3	=	5	and	a5	=	2a4	−	a3	=	2	·	5	−	4	=	6.	,	vℓ	,	v0	),	where	ℓ	≥	2,	the
vertices	v0	,	v1	,	.	Verifying	equality	of	sets	often	involves	proofs	by	cases.	For	integers	x	and	y,	consider	the	open	sentence	Q(x,	y)	:	(x	+	2)(y	−	1)3	(2x	−	1)	=	0.	Square	both	sides	and	obtain	a	contradiction.	23	.....	Hamiltonian	digraph:	a	digraph	containing	a	Hamiltonian	cycle.	32	...........................	Next	show	that	6	(k+1)(k+2)(k+3)	1	+	3	+	6	+	·	·	·	+
(k+1)(k+2)	=	.	(d)	false	statement.	..........................................................................................	If	neither	x	nor	y	is	v,	then	v	is	adjacent	to	x	and	y	and	so	(x,	v,	y)	is	an	x	−	y	path.	Let	a	and	b	be	integers.	Because	f	is	bijective,	the	set	of	positive	even	integers	is	denumerable.	This	is	a	true	implication	according	to	the	first	row	of	the	truth	table	in	Figure
1.9.	(b)	“If	4	+	6	=	10,	then	5	+	7	=	14”	reduces	to:	If	T	,	then	F	.	Prove	that	an	=	n(n	+	1)	for	every	positive	integer	n.	For	functions	f	:	N	→	R+	and	g	:	N	→	R+	,	f	=	O(g)	if	there	is	a	positive	constant	C	and	a	positive	integer	k	such	that	f	(n)	≤	Cg(n)	for	every	integer	n	≥	k.	For	A	=	{p,	q,	r,	s}	and	B	=	{t,	u,	v,	w},	the	function	f	:	A	→	B	defined	by	f	=
{(p,	u),	(q,	w),	(r,	t),	(s,	v)}	is	a	bijective	function.	For	these	sets	A	and	B,	A×B	=	{(1,	x),	(1,	y),	(1,	z),	(2,	x),	(2,	y),	(2,	z)}	B×A	A×A	=	{(x,	1),	(x,	2),	(y,	1),	(y,	2),	(z,	1),	(z,	2)}	=	{(1,	1),	(1,	2),	(2,	1),	(2,	2)}	B×B	=	{(x,	x),	(x,	y),	(x,	z),	(y,	x),	(y,	y),	(y,	z),	(z,	x),	(z,	y),	(z,	z)}.	We	consider	two	functions,	only	one	of	which	is	one-to-one.	Prove	that	if	|x	−	3|	<
2,	then	1	<	x	<	5.	First	observe	that	P	(x)	is	true	only	when	x	=	3	or	x	=	−3.	We	could	have	actually	divided	the	proof	into	two	cases	at	that	time	(namely,	Case	1	:	k	=	1	and	Case	2	:	k	≥	2)	but	because	the	case	k	=	1	could	be	handled	so	quickly,	we	decided	not	to	give	a	proof	by	cases.	METHODS	OF	PROOF	Chapter	3	Highlights	Key	Concepts	cases,
proof	by:	in	a	proof	by	cases	of	some	statement	concerning	an	element	x	in	a	set	S,	we	consider	a	collection	P	of	two	or	more	subsets	of	S	and	divide	the	proof	into	cases,	according	to	the	particular	subset	in	P	to	which	x	belongs.	(a)	15	is	even.	qq	q	qqq	s	v	Figure	15.22:	A	step	in	the	proof	of	Theorem	15.17	Since	v1	is	adjacent	to	v	and	v	is	adjacent	to
vk	,	there	is	a	vertex	vi	(1	≤	i	≤	k	−	1)	such	that	vi	is	adjacent	to	v	and	v	is	adjacent	to	vi+1	(see	Figure	15.22(b)).	MATHEMATICAL	INDUCTION	Example	4.17	There	are	24	=	16	subsets	of	a	set	S	with	4	elements.	For	which	integers	n	are	the	following	open	sentences	true	statements?	This	suggests	the	advantage	of	using	the	big-O	notation	to	discuss
time	complexity.	This	function	is	one-to-one,	however.	We	now	consider	an	example	of	this.	130	CHAPTER	4.	P	Q	T	T	F	T	F	T	T	F	T	F	F	T	P	⇒Q	Figure	1.9:	The	truth	table	for	implication	For	the	statements	Q1	and	Q2	in	(1.1),	the	implication	Q1	⇒	Q2	is	Q1	⇒	Q2	:	If	Los	Angeles	is	the	capital	of	California,	then	Broadway	is	a	street	in	New	York	City.	Let
f	(a)	=	f	(b),	where	a,	b	∈	R.	(a)	Give	an	example	of	a	planar	graph	where	no	vertex	of	G	has	degree	4	or	less.	Q(x)	:	x2	=	4.	A	nonplanar	graph	G	of	order	7	has	the	property	that	G	−	v	is	planar	for	every	vertex	v	of	G.	n	=	0.	We	show	that	Fk+1	>	1+2	5		√	k−1	follows	that	Fk+1	>	1+2	5	when	k	=	3.	There	can	be	no	element	x	∈	S	such	that	xk	≺	x,	for
otherwise,	x1	≺	x2	≺	·	·	·	≺	xk	≺	x	is	a	chain	with	more	than	k	elements.	Determine	L3	,	L4	and	L5	.	Determine	the	minimum	number	of	colors	needed	to	color	the	regions	in	the	map	in	Figure	14.40.	Although	it	is	not	easy	to	describe	precisely	what	a	real	number	is	(indeed,	the	definition	of	a	real	number	is	quite	technical	and	involved),	the	real
numbers	consist	of	the	rational	numbers	and	irrational	numbers.	Determine	the	cardinality	of	each	of	the	following	sets.	The	truth	table	for	P	∨	Q	is	given	in	Figure	1.4.	According	to	this	truth	table,	P	∨	Q	is	false	only	when	both	P	and	Q	are	false.	(3.19)	Before	providing	a	solution	for	Example	3.39,	let’s	consider	what	we	are	being	asked	to	do.	In	the
proof	of	Result	3.16,	we	used	the	fact	that	5k	is	an	integer	since	5	and	k	are	integers.	Cartesian	product	(of	A	and	B),	A	×	B:	the	set	of	all	ordered	pairs	whose	first	coordinate	belongs	to	A	and	whose	second	coordinate	belongs	to	B.	For	2	n+1	0!	=	x1	and	so	the	result	holds	for	n	=	1.	Maria	prepares	for	the	interview,	does	well	on	the	interview	but
does	not	get	the	job.	u	.	i	ai	1	2	3	4	3	7	8	4	x	0	3	10	18	22	output	x	=	22	We	now	present	a	method	for	solving	a	problem	that	is	more	general	than	problem	(3),	that	is,	an	algorithm	to	determine	whether	some	specific	number	appears	on	a	given	finite	list	of	numbers.	exclusive	or	(of	P	and	Q),	P	⊕	Q:	P	or	Q	but	not	both.	Result	to	Prove:	For	every
positive	integer	n,	1	1	1	1	n	+	+	+	···+	=	.	(d)	Does	there	exist	an	integer	n	such	that	P	(n)	∧	Q(n)	and	P	(n)	⊕	Q(n)	are	both	false?	(c)	{(a,	a),	(b,	c),	(c,	c),	(d,	a)}.	Result	to	Prove:	A	sequence	a1	,	a2	,	a3	,	.	(e)	{(x,	{x})}	⊆	{x,	{x}}.	Furthermore,	for	each	r	∈	[0,	1],	there	exists	exactly	one	m	∈	N	such	that	f	(m)	=	am	=	r.	(b)	the	set	of	professors	in	the
mathematics	department	who	taught	either	a	calculus	course	or	a	discrete	mathematics	course.	A	graph	G	is	constructed	with	vertex	set	V	(G)	=	{L1	,	L2	,	.	Thus	there	are	at	most	∆	vertices	adjacent	to	v	that	have	been	assigned	a	color.	(c)	If	5	+	7	=	14,	then	6	+	9	=	15.	Let	S	=	{2,	3}.	Let’s	look	at	some	examples	of	equivalence	classes.	By	Step	4,	p
=	5.	(d)	A	∩	B.	ppp	p	ppp	pp	ppp	pp	p	p	p	pp	p	p	p	p	p	ppp	4	ppp	pp	p	p	p	pp	(1,	4)	.	(b)	What	is	G′	[U	]?	qq	qq..q...........	2	...................	Then	x2	=	(	5)2	=	5.	Thus,	by	the	Strong	Principle	of	Mathematical	Induction,	Fn	≤	2Fn−1	for	every	integer	n	≥	2.	Assume,	to	the	contrary,	that	C	does	not	contain	all	of	the	arcs	of	D.	R	B	R	B	R	B	R	B	R	B	R	B	R	B	R	B
R	B	Figure	1.20:	The	3	×	6	checkerboard	in	Exercise	9	10.	Thus,	A1	∈	A2	and	A1	6⊆	A2	.	In	order	to	show	that	f	is	onto,	we	needed	to	find	an	element	x	in	the	domain	of	f	+	such	that	f	(x)	=	r.	See	Figure	5.22.	Ordinarily,	a	compound	statement	is	true	for	some	combinations	of	truth	values	of	its	component	statements	and	false	for	other	combinations
of	truth	values	of	its	component	statements	–	but	not	always.	Classify	each	of	the	following	mathematical	sentences	as	declarative,	interrogative,	imperative	or	exclamatory.	2!	k	k=0	(−1)	(k	P∞	(j)	−1.	(a)	The	function	f	is	not	onto	since	there	is	no	n,	for	example,	such	that	f	(n)	=	0.	Solving	for	x,	we	obtain	x	=	75.5,	which	is	impossible.	When	we	do
this,	we	get	n	=	(2a	−	2)/7.	s	:=	0	2.	Observe	that	1(1!)	+	2(2!)	+	·	·	·	+	(k	+	1)[k	+	1)!]	=	=	=	[1(1!)	+	2(2!)	+	·	·	·	+	k(k!)]	+	(k	+	1)[k	+	1)!]	[(k	+	1)!	−	1]	+	(k	+	1)[(k	+	1)!]	(k	+	2)[(k	+	1)!]	−	1	=	(k	+	2)!	−	1.	Q:	I	study	for	at	least	10	hours.	(b)	{−1,	0,	1}.	¢	¢	¢	Figure	15.23:	The	state	digraph	for	the	vending	machine	in	Example	15.19	(3)	An	output
and	next	state	are	determined	by	each	state-input	pair.	Therefore,	the	word	“or”	in	the	definition	of	the	union	A	∪	B	of	A	and	B	is	the	“inclusive	or.”	Consequently,	an	element	x	belongs	to	A	∪	B	if	x	belongs	to	both	A	and	B	or	to	exactly	one	of	A	and	B.	Supplementary	Exercises	for	Chapter	10	1.	Express	the	quantified	statement	∀n	∈	S,	P	(n)	in	words
as	an	implication,	where	S	is	the	set	of	odd	integers.	s	s	s	s	s	s	Figure	15.36:	The	state	digraph	for	the	finite-state	machine	in	Exercise	10	..................................................	Fibonacci	numbers	0,1,1,2,3,5,	...	54.	DIRECTED	GRAPHS	14.	If	the	answer	is	“yes,”	then	the	function	f	still	might	not	be	onto.	84.	(2,1)	.....	579	15.3.	FINITE-STATE	MACHINES
Example	15.23	Let	a	and	b	be	two	integers	expressed	in	base	2,	say	a	=	a5	a4	a3	a2	a1	a0	=	011011	and	b	=	b5	b4	b3	b2	b1	b0	=	001110,	where	for	0	≤	i	≤	5,	ai	and	bi	represent	the	coefficient	of	2i	in	a	and	b,	respectively.	That	is,	A	×	B	=	{(a,	b)	:	a	∈	A,	b	∈	B}.	out-regular	digraph:	a	digraph	in	which	all	vertices	have	the	same	outdegree.	Therefore,
Q(n)	is	a	false	statement	when	n	=	0,	n	=	1	or	n	=	2	and	is	a	true	statement	for	all	other	integers	n.	Use	De	Morgan’s	Laws	and	Theorem	1.28	to	verify	that	(1)	∼	(P	∨	(∼	Q))	≡	(∼	P	)	∧	Q.	For	distinct	integers	a	and	b	with	1	≤	a,	b	≤	3,	the	label	ab	on	an	arc	indicates	that	the	contents	of	bottle	a	is	poured	into	bottle	b,	either	until	bottle	b	is	filled	or
until	bottle	a	is	empty.	Let’s	suppose	that	we	not	only	want	to	know	whether	a	number	appears	twice	in	a	sequence	but	which	number	has	this	property	if	this	should	occur.	Thus	x	∈	A	and	x∈	/	B	∪	C	and	so	x	∈	A	−	(B	∪	C).	Let	n	be	an	integer.	(c)	For	every	integer	a,	there	exists	some	integer	b	such	that	ab	<	0.	Note	that	for	1	≤	i	≤	9,	Ai	∩	Ai+1	=	{i
+	1}.	Let	V1	be	the	set	of	vertices	colored	1	and	V2	the	set	of	vertices	colored	2.	Let	a	∈	f	−1	(B1	∩	B2	).	(d)	{0}.	Bear	16;	Polar	Bear	37;	Cougar:	24;	Elephant	34.	Therefore,	5n	+	1	=	5(2k	+	1)	+	1	=	10k	+	5	+	1	=	2(5k	+	3).	1............	Example	3.39	Disprove	the	following	statement:	There	exists	x	∈	R	such	that	x4	+	2	=	2x2	.	This	expansion	is	infinite
and	there	is	never	a	place	in	the	decimal	expansion	that	is	periodic	(repeats	itself)	from	some	point	on.	(a)	Prove	that	if	a	connected	digraph	D	is	strong,	then	od	v	>	0	and	id	v	>	0	for	every	vertex	v	of	D.	Result	4.1	For	every	positive	integer	n,	1	1	1	n	1	+	+	+	···+	=	.	(b)	If	f	and	g	are	onto,	then	so	is	g	◦	f	.	.,	v6	represent	teams,	then	v1	is	the	best	team
as	it	has	defeated	all	other	teams,	v2	is	the	next	best	team	as	it	has	defeated	all	other	teams	except	v1	and	so	on.	Therefore,	0	R	2,	0	R	3	and	1	R	2.	This	provides	us	with	another	method	to	prove	that	the	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true.	A	proof	ordinarily	consists	of	a	sequence	of	statements,	each	following	logically	from	those	precede	it,	and
ending	with	the	desired	conclusion.	113	CHAPTER	3	HIGHLIGHTS	State	each	of	the	following	in	words.	Assume	that	1(1!)	+	2(2!)	+	·	·	·	+	k(k!)	=	(k	+	1)!	−	1	for	an	arbitrary	positive	integer	k.	Then	the	statement	∀n	∈	S,	P	(n)	is	true	if	(1)	P	(1)	is	a	true	statement	and	(2)	∀k	∈	S	−	{m},	P	(k)	⇒	P	(k	+	1)	is	true.	,	n}	and	let	Tn	be	the	set	of	all	2-
element	subsets	of	Sn	.	,	v2	,	v1	).	The	elements	f	(a1	)	and	f	(a2	)	belong	to	B.	There	are	two	natural	interpretations	of	A	∪	B	∪	C,	namely	(A	∪	B)	∪	C	and	A	∪	(B	∪	C).	(d)	D	=	{x	∈	R	−	Q	:	x(x	−	2)	=	0}	(e)	E	=	{{2}}.	Let	V1	be	the	set	of	vertices	colored	3	and	are	adjacent	only	to	vertices	colored	1	and	let	V2	be	the	set	of	vertices	colored	3	and	are
adjacent	only	to	vertices	colored	2.	The	formal	definition	of	a	tournament	is	stated	next.	Then	2n	+3n	12n	Case	2.	There	are	15	ways.	We	consider	three	cases.	Consequently,	in	this	case	[0]	=	[4]	and	[1]	=	[−3].	Input:	An	integer	n	≥	2	and	a	sequence	s	:	a1	,	a2	,	.	(b)	The	sequence	brbr	is	a	synchronized	sequence	for	u4	.	√	For	the	next	result,	it	is
useful	to	recall	that	we	mentioned	that	2	is	an	irrational	number.	The	sorting	of	the	elements	in	s	is	described	in	Figure	6.9.	..	(c)	(P	∧	Q)	⇒	(P	∨	Q).	Another	is	given	in	Exercise	23.	(a)	Determine	which	of	the	following	are	elements	of	A:	0,	{0},	{{0}}.	for	i	:=	1	to	n	do	3.	55	...........................	In	either	case,	D	is	not	strong.	Give	examples	of	three	sets
A,	B	and	C	such	that	(a)	A	⊆	B	⊂	C.	Therefore,	(g	◦	f	)(a)	=	g(f	(a))	=	g(b)	=	c.		Example	1.9	Each	of	the	following	is	an	open	sentence,	where	n	represents	a	positive	integer.	We	started	with	an	arbitrary	real	number	r,	which	we	wanted	to	show	is	where	did	r+9	4	the	image	of	some	real	number	x.	200	40	2	Figure	10:	A	Hasse	diagram	for	the	poset	in
Exercise	33	35.	Algorithms	and	Complexity	6.1.	6.2.	6.3.	6.4.	7.	A	comparison	occurs	in	Step	3	for	each	of	the	n	−	1	values	of	i	(i	=	2,	3,	.	The	state	digraph	for	this	finite-state	machine	is	shown	in	Figure	15.27.	Indeed,	if	for	all	a,	b,	c	∈	S	the	statement	“(a,	b)	∈	R	and	(b,	c)	∈	R”	is	false,	then	R	is	transitive	as	the	implication	“if	(a,	b)	∈	R	and	(b,	c)	∈	R,
then	(a,	c)	∈	R”	is	true	for	all	a,	b,	c	∈	S.	We	will	discuss	these	kinds	of	sentences	in	this	section.	,	−4,	−2,	0,	2,	4,	.	3	is	irrational.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	(b)	(c)	s0	s1	s2	s3	f	0	1	s1	s1	s2	s3	s0	s2	s0	s2	0	0	1	0	1	s0	s1	s2	s3	f	0	1	s3	s1	s1	s2	s3	s1	s0	s1	0	1	1	0	1	657	g	1	1	1	1	1	The	output	is	01101110.	v5
............5......................	(b)	For	every	vertex	w	of	T	,	od	w	=	id	w.	Assume	that	1	+	3	+	5	+	·	·	·	+	(2k	−	1)	=	k	2	for	a	positive	integer	k.	(i)	Suppose	first	that	Benjamin	went	to	Las	Vegas.	Let	A	=	{1,	2,	.	Similarly,	if	n	is	odd,	then	we	can	write	n	=	2b	+	1	for	some	integer	b	and	again	showing	that	n2	−	n	is	even	is	straightforward.	From	the	graph	of	y	=
f	(x)	=	x2	−	4x	+	1	in	Figure	5.7,	it	certainly	appears	that	this	is	the	range	(the	set	of	images	or	y-values).	Let	(S,	)	be	a	totally	ordered	set	of	cardinality	n	≥	2.	v	..	A	bit	(or	binary	digit)	is	a	0	or	1.	See	Figure	30(b),	where	we	start	with	the	vertex	u.	s	s	s	s	s	s	..	Assume	that	ak	=	k	for	a	positive	integer	k.	By	assumption,	there	exists	a	subset	A1	of	A
such	that	f	(A1	)	=	B1	=	{b}.	Since	6	≤	4	is	not	true,	we	leave	the	while	loop	and	proceed	to	Step	5.	(b)	If,	for	every	nonempty	subset	B1	of	B,	there	exists	a	subset	A1	of	A	such	that	f	(A1	)	=	B1	,	then	f	is	onto.	s0	s1	s2	s3	f	0	1	s1	s2	s2	s2	s3	s0	s0	s1	g	0	1	0	1	0	1	0	0	0	1	Draw	the	state	digraph	of	a	finite-state	machine.	1	.........	(a)Algorithm:	Compute
an	For	a	Real	Number	a	and	a	Nonnegative	Integer	n.	(a)	x	≤	⌈x⌉	<	x	+	1.	,	s7	}	denote	a	set	of	7	students	taking	an	advanced	computer	science	class,	let	Y	=	{A,	B,	C,	D,	F	}	be	the	set	of	possible	grades	that	a	student	in	the	class	could	earn	and	let	Z	=	{0,	1,	2,	.	For	the	transitive	property,	we	are	required	to	show	that	if	a	R	b	and	b	R	c,	where	a,	b,	c
∈	Z,	then	a	R	c.	(i)	brrbbr	(ii)	rbrbrb	(iii)	brbrbb	(iv)	rrbbbb.	When	wick	#1	is	completely	burned,	30	minutes	have	elapsed	and	at	that	instant	light	the	other	end	of	wick	#2.	Statements	can	also	be	formed	from	open	sentences	by	what	is	called	a	quantifier.	There	are	four	non-isomorphic	tournaments	of	order	4,	namely	T1	,	T2	,	T3	and	T4	of	Figure
15.20.	.................................................	(e)	F.	Draw	the	graph	G.		Example	2.2	Since	the	sets	{∅}	and	∅	do	not	consist	of	the	same	elements,	{∅}	6=	∅.	Prove	in	two	ways	that	2n+1	<	1	+	(n	+	1)2n	for	every	positive	integer	n.	(b)	symmetric.	3...............	Chapter	14	Highlights	Key	Concepts	boundary	(of	a	region	of	a	plane	graph	G):	the	subgraph	whose
vertices	and	edges	are	incident	with	the	region.	Then	u	=	vi	,	v	=	vj	and	w	=	vk	for	some	integers	i,	j,	k	with	1	≤	i	<	j	<	k	≤	n.	,	vk	)	15.2.	TOURNAMENTS	573	is	a	directed	path	whose	length	exceeds	that	of	P	.	(b)	My	team	is	going	to	the	Super	Bowl	if	they	win	their	next	game.	Since	1(1!)	=	1	=	(1	+	1)!	−	1	=	2!	−	1,	the	formula	holds	for	n	=	1.
Therefore,	n	=	1	is	a	counterexample.	(c)	A	×	B.	We	now	illustrate	both	kinds	of	quantified	statements,	along	with	a	proof	of	each.	,	aj−1	moving	to	the	right	one	place.	Result	4.33	A	sequence	a1	,	a2	,	a3	,	.	(3.20)		Another	comment	about	the	proof	of	Result	3.44	may	be	useful	here.	Despite	the	fact	that	the	Four	Color	Problem	had	been	solved,	many
mathematicians	were	dissatisfied	with	the	proof	because	of	the	large	number	of	cases	and	its	heavy	reliance	on	computers.	Section	11.2	1.	must	be	true.	(c)	Give	an	example	of	a	real	number	b	such	that	P	(b)	⇒	Q(b)	is	false.	Assume	first	that	n	is	an	odd	integer.	In	a	direct	proof,	we	assume	that	P	(x)	is	a	true	statement	for	some	arbitrary	element	x	∈	S
and	show	that	Q(x)	must	also	be	true.	In	this	case,	a1	=	8,	a2	=	11,	a3	=	11,	a4	=	9.	we	needed	to	present	a	counterexample,	which,	in	this	case,	is	an	integer	n	for	which	“4n	+	5	is	odd”	is	true	and	“n	is	even”	is	false.	(b)	It	is	not	the	case	that	if	n	is	even,	then	n	is	not	the	sum	of	three	odd	integers.	s	.	Only	P1	is	a	partition	of	A.	If	there	is	more	than
one	arc	from	si	to	sj	,	then	these	arcs	can	be	replaced	by	a	single	arc	with	multiple	labels.	output	y	[the	next-to-largest	number	in	s	is	output]	(b)	In	this	case,	a1	=	7,	a2	=	10,	a3	=	12,	a4	=	15.	If	f	denotes	the	transition	function,	then	f	(s5	,	b)	=	s6	.	A	nonempty	set	therefore	contains	at	least	one	element.	In	the	previous	result,	there	was	only	one
initial	value.	We	show	2	Pk+1	(k+2)[2a+(k+1)b]	bk2	+2ak+3bk+4a+2b	that	i=0	(a	+	ib)	=	=	.	We	have	seen	that	the	statement	(3.11)	can	be	expressed	in	a	number	of	ways,	including	For	every	x	∈	S,	if	P	(x)	then	Q(x).	In	fact,	this	says	that	the	function	g	:	N	→	Q	whose	images	of	N	shown	below	1	↓	0	2	↓	q1	3	↓	−q1	4	↓	q2	5	↓	−q2	6	↓	q3	7	↓	−q3
···	···	···	is	bijective.	Consequently,	the	time	complexity	of	such	an	algorithm	can	be	expressed	as	Θ(np	)	for	a	nonnegative	integer	p.	Since	(a,	b)	R	(c,	d),	we	have	a	≤	c	and	b	≤	d.	Of	course,	to	show	that	χ(G)	=	5,	if	this	is	what	we	believe,	then	we	are	required	to	find	a	5-coloring	of	G.	Then	(a)	f	−1	◦	f	is	the	identity	function	on	A	and	(b)	f	◦	f	−1	is	the
identity	function	on	B.	(b)	Give	a	recursive	definition	of	sn	for	n	≥	0.	.4	....	The	sum	of	the	elements	in	S	is	1	+	2	+	·	·	·+	20	=	210.	The	graphs	of	both	this	function	and	the	identity	function	on	the	set	R	of	real	numbers	are	shown	in	Figures	5.9(a)	and	5.9(b),	respectively.	Thus	a	=	b.	By	the	Principle	of	Mathematical	Induction,	the	sum	of	the	interior
angles	of	every	n-gon	is	(n	−	2)	·	180o.		The	function	f	in	Result	5.59	might	suggest	the	consideration	of	other	functions.	If	x	=	1,	then	x3	=	13	=	1.	Thus	n	=	7	−	2ℓ	=	2(3	−	2ℓ)	+	1.	(b)	(Distributive	Laws)	P	∨	(Q	∧	R)	≡	(P	∨	Q)	∧	(P	∨	R)	and	P	∧	(Q	∨	R)	≡	(P	∧	Q)	∨	(P	∧	R).	,	Vn.	A	combination	other	than	all	Ci	=	0	gives	L	Ci	Vi	=	O.	injective	function
(injection	or	one-to-one	function):	a	function	from	A	to	B	such	that	distinct	elements	of	A	have	distinct	images	in	B.	(b)	First	observe	that	b		d.	(2)	I’m	eating	dinner	out	and	going	to	a	movie.	While	{a,	b}	=	{b,	a}	for	distinct	elements	a	and	b,	this	is	not	so	for	ordered	pairs.	(a)	Since	n3	−	n	=	n(n2	−	1)	=	n(n	−	1)(n	+	1),	it	follows	that	n3	−	n	=	0	when
n	=	−1,	n	=	0	or	n	=	1.	Then	T	′	=	T	+	e	−	f	is	a	spanning	tree	of	G	with	w(T	′	)	=	w(T	)	+	w(e)	−	w(f	)	≤	w(T	),	which	implies	that	either	T	′	is	another	minimum	spanning	tree	of	G	or	T	is	not	a	minimum	spanning	tree	of	G,	a	contradiction.	One	might	argue	that	t2	is	better	than	t3	since	t2	defeated	t3	.	Since	1024	=	210	>	103	=	1000,	the	inequality
holds	when	n	=	10.	The	first	implication	we	verified	in	the	proof	of	Result	3.27	was	“if	m	and	n	are	of	the	same	parity,	then	3m	+	5n	is	even.”	In	Case	1,	when	m	and	n	are	both	even,	we	wrote	m	=	2a	and	n	=	2b	for	integers	a	and	b.	(c)	It	is	impossible	to	determine	whether	G	is	planar	or	nonplanar.	(d)	declarative,	not	a	statement.	Since	A1	×	A2	×	·	·	·
Ak+1	=	A	×	Ak+1	,	it	follows	by	Theorem	11.19	that	(A	×	Ak+1	,	)	is	a	totally	ordered	set.	C	73	2.4.	PARTITIONS	As	it	turns	out,	A	=	{−2,	2}	B	C	=	{x	∈	R	:	−2	<	x	<	2}	=	{x	∈	R	:	x	<	−2	or	x	>	2}.	c1	.s	..............	(b)	If	Rob	takes	Sue	to	the	movies,	then	he	can	get	a	car	to	drive.	y	=	x	pp	pp	...............	01,	0	...	complement	(of	A),	A:	the	set	of	all
elements	(in	the	universal	set)	not	belonging	to	A.	Thus	3x	−	7y	is	even	and	so	3x	−	7y	=	2k	for	some	integer	k.	Then	j	is	increased	to	2	at	Step	1.	Result	3.22	Let	x	be	a	real	number.	1	2·3	+	1	3·4	+	···	+	1	(n+1)(n+2)	=	n	2n+4	for	every	608	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	1	1	3.	Let’s	look	at	a	few	examples	of	relations.
Assume	that	Fk−1	Fk+2	=	Fk	Fk+1	+	(−1)k	for	an	integer	k	≥	2.	Corollary	5.24	Let	R	be	an	equivalence	relation	defined	on	a	nonempty	set	A.	(b)	No.	31.	Since	v	∈	V	(C	′	),	it	follows	that	od	v	>	0	and	id	v	>	0.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	601	Chapter	3:	Methods	of	Proof	Section	3.1	1.	k	=	2.	Theorem	2.35	(De	Morgan’s
Laws)	For	two	sets	A	and	B,	A∪B	=A∩B	and	A	∩	B	=	A	∪	B.	{∅,	{1},	{3},	{5},	{1,	3},	{1,	5},	{3,	5},	{1,	3,	5}}.	a2	...	Satisfactory	estimates	can	usually	be	obtained,	however,	by	considering	the	time	complexity	of	the	underlying	algorithm.	Example	3.2	The	quantified	statement:	For	every	integer	n,	n2	−	n	is	even.	First,	consider	x	=	6.	Letting	a	=	b
=	2	verifies	that	the	statement	is	true.	Assume	that	ak	=	k3k−1	for	a	nonnegative	integer	k.	Find	a	sequence	of	pourings	that	results	in	two	bottles	both	containing	5	ounces	of	liquid.		Example	5.36	The	function	f	:	R	→	R	defined	by	f	(x)	=	|x|	=		x	if	x	≥	0	−x	if	x	<	0	is	the	absolute	value	function,	which	assigns	to	each	real	number	x	its	absolute	value
|x|.	Q(x):	x3	=	1.	153	5.2.	EQUIVALENCE	RELATIONS	Example	5.15	A	relation	R	is	defined	on	the	set	L	of	straight	lines	in	the	Euclidean	plane	by	ℓ1	R	ℓ2	if	two	lines	ℓ1	and	ℓ2	coincide	or	are	parallel.	Hence	3m	+	5n	=	=	3(2a	+	1)	+	5(2b	+	1)	=	6a	+	3	+	10b	+	5	6a	+	10b	+	8	=	2(3a	+	5b	+	4).	(d)	P4	=	{{1,	7,	8},	{2,	5,	6},	{3,	4,	7}}.	(b)	Give	an
example	of	an	integer	b	such	that	P	(b)	⇒	Q(b)	is	false.	Let	A	=	{1,	3,	4}	and	B	=	{−2,	−1,	0,	1,	4}.	,	30}.	(c)	C1	6=	C2	.	The	integer	n	=	1	is	a	counterexample	since	4n	+	5	=	4	·	1	+	5	=	9	is	odd	and	n	=	1	is	not	even.	is	defined	recursively	by	a1	=	2,	a2	=	1,	a3	=	3	and	an	=	an−3	+	an−2	+	an−1	for	n	≥	4.	However,	(v1	,	vi	)	and	(vi	,	vi+1	)	are	arcs	of
T	but	(v1	,	vi+1	)	is	not	an	arc	of	T	.	Supposedly,	Gauss	quickly	noticed	that	1	+	2	+	·	·	·	+	100	equals	the	50	sums	1	+	100,	2	+	99,	.	In	the	process	of	doing	this,	we	also	want	to	learn	techniques	for	writing	algorithms	that	solve	other	problems	as	well.	This	implies	that	d(u,	v)	≤	n	−	2,	which	is	a	contradiction.	xy	........................	If	n2	−	4	=	0,	then	n	−
2	=	0.	Show	that	if	R1	and	R2	are	equivalence	relations	on	S,	then	R1	∪	R2	need	not	be	an	equivalence	relation	on	S.	(d)	f	(a,	b)	=	ab	.	1,	1	......	If	A	is	a	subset	of	a	set	B	and	A	is	not	a	proper	subset	of	B,	then	necessarily	A	=	B.	Since	1	+	2	=	22	−	1,	the	formula	holds	for	n	=	1.	For	two	statements	P	and	Q,	∼	(P	∧	Q)	≡	(∼	P	)	∨	(∼	Q).	Suppose	that	a
certain	finite-state	automaton	has	n	states	and	the	input	set	consists	of	d	input	values.	If	S	is	an	infinite	subset	of	I,	then	S	is	uncountable.	Solving	for	x,	we	obtainr+9	r+9	f	4	.	(c)	Proof.	Since	a	+	0	·	b	=	a	=	12	(0	+	1)(2a	+	0	·	b),	the	formula	holds	P	for	n	=	0.	However	2	6	R	(−3)	since	2	·	(−3)	=	−6	<	0.	(b)	The	equivalence	classes	are	[0]	=	=	{x	∈	Z	:
x	R	0}	=	{x	∈	Z	:	x	+	0	is	even}	{x	∈	Z	:	x	is	even}	=	{.	4	9.	(a)	S	=	{(C1	,	H),	(C1	,	T	),	(C2	,	H)}.	The	set	of	complex	numbers	is	often	denoted	by	C.	Prove	or	disprove:	Let	S	be	a	nonempty	set.	Lieutenant	Klumbo	releases	Carter.	3.7	Proof	by	Contradiction	Let	R	be	a	mathematical	statement	that	we	would	like	to	show	is	true.	7		7	7		7	5	,	−	5	,	5	,	−	5	.
0,	0	...	(a)	symmetric.	f	(x)	=	1−2x	5	=	r=0	r	x	.	The	graphs	G1	and	G2	in	Figure	14.18	are	the	dual	graphs	of	Map	1	and	Map	2	of	Figure	14.17,	where	each	vertex	(region)	is	labeled	by	the	color	of	the	vertex.	Assume,	for	any	k	sets	A1	,	A2	,	.	Since	R	is	transitive,	c	R	a.	Although	we	chose	to	use	different	symbols,	namely	k	and	ℓ,	for	the	integers	they
represent	since	these	integers	are	almost	certainly	different,	we	could	have	chosen	the	same	symbol,	say	k,	for	each	as	two	different	implications	were	being	verified	in	this	proof.	We	may	assume,	without	loss	of	generality,	that	(u,	v)	∈	E(T	).	(a)	S	=	{x,	y}.	(a)	(1	+	x	+	x2	+	x3	)3	=	1	+	3x	+	6x2	+	10x3	+	12x4	+	12x5	+	10x6	+	6x7	+	3x8	+	x9	.
Assume,	to	the	contrary,	that	there	exists	a	tournament	T	,	of	order	n	say,	that	contains	no	Hamiltonian	path.	T2	:	...	The	vertex	v1	is	colored	1;	so	the	basis	step	is	true.	Prove	that	if	A	and	B	are	denumerable	sets,	then	A	×	B	is	denumerable.	What	is	an	Algorithm?	Therefore,	b	=	b	∧	1	=	b	∧	(a	∨	c)	=	(b	∧	a)	∨	(b	∧	c)	=	0	∨	(b	∧	c)	=	b	∧	c	=	c	∧	b	=	0	∨
(c	∧	b)	=	(c	∧	a)	∨	(c	∧	b)	=	c	∧	(a	∨	b)	=	c	∧	1	=	c	and	so	b	=	c.	(i)	rgb	(ii)	rbgrbg	(iii)	rrbbgg.	For	two	sets	A	and	B	of	real	numbers,	the	set	A	·	B	is	defined	by	A	·	B	=	{ab	:	a	∈	A,	b	∈	B}.	Find	distinct	values	of	x,	y	and	z	such	that	all	of	the	statements	resulting	from	these	open	sentences	are	true.	Let	ni	be	the	number	of	vertices	of	degree	i	in	T	.
Simplifying	the	algebra	gives	us	the	desired	result.	In	the	preceding	example,	we	first	used	a	direct	proof	to	show	that	“if	m	and	n	are	of	the	same	parity,	then	3m	+	5n	is	even”	and	considered	two	cases.	Let	s	=	r/2.	sn	=	sn−1	+	(n	−	1)	for	n	≥	2.	We	show	that	f	(k+1)	(x)	(−1)k+1	(k−1)!	=	(−1)k+1	(k	−	1)!x−k	,	xk	k+2	k!	f	(k+1)	(x)	=	(−1)	.	If	(1	+	c)
≤	c2	,	then	c2	−	c	−	1	≥	0.	If	A	and	B	are	denumerable	sets,	then	A	∩	B	is	denumerable.	Determine	the	adjacency	matrix	for	each	digraph	in	Figure	15.11.	We	claim	that	C	contains	all	of	the	arcs	of	D	and	that	C	is	therefore	an	Eulerian	circuit.	P4	=	{{a},	{c},	{b,	d}}.	Then	f	=	O(g)	but	g	6=	O(f	).	For	A	=	{1,	2,	3},	let	f	:	A	→	A	be	the	function	defined
by	f	=	{(1,	2),	(2,	3),	(3,	3)}.	This	produces	the	directed	s0	−	s3	walk	(s0	,	s3	,	s0	,	s1	,	s0	,	s3	,	s0	,	s3	)	in	the	state	digraph.	(c)	Is	5	×	2	=	10?	We	know	that	traverse	comes	after	this,	so	we	look	for	the	middle	page	in	the	second	half	of	the	dictionary	220	CHAPTER	6.	3	(f)	a	composition	of	functions	that	results	in	3ex	.	Prove	that	there	exists	an	integer
n	such	that	4n2	−	8n	+	3	<	0.	(a)	Determine	an	for	3	≤	n	≤	6.	√	√	29.	−1	........	In	Step	1,	x	is	assigned	the	value	0.	50,	N	........	Assume	that	2k	>	k	2	for	an	integer	k	≥	5.	4...	a	b	=	=	0	0	1	1	0	1	0	1	1	1	1	0	c	=	1	0	1	0	0	1	In	the	first	addition,	1	+	0	=	1.	This	is	the	basis	step.	................................................	ceiling	function	⌈x⌉:	the	smallest	integer	greater
than	or	equal	to	x.	On	the	other	hand,	P	(1)	is	true	and	Q(1)	is	false.	The	next	number	after	2/2	=	1	is	3/1	=	3.	A	is	lighter	balanced	B	is	lighter	{2,	4},	{5,	6}	3	1	...	Then	f	=	O(g)	and	g	=	O(f	)	by	Theorem	6.20.	(c)	f	(a,	b)	=	2a	b.	For	each	of	the	following	sets,	describe	the	set	by	listing	its	elements.	There	are	4	=	22	subsets	of	the	set	S	=	{1,	2},
namely	{	},	{1},	{2},	{1,	2}.	..........................................................................................................................	27.	,	an	of	n	distinct	integers,	where	n	is	odd.	The	idea	then	is	to	have	a	method	for	comparing	two	algorithms.	K.2,3	+	K2	r	r	r	........................	Since	there	are	sn−1	choices	for	C,	there	are	sn−1	subsets	of	A	containing	an	.	Q:	You	receive	a
speeding	ticket.	Let	r	∈	R.	b	.....................	(a)	c3	.	The	domain	then	of	the	composition	g	◦	f	is	the	domain	of	f	,	while	the	codomain	of	g	◦	f	is	the	codomain	of	g.	[(4,	7)]	=	{(1,	4),	(2,	5),	(3,	6),	.	For	an	odd	integer	n	≥	3	and	a	sequence	s:	a1	,	a2	,	.	21	......................	Figure	14.8:	A	planar	graph	in	Example	14.11	Example	14.12	The	vertices	of	a	certain
graph	G	have	degrees	2,	4,	4,	4,	5,	5,	7,	7.	xy	+	(x	+	z)	x+z	Figure	15:	The	combinatorial	circuit	in	Exercise	15	Chapter	12:	Introduction	to	Graphs	Section	12.1	1.	Assume,	to	the	contrary,	that	there	is	a	graph	G	of	order	2k	+	1	such	that	k	vertices	of	G	have	degree	k	and	the	remaining	k	+	1	vertices	have	degree	k	+	1.	(c)	If	A	and	B	are	nonempty	sets
with	A	⊂	B,	then	|A|	<	|B|.	Let	G	be	a	graph	of	order	n	≥	2	such	that	deg	v	≥	n−2	3	for	every	vertex	v	of	G.	(b)	reflexive,	transitive.	Describe	a	set	S	and	define	an	open	sentence	R(x)	of	your	own	for	x	∈	S.	(b)	No.	(c)	No.	13.	Assume,	to	the	contrary,	that	101	can	be	expressed	as	the	sum	of	two	even	integers,	say	x	and	y.	A	relation	R	is	defined	on	N	by
a	R	b	if	a2	+	b2	is	even.	Killebrew	.............	2	....................	Therefore,	P	∨	Q	is	true	if	at	least	one	of	P	and	Q	is	true.	617	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	35.	Result	3.37	suggests	another	question	and	illustrates	an	important	point.	(a)	For	every	integer	n,	the	integer	2n2	+	5n	+	1	is	odd.	Perhaps	it	was	a	gesture	of	friendship.
We	may	assume	that	V	(T	)	=	{v1	,	v2	,	.	(b)	x.	Example	2.10	Suppose	that	U	=	{1,	2,	.	By	Result	4.35,	Fk+1	≤	2Fk	≤	2	·	2k	=	2k+1	.	(b)	Find	an	integer	n	such	that	∼	Q(n)	is	true.	Then	ab	=	(	2)0	=	1	∈	Q.	If	5n2	−	2	is	odd,	then	n	is	odd.	1,	1	..	31............	Prove	that	a	relation	R	on	A	is	an	equivalence	relation	if	and	only	if	R	is	reflexive	and	circular.
Prove	or	disprove:	The	set	S	=	{(a,	b)	:	a,	b	∈	R}	of	all	points	in	the	plane	is	uncountable.	We	show	that	the	lexicographic	order		defined	on	A1	×	A2	×	Ak+1	is	a	total	order.	0	..........	Input:	A	positive	integer	n,	a	sequence	s	:	a1	,	a2	,	.	We	then	attempt	to	produce	a	contradiction	from	this.	For	an	integer	n,	consider	the	following	open	sentences	P	(n):
2n	>	1.	Describe	the	students	in	each	of	the	following	sets.	C	D	Figure	1:	Venn	diagram	for	Exercise	13	15.	If	s	is	an	irrational	number,	then	there	exists	a	rational	number	r	such	that	rs	is	irrational.	C	.	while	i	≤	n	−	1	do	begin	3.	Although	the	original	use	of	the	word	“algorithm”	dealt	with	performing	arithmetic	on	the	integers,	the	meaning	of	this
word	has	expanded	to	include	procedures	for	solving	a	wide	variety	of	problems.	First,	observe	that	when	k	=	1,	ak+1	=	a1+1	=	a2	=	3	=	1+2	and	so	the	formula	holds.	(a)	Determine	whether	R	is	an	equivalence	relation.	(c)	f	(a,	b)	=	a2	+	b2	.	Example	5.44	Let	X	=	{s1	,	s2	,	.	for	i	:=	1	to	n	−	j	do	if	ai	<	ai+1	then	swap(ai	,	ai+1	)	4.
...................................................................................	element:	an	object	belonging	to	a	set.	When	you	were	introduced	to	the	whole	numbers	0,	1,	2,	3,	.	Since	4	≤	3	203	6.1.	WHAT	IS	AN	ALGORITHM?	First,	we	show	that	f	is	one-to-one.	r	r	r	r	G2	:	r	u	r	r	r	r	r	r	...............................	(c)	For	integers	x	and	y,	if	we	know	that	x	+	y	is	even,	do	we	know	that
x	and	y	are	even?	At	Step	4,	p	is	assigned	the	value	⌊(3	+	4)/2⌋	=	3.		Result	3.16	If	n	is	an	odd	integer,	then	5n	+	3	is	an	even	integer.	{(a,	a),	(a,	b),	(b,	a),	(b,	b)}.	Thus	a	≤	e	and	b	≤	f	.	206	CHAPTER	6.	More	formally,	a	finite-state	machine	consists	of	(1)	a	finite	set	S	of	internal	states,	(2)	a	finite	input	set	I,	(3)	a	finite	output	set	O,	(4)	a	next-state	(or
transition)	function	f	:	S	×	I	→	S,	(5)	an	output	function	g	:	S	×	I	→	O.	Example	6.21	Let	the	functions	f	:	N	→	R+	and	g	:	N	→	R+	be	defined	by	f	(n)	=	n2	+	3n	+	2	and	g(n)	=	n2	2	for	all	n	∈	N.	1.6.	SOME	APPLICATIONS	OF	LOGIC	45	then	the	prosecutor	states	the	implication	P	⇒	Q.	Therefore,	P	(n)	is	a	true	statement	when	n	=	−1,	n	=	0	or	n	=	1	and
is	a	false	statement	for	all	other	integers.	domain	(of	f	):	the	set	A	where	f	is	a	function	from	A	to	B.	Find	a	formula	for	1	+	4	+	7	+	·	·	·	+	(3n	−	2)	for	positive	integers	n,	and	then	verify	your	formula	by	induction.	Therefore,	R	is	not	transitive.	Show	that	f	=	O(g)	but	g	6=	O(f	).	Example	15.22	For	the	finite-state	machine	in	Figure	15.26	with	starting
state	s0	,	find	the	output	string	and	sequence	of	states	obtained	from	the	input	string	1001101.	If	(u,	w)	∈	E(T	)	for	all	w	∈	E(T	),	then	od	u	≥	|A|	+	1	=	od	v	+	1	>	od	v,	which	is	impossible.	n	o	x	(b)	B	=	x	∈	R	:	x+2	=	x	x+2	.	DIRECTED	GRAPHS	u1	v.....2..	(a)	The	output	is	1010011.	Let	D	be	a	digraph	whose	vertices	are	the	four	countries.	Assume	that
x	R	y	and	y	R	z,	where	x,	y,	z	∈	S.	+	1)xk	.	210	CHAPTER	6.	Therefore,	u	is	also	adjacent	to	every	vertex	of	S	(see	Figure	15.18).	The	question	of	finding	such	a	formula	and	verifying	the	correctness	of	the	formula	is	important	and	will	be	discussed	further	in	Chapter	9.	We	illustrate	this	remark	with	the	Fibonacci	numbers.	(b)	(∼	P	)	⇒	(∼	Q).	√	Proof.
(b)	For	each	integer	k	with	s	<	k	<	t,	show	that	there	exists	a	5-regular	graph	Gk	such	that	χ(Gk	)	=	k.	Prove	that	if	n	is	an	even	integer,	then	7n	−	2	is	an	even	integer.	•	Every	infinite	subset	of	a	denumerable	set	is	denumerable.	Observe	that	ak+1	=	2ak	=	2	·	2k−1	=	2k	.	(a)-(b)	No.	3.	Chapter	5	deals	with	concepts	that	are	fundamental	to	all	areas
of	mathematics:	relations	and	functions.	y	..	....................c	...	(a)	Suppose	that	D	is	a	digraph	such	that	od	v	=	0	or	id	v	=	0	for	some	vertex	v	of	D.	(a)	P	⇒	Q.	If	this	is	the	case,	Chapter	6	can	be	omitted.	(b)	Give	an	example	of	two	distinct	integers	a	and	b	for	which	this	biconditional	is	false.	The	location	of	regions	inside	or	outside	the	curves	indicates
the	sets	to	which	an	element	may	or	may	not	belong.	.............................................................................................................................	This	suggests	writing	a	computer	program	in	each	case	that	will	solve	the	problem.	Step	2	is	a	while	loop.	x	Figure	5.18:	The	graph	of	the	function	f	in	Example	5.54	While	drawing	the	graph	of	the	function	does	not
constitute	a	solution,	it	may	very	well	suggest	a	solution.	21	31	.	.,	vn	},	i=1	(od	vi	)k	=	i=1	(id	vi	)k	?	5	6	............	1	....................	Since	n	≤	2n	+	1	for	n	≥	1,	we	have	g	=	O(f	),	where	C	=	k	=	1	in	the	definition.	(a)	Use	a	truth	table	to	verify	that	P	⇒	Q	6≡	(∼	P	)	⇒	(∼	Q).	We	now	consider	some	of	the	most	common	types	of	functions.	Let	x	=	2.
Sometimes,	we	may	need	to	verify	the	truth	of	statements	ourselves.	(d)	There	exists	an	odd	integer	a	such	that	for	every	integer	b,	ab	is	odd.	v1	..	Because	a2	=	11	>	8	=	x,	the	value	11	is	assigned	to	x	in	Step	3.	Prove	that	if	u	and	v	are	vertices	of	a	tournament	such	that	d(u,	13.	r	r	r	r	r	r	r	B	Figure	5.3:	The	relation	R	in	Exercise	4	7.	P4	+	P4	r	r	r	r
.r.................r	..............r	...........r	r	r	r	r	r	r	r	r	P4	×	P4	r	r	r	r	r	r	r	...	The	definitions	of	all	concepts	are	presented	and,	if	the	concept	is	considered	a	major	concept,	it	is	prominently	displayed.	Suppose	that	u	and	v	do	not	lie	on	a	common	cycle.	(e)	g	=	{(x,	d),	(y,	c),	(z,	b)}.	If	more	than	15¢	has	been	deposited,	any	amount	over	15¢	is	immediately
returned.	The	word	“algorithm”	comes	from	the	word	“algorizm”	which	emanated	from	the	name	of	the	9th	century	Persian	mathematician	Abu	Abdullah	Muhammad	ibn	Musa	al-Khwarizm.	Hence	the	vertices	of	G	can	be	colored	with	two	colors,	say	1	and	2,	such	that	adjacent	vertices	of	G	are	colored	differently.	A	collection	of	sets	is	said	to	be
pairwise	disjoint	if	every	two	distinct	sets	in	the	collection	are	disjoint.	0,	1	0,	1	......	3	s	s	s	s	Figure	15.29:	The	state	digraph	modeling	the	finite-state	automaton	in	Example	15.24	Solution.	Prove	that	min(a,	b)	≤	a+b	2	≤	max(a,	b)	(see	Exercise	27).	Since	a	+	b	<	0,	it	follows	that	|a	+	b|	=	−(a	+	b)	=	(−a)	+	(−b)	=	|a|	+	|b|.	if	b	>	x	then	x	:=	b	[if	b	>
x,	then	x	is	assigned	the	value	b]	3.	In	Step	5,	since	y	6=	x,	the	conclusion	of	Step	5	is	not	executed.	MATHEMATICAL	INDUCTION	2	Thus,	Fk	Fk+2	=	Fk+1	+	(−1)k+1	.	Notice	that	we	don’t	know	that	ak−1	=	(k	−	1)2	.	state	table	(or	transition	table):	a	table	describing	the	states,	next-state	function	and	output	function	in	a	finite-state	machine	or	a
finite-state	automaton.	Assume,	to	the	contrary,	that	nr	is	rational.	(b)	x	>	y.	B	1	2	.........	To	show	that	f	is	onto,	=	a	r−b	+	b	=	r,	f	is	onto.	Actually,	this	question	is	quite	easy	to	answer	for	the	graph	H	of	Figure	14.19.	For	the	following	open	sentences,	each	of	variables	x,	y	and	z	is	1,	2	or	3.	(b)	f	:	R	→	R	defined	by	f	(x)	=	−2x	,	where	x	∈	R.		y.	1,	0
.............	Let	A	be	the	set	of	the	25	students	in	class	and	let	B	=	{0,	1,	2,	.	Indeed,	there	is	a	closely	related	sequence	of	numbers	named	after	Lucas	–	the	Lucas	numbers:	2,	1,	3,	4,	7,	11,	18,	29,	47,	76,	.	If	|x|	=	1,	then	x3	=	1.	90	CHAPTER	3.	Thus	f	◦	f	is	not	injective.	a	≤	2	and	a	>	−2.	x	ppp	pp	p	4	ppp	ppp	p	p	p	p	p	ppp	p	p	pp	p	p	p	−3	...	By
definition	a1	=	1.	v∈V	(G)	Since	G	is	planar,	m	≤	3n	−	6	by	Corollary	14.7.	It	then	follows	by	the	First	Theorem	of	Graph	Theory	that	X	deg	v	=	2m	≤	2(3n	−	6)	=	6n	−	12,	6n	≤	v∈V	(G)	which	is	impossible.	Integer	representations	and	a	discussion	of	the	bases	2,	8	and	16	occur	here.	input	set:	a	finite	set	of	inputs.	Investigate	the	truth	or	falseness	of	P
(n)	⇔	Q(n)	for	various	integers	n.	Soon	afterwards,	at	time	t4	,	the	machine	is	reset	to	state	s0	.	Since	0	≤	od	v	≤	n	−	1	for	every	vertex	v	of	T	,	it	follows	that	there	is	exactly	one	vertex	of	outdegree	k	for	every	integer	k	with	0	≤	k	≤	n	−	1.	x	∈	A	−	C.	Prove	that	if	(x	−	3)2	+	(y	−	4)2	=	0,	then	x2	+	y	2	=	25.	1,1	..................	MATHEMATICAL
INDUCTION	and	so	Fk+1	≤	2Fk	.	Just	as	every	positive	integer	can	be	expressed	as	sums	of	powers	of	10,	the	same	is	true	of	powers	of	2.	(1.2)	1.3.	IMPLICATIONS	27	Let’s	consider	the	truth	or	falseness	of	the	implication	P	⇒	Q	in	(1.2)	for	the	possible	combinations	of	truth	values	of	P	and	Q.	Even	if	it	is	decided	not	to	present	a	proof	in	class,	proofs
can	be	read	by	students.	Since	a	R	b,	it	follows	by	the	transitive	property	that	x	R	b.	(4.8)	This	property	also	holds	for	products	of	more	than	two	real	numbers.	Prove	that	7m	+	3n	is	odd	if	and	only	if	m	and	n	are	of	opposite	parity.	R	............	1	s	A:		7	s	s	s	2	4	9	s	3	s	8	s	s	s	s	10	5	6	Figure	2.10:	The	partition	P	of	the	set	A	=	{1,	2,	.	Prove	that	if	n	is	an
integer,	then	n3	−	n	is	even.	Assign	the	color	1	to	every	vertex	of	U	and	the	color	2	to	every	vertex	of	W	.	We	show	that	ak+1	=	k+2.	Let	s	be	an	irrational	number.	We	thank	many	students	and	colleagues	for	their	comments	on	and	suggestions	for	these	notes.	(d)	105/1225	≈	0.0086.	We	show	that	ak+1	=	(k	+	1)2	+	3.	Assume	that	k!	>	k	2	for	an
arbitrary	integer	k	≥	4.	The	proof	of	Result	3.38	may	seem	unsatisfactory	to	you	since	we	still	don’t	know	two	specific	irrational	numbers	a	and	b	such	that	ab	is	rational.	u	.......................	(b)	P	∧	(P	∨	Q)	≡	P	.	(d)	“If	8	+	11	=	21,	then	12	+	14	=	28”	reduces	to:	If	F	,	then	F	.	Hence	Next	we		a	=	b.	a	b	=	f	(a)	...	(Do	not	find	such	a	coloring.)	(b)	For	the
coloring	of	the	arcs	of	D	given	in	Figure	15.40(b),	determine	whether	the	following	sequences	are	synchronized	sequences	for	some	vertex	of	D.	The	graph	G	is	Eulerian.	Determine	whether	the	biconditionals	P	(1)	⇔	Q(1)	and	P	(2)	⇔	Q(2)	are	true	or	false.	The	set	of	positive	integers	or	natural	numbers	is	denoted	by	N.	•	If	we	can	draw	G	in	the	plane
without	any	of	its	edges	crossing,	then	of	course	G	is	planar.	In	9	of	the	10	rolls,	each	coin	in	the	roll	weighs	10	grams	but	in	the	other	roll	of	(counterfeit)	coins,	each	coin	weighs	11	grams.	Suppose	that	χ(G)	=	k.	LOGIC	(∼	Q(n))	⇒	(∼	P	(n)):	If	n	is	not	odd,	then	3n	+	11	is	not	even.	If	R	and	S	are	compound	statements	constructed	from	one	or	more
logical	connectives	and	from	the	two	component	statements	P	and	Q,	say,	then	once	we	know	the	truth	value	of	each	of	P	and	Q,	the	truth	value	of	each	of	R	and	S	can	be	determined.	n	is	even,	say	n	=	2k	for	some	k	≥	2.	The	set	Q	of	rational	numbers	is	denumerable	and	the	set	C	of	complex	numbers	is	uncountable.	(a)-(d)	not	one-to-one.	Rowling
(author	of	the	Harry	Potter	novels)	considered	this	topic	herself	and	wrote:	Sometimes	ideas	just	come	to	me.	Interchanging	x	and	y,	we	obtain	y	=	(x	−	2)/3	and	so	f	−1	(x)	=	(x	−	2)/3.	(a)	f	:	Z	→	Z	is	defined	by	f	(n)	=	4n	+	1	for	n	∈	Z.	Definition	5.17	Let	R	be	an	equivalence	relation	on	a	set	A.	Let	a	be	the	number	of	vertices	having	indegree	0	and	let
b	be	the	number	of	vertices	having	outdegree	0.	(b)	3/8.	Consider	G	=	K5	.	Give	examples	of	three	sets	A,	B	and	C	such	that	(a)	A	∈	B,	A	⊆	C	and	B	6⊆	C.	,	10}	and	the	subsets	S1	=	{1,	7,	8},	S2	=	{2,	4,	9},	S3	=	{3},	S4	=	{5,	6,	10}	of	A,	the	set	P	=	{S1	,	S2	,	S3	,	S4	}	is	a	partition	of	A	(see	Figure	2.10).	671	INDEX	List	of	Symbols	,	8	∼	P	,	14	P	∧	Q,
P	∨	Q,	15-16	P	⊕	Q,	17	R	≡	S,	R	6≡	S,	18	P	⇒	Q,	25	P	⇔	Q,	36	a	∈	A,	b	∈	/	A,	53	A	=	B,	A	6=	B,	53	.	The	negation	of	the	statement	in	(3.6)	is	∼	(∀x	∈	R,	∃y	∈	R,	P	(x,	y))	≡	∃x	∈	R,	∀y	∈	R,	∼	P	(x,	y).	X1	=	{x1	,	x4	},	X2	=	{x2	,	x4	,	x5	}	and	X3	=	{x3	,	x5	}	(b)	which	subset	of	X	corresponds	to	each	of	the	5-bit	strings	below.	The	initial	bit	0	in	the	expansion
of	a	and	the	initial	two	0s	in	the	expansion	of	b	are	present	to	have	an	equal	number	of	bits	in	a	and	b	and	to	aid	us	in	computing	the	sum.	For	k	=	3,	let	G	be	the	graph	with	V	(G)	=	{v1	,	v2	,	.	Next	show	that	A	∩	(C1	∪	C2	∪	·	·	·	∪	Ck+1	)	=	(A	∩	C1	)	∪	(A	∩	C2	)	∪	·	·	·	∪	(A	∩	Ck+1	).	Thus	χ(G)	6=	n.	Since	a2	6=	a3	,	we	move	to	Step	7,	where	j	is
increased	to	4.	(b)	{a,	b,	c}.	For	these	two	sets	A	and	B,	A	×	B	=	{(0,	∅),	(0,	{1}),	(0,	2),	(1,	∅),	(1,	{1}),	(1,	2)}.	Determine	the	chromatic	number	of	each	of	the	graphs	G	and	H	of	Figure	14.34.	658	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Supplementary	Exercises	for	Chapter	15	1.	G:	x	w	u	.......	Because	of	the	symmetry	of	the
graph	G,	we	may	assume	that	the	color	1	is	used	to	color	one	of	the	vertices	of	C,	say	vertex	c1	,	and	the	colors	2	and	3	are	used	twice	each.	Example	14.31	The	following	eight	individuals	from	eight	branch	offices	of	a	software	company	are	present	at	the	main	office	of	the	company	to	discuss	a	number	of	issues:	Allen	(a),	Brenda	(b),	Carlos	(c),
Dennis	(d),	Edith	(e),	Fay	(f),	George	(g)	Harriet	(h).	(a)	(g	◦	f	)(0)	and	(f	◦	g)(0).	The	contrapositive	of	this	biconditional	is:	The	product	of	two	real	numbers	is	0	if	and	only	if	at	least	one	of	these	two	numbers	is	0.	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	functions	defined	by	f	(n)	=	5n	+	7	and	g(n)	=	n2	for	all	n	∈	N.	His	father’s	name	was	Guglielmo
Bonaccio.	v2	r	r	v3	Figure	15.11:	The	digraphs	D1	and	D2	in	Exercise	6	7.	Result	3.37	There	exist	rational	numbers	a	and	b	such	that	ab	is	irrational.	Theorem	5.77	The	set	Q	of	rational	numbers	is	denumerable.	Although	mathematics	developed	in	other	parts	of	the	world,	particularly	China,	Japan	and	South	India,	this	Asian	mathematics	did	not	have
the	impact	that	the	international	mathematics	did.	.,	50	+	51,	each	of	which	is	101	and	so	1	+	2	+	·	·	·+	100	=	50(101)	=	5050,	thereby	verifying	the	formula	(4.4)	for	n	=	100.	Then	G−e	has	exactly	two	components	G1	and	G2	,	each	of	which	has	a	strong	orientation.	,	uk	=	v)	of	distinct	vertices	of	D	such	that	(ui	,	ui+1	)	∈	E	for	0	≤	i	≤	k	−	1.	Then	3a
+	2	=	3b	+	2.	Assume,	to	the	contrary,	that	K3,3	is	planar.	Determine	the	following.	s1	...	Which	of	the	following	is	logically	equivalent	to	this	statement?	A	...................................................................	16.	for	i	:=	j	+	1	to	j	+	n	−	1	do	9.	(a	false	statement)	88	CHAPTER	3.	The	label	of	each	leaf	indicates	the	counterfeit	coin.	These	laws,	called	De
Morgan’s	Laws,	are	named	for	Augustus	De	Morgan,	a	famous	mathematician	of	the	mid-19th	century.	However,	Q(n)	is	false	for	every	integer	n.	natural	number:	a	positive	integer.	Verify	the	following	De	Morgan’s	Law	by	a	truth	table.	In	this	case	no	ties	are	permitted.	w3	x2	D4	:	v3	u	v	w4	x4	4	..........	xyz	+	xyz	+	xy	z	+	xyz	+	xyz	+	x	y	z.	For
example,	N	⊆	Z,	Z	⊆	Q	and	Q	⊆	R.	pppp	pp	p	..........	Assume,	without	loss	of	generality,	that	a	≤	b.	Output:	p	=	an	1.	Figure	21:	The	graph	in	Exercise	1(a)	3.	From	this,	it	follows	that	X	=	Y	.	Since	g	is	onto,	there	exists	b	∈	B	such	that	g(b)	=	c.	1,1	.	Since	x	>	0	for	every	x	∈	R+	,	no	real	number	y	≤	0	can	be	the	image	of	any	positive	real	number	and
so	g	is	not	onto.	(c)	∼	(P	⇒	Q)	≡	P	∧	(∼	Q).	Again	there	is	no	output.	If	4n	+	5	is	odd,	then	n	is	even.	(a)	Saving	enough	money	is	necessary	for	me	to	take	a	vacation.	Since	5a	+	3	is	an	integer,	5n	+	1	is	even.	We	show	that	xk+1	is	even	if	and	only	if	x	is	even.	Let	P	and	Q	be	statements.	It	is	probably	most	important,	however,	that	a	student	enters	a
course	in	discrete	mathematics	with	a	desire	for	learning	and	a	goal	of	doing	the	best	that	he	or	she	can	do.	Find	a	formula	for	2	+	4	+	6	+	·	·	·	+	2n	for	every	positive	integer	n	and	then	verify	your	formula	by	the	Principle	of	Mathematical	Induction.	Maria	prepares	for	the	interview,	does	not	do	well	on	the	interview	but	gets	the	job.	(a	true	statement)
R(5):	27	is	even.	If	b	is	not	an	element	of	A,	we	write	b	6∈	A.	Assume,	to	the	contrary,	that	there	exist	a	rational	number	r	and	an	irrational	number	s	such	that	t	=	r	+	s	is	rational.	3.	Hence	P	(1)	⇒	Q(1)	is	a	false	statement.	In	fact,	P	(3)	is	true	and	P	(2)	is	false.		We	have	mentioned	what	it	means	for	two	sets	A	and	B	to	have	the	same	cardinality.	n	X	ai
.	Prove	that	the	function	f	:	R	−	{3}	→	R	−	{1}	defined	by	f	(x)	=	x	x−3	is	bijective.	In	T4	,	(v1	,	v3	,	v4	,	v2	,	v1	).	(b)	For	every	rational	number	r,	there	exists	an	irrational	number	s	such	that	rs	=	0.	The	conjunction	of	these	two	implications	is	a	biconditional:	Let	a,	b	and	c	be	the	lengths	of	the	three	sides	of	a	triangle	T	,	where	a	≤	b	≤	c.	∼	(∃x	∈	S,
R(x))	≡	∀x	∈	S,	∼	R(x).	output	function:	a	function	in	a	finite-state	machine	that	assigns	an	output	to	each	state-input	pair.	Since	2	cos	π4	=	2	22	=	2,	the	statement	holds	for	n	=	1.	(a)	The	integers	a	=	1	and	b	=	2	form	a	counterexample.	Prove	that	if	3n	+	4	is	odd,	then	n	is	odd.	We	next	encounter	the	while	loop	at	Step	5.	On	the	other	hand,	if	we
were	to	let	A′	=	{1,	2,	3},	then	g	is	a	function	from	the	set	A′	to	B.	in	Example	3.1	can	therefore	be	expressed	as	If	n	is	an	integer,	then	n2	−	n	is	even.	a=3	a3	b=4	8	a4	11	...	RELATIONS	AND	FUNCTIONS	Corollary	5.87	There	is	no	set	of	largest	cardinality.	Definition	5.57	A	function	that	is	one-to-one	and	onto	is	called	a	bijective	function,	a	bijection
or	a	one-to-one	correspondence.	Observe	by	a	distributive	law	that	a	·	b	+	(a	+	b)	=	(a	+	b)	+	(a	·	b)	=	((a	+	b)	+	a)	·	((a	+	b)	+	b)	=	(a	+	(a	+	b))	·	((a	+	b)	+	b)	=	(a	·	b)	·	(a	+	b)	=	((a	+	a)	+	b)	·	(a	+	(b	+	b))	=	(1	+	b)	·	(a	+	1)	=	1	·	1	=	1.	What	we	have	just	described	is	the	minimum	number	of	comparisons	that	can	be	made	when	Algorithm	6.8	is



executed.	Suppose	that	we	have	verified	the	truth	of	statements	(1)	and	(2).		Let’s	look	at	some	familiar	sequences	that	can	also	be	defined	recursively.	i	0	1	1	1	2	2	5	5	j	ai	aj	output	2	3	4	3	4	4	5	11	11	11	9	9	9	13	9	13	9	9	appears	twice	in	the	sequence	There	are	several	variations	of	Algorithm	6.11.	We	next	present	a	simple	but	useful	observation.
Q(n):	(3n	−	2)2	≥	20.	For	the	sets	A	=	{1,	2},	B	=	{2,	3}	and	C	=	{3,	4},	determine	the	following.	r	r	r	r	r	r	4	(d)	Figure	2.1:	Venn	diagrams	for	the	sets	in	Example	2.10	57	2.1.	SETS	AND	SUBSETS	(a)	In	this	situation,	the	two	elements	3	and	4	of	U	do	not	belong	to	A.	534	CHAPTER	14.	For	each	possible	positive	integer	k,	give	an	example	of	a	4-
regular	graph	Gk	with	χ(Gk	)	=	k.	D2	:	x	v	w	x	.......	Also,	6	≤	3n	for	n	≥	2.	For	a	given	set	S,	let	P	(x)	denote	some	open	sentence	involving	elements	x	∈	S.	Section	3.5	1.	For	each	n	∈	N,	let	f	(n)	=	an	∈	[0,	1].	For	a	positive	integer	n,	the	integer	n!	(n	factorial)	is	defined	by	n!	=	n(n	−	1)(n	−	2)	·	·	·	3	·	2	·	1	and	for	every	positive	integer	n,	(n	+	1)!	=	(n	+
1)n!.	The	element	3	belongs	to	U	but	not	to	D.	By	the	Strong	Principle	of	Mathematical	Induction,	2n	=	0	for	every	nonnegative	integer	n.	(c)	true	statement.	(a)	State	P	∨	Q	and	P	∧	Q.	Since	f	(s0	,	a)	=	s2	,	f	(s0	,	b)	=	s1	and	f	(s0	,	c)	=	s3	,	there	is	an	arc	labeled	a	from	s0	to	s2	,	an	arc	labeled	b	from	s0	to	s1	and	an	arc	labeled	c	from	s0	to	s3	.
.....................................................................	(i)	declarative,	not	a	statement.	Since	−1	≤	sin	n	≤	1	for	every	positive	integer	n,	it	follows	that	n	≤	n(2	+	sin	n)	≤	3n,	that	is,	1	·	g(n)	≤	f	(n)	≤	3g(n)	for	every	positive	integer	n.	(3)	......	(a)	x	1	1	0	0	y	1	0	1	0	x	0	0	1	1	y	0	1	0	1	5.	Example	5.58	For	A	=	{1,	2,	3,	4}	and	B	=	{w,	x,	y,	z},	the	function	f	:	A	→	B
defined	by	f	={(1,	y),	(2,	w),	(3,	z),	(4,	x)}	is	bijective.	Another	quarter	is	deposited.	Indeed,	if	we	have	a	set	B	whose	elements	can	be	listed	as	b1	,	b2	,	b3	,	.	When	f	=	Θ(g),	we	say	that	f	and	g	grow	at	the	same	rate.	If	there	did	exist	a	real	number	x	such	that	x4	+	2	=	2x2	,	then	such	a	real	number	x	would	be	a	solution	of	this	equation.	One	way	is	to
begin	with	3y	−	7x	and	write	this	as	3y	−	3x	−	4x.	qqqqqqq	.............	Let	I	denote	the	set	of	irrational	numbers.	But	what	do	we	mean	by	this?	Observe	that	x2	−	8x	+	15	=	(x	−	3)(x	−	5).	If	$1	has	been	deposited	(either	two	half-dollars	or	two	quarters	followed	by	a	half-dollar),	then	the	machine	returns	25¢	in	change	immediately.	(b)	Determine	(f	◦	g)
(5).	Determine	χ(Q3	).	Since	j=1	(2ℓj	+	1)	is	the	sum	of	odd	integers,	b	is	even.	(c)	{a}	⊆	{a}.	Thus	10	=	x	+	y	+	z	=	(2a	+	1)	+	2b	+	2c	=	2(a	+	b	+	c)	+	1.	Then	(A	−	B)	∩	(A	−	C)	=	A	−	(B	∪	C).	A	vertex	i	is	adjacent	to	a	vertex	j	in	D	if	j	−	i	∈	A	and	j	is	adjacent	to	i	if	j	−	i	∈	B.	One	way	is	simply	to	write	the	steps	of	the	algorithm	in	sentences	using
English	and,	for	many	purposes,	this	is	a	useful	method.	(b)	C5	.	Example	5.43	Let	f	:	R	→	R	and	g	:	R	→	R,	where	f	(x)	=	sin	x	and	g(x)	=	x2	.	for	each	n	∈	N,	show	that	f	(n)	=	O(n).	Since	4	<	6,	x	is	assigned	the	value	4	in	Step	3.	Subcase	3.2.	a	+	b	<	0.	This	was	anticipated	by	the	truth	table	in	Figure	1.2.		We	can	also	take	the	negation	of	open
sentences,	although	there	is	no	truth	value	associated	with	these	since	in	each	case	we	are	only	creating	a	new	open	sentence.	We	asked	earlier	whether	the	nth	term	of	a	recursively	defined	sequence	may	also	be	expressed	in	a	closed	form	(that	is,	by	a	formula).	For	every	statement	constructed	from	P	,	your	friend	promises	always	to	give	the
correct	truth	value	or	always	to	give	the	incorrect	truth	value.	Partition	the	power	set	P(A)	of	A	into	as	many	subsets	as	possible	such	that	no	two	subsets	have	the	same	number	of	elements.		Example	1.67	The	defendant	in	a	trial	has	been	accused	of	a	robbery.	m	is	even	and	n	is	odd.	Which	of	the	following	are	partitions	of	the	set	A	=	{a,	b,	c,	d,	e,	f,
g}?	Each	chapter	contains	many	examples.	0,	0..........	(b)	See	Figure	32	.	(c)	What	is	f	(X)	where	X	=	{−3,	−2,	−1}?	DIRECTED	GRAPHS	..........................................	For	two	sets	A	and	B,	A	−	B	=	A	∩	B.	Result	to	Prove:	Let	n	be	an	integer.	15	11	9	12	10	11	15	9	12	10	9	11	15	12	10	11	12	15	10	10	11	12	15	9	.	We	will	see	many	ways	to	describe	sets.
(b)	Maria	has	an	interview	for	a	job.	Since	P	(n)	and	Q(n)	are	both	true	for	n	=	−1	and	both	false	for	n	=	2,	it	follows	that	P	(−1)	⊕	Q(−1)	and	P	(2)	⊕	Q(2)	are	false	statements.	Intersections	and	Unions	Definition	2.19	Let	A	and	B	be	two	sets.	(b)	P	⇔	Q	≡	(P	∧	Q)	∨	((∼	P	)	∧	(∼	Q)).	Assume	that	f	(d)	=	k.	(a)	For	every	integer	a,	there	exists	an	integer	b
such	that	|a	−	b|	=	1.	if	i	=	n	then	output	“no	term	appears	twice	in	the	sequence”	We	now	apply	this	algorithm	for	a	particular	sequence.	We	now	use	this	algorithm	to	add	four	numbers.	J	.	By	Step	7,	j	is	increased	to	3.	So	|ab|	=	ab	=	(−a)(−b)	=	|a||b|.	(c)	one-to-one	and	onto.	√	33.	Since	py	−	xq	and	qy	are	integers	and	qy	6=	0,	it	follows	that	b	is	a
rational	number.	RELATIONS	AND	FUNCTIONS	f	...............	Let	A	be	the	set	of	vertices	from	which	u	is	adjacent	and	let	B	the	set	of	vertices	to	which	v	is	adjacent.	Since	f	(A1	)	is	a	subset	of	f	(A1	)	∪	f	(A2	),	we	have	b	∈	f	(A1	)	∪	f	(A2	)	and	so	f	(A1	∪	A2	)	⊆	f	(A1	)	∪	f	(A2	).	Prove	that	1	+	13.	0,	1	.........	disjunction	(of	P	and	Q),	P	∨	Q:	P	or	Q.	Is	it	true
that	−9	3	+	4	2	=	−9+4	3+2	?	Let	Ai	=	{1,	2,	.	x	....	Find	a	map	M	whose	dual	graph	is	isomorphic	the	connected	planar	graph	in	Figure	14.33.	The	games	and	puzzles	you	learned	and	enjoyed	were	probably	part	of	discrete	mathematics	as	well.	State	in	words	the	converse	and	the	contrapositive	of	the	implication	P	⇒	Q,	where	P	:	101	is	even.	Often
when	there	is	a	discussion	concerning	sets,	the	sets	involved	are	all	subsets	of	some	specified	set,	called	the	universal	set,	which	is	usually	denoted	by	U	.	(d)	P4	(n)	:	12/n2	is	an	integer.	Recall	that	a	digraph	D	is	strong	(or	strongly	connected)	if	for	every	two	vertices	u	and	v	of	D,	there	are	both	a	directed	u	−	v	path	and	a	directed	v	−	u	path.	(a)	No
values	of	x.	Therefore,	x	R	z	and	R	is	transitive.	∼	(P	⇒	Q)	≡	P	∧	(∼	Q).	ℓ	ℓ	6R	ℓ	Figure	5.4:	The	equivalence	relation	R	in	Example	5.15	Solution.	2.4	Partitions	There	are	many	instances	when	it	is	useful	to	divide	a	nonempty	set	A	into	nonempty	subsets	in	such	a	way	that	each	element	of	A	belongs	to	exactly	one	of	these	subsets.	Q(n)	:	(n	+	1)2	(n	+	2)2
/4	is	even.	The	same	is	true	when	the	indegrees	are	added.	is	therefore	a	quantified	statement.	Functions	such	as	x2	,	sin	x	and	ex	(where	x	is	a	real	number)	are	of	great	importance	to	us	in	continuous	mathematics,	while	n2	and	2n	(where	n	is	a	positive	integer)	are	important	to	us	in	discrete	mathematics.	(b)	one	direct	proof	and	one	proof	by
contrapositive.	504.	If	the	neighbors	of	v	in	G	are	colored	with	four	or	fewer	colors,	then	at	least	one	of	the	colors	1,	2,	3,	4,	5	is	available	for	v.	In	many	instances,	algorithms	are	covered	in	Computer	Science	courses.	(g)	B.	So	one	of	the	subset	of	S	is	{	},	called	the	empty	set,	and	consists	of	no	elements;	while	one	of	the	subsets	is	S	itself.	Although
all	of	these	questions	are	important,	our	primary	interest	in	this	chapter	will	be	with	question	(iv).	.,	where	a0	=	−	31	,	a1	=	25	,	a2	=	−	74	and	a3	=	98	.	Assuming	that	the	rabbits	do	not	die	during	the	year,	the	number	rn	of	pairs	of	rabbits	at	the	beginning	of	Month	#n	(3	≤	n	≤	13)	is	the	number	rn−1	of	pairs	of	rabbits	there	are	at	the	beginning	of
Month	#(n	−	1)	plus	the	number	of	pairs	of	rabbits	born	at	the	beginning	of	Month	#n.	A....................................................	...............................................................................	For	the	functions	f	:	N	→	R+	and	g	:	N	→	R+	in	Example	6.14	defined	by	f	(n)	=	2n2	and	g(n)	=	n3	for	all	n	∈	N,	it	was	shown	that	f	=	O(g).	(b)	Let	S	=	{1,	4,	5,	6,	8}.	Then	a	and	b
are	both	even,	say	a	=	2x	and	b	=	2y,	where	x,	y	∈	N.	Before	presenting	Robbins’	theorem,	we	first	make	some	observations.	By	Kuratowski’s	theorem,	G	does	not	contain	K5	as	a	subgraph.	(b)	B	is	an	element	of	P(A)	and	|B|	=	5.	We	determine	the	number	of	subsets	of	each	type.	221	6.4.	SEARCHING	AND	SORTING	Solution.	The	concept	of
algorithms	is	well	known	to	and	encountered	often	in	computer	science.	The	functions	f	:	A	→	B	and	g	:	B	→	C	defined	by	f	=	{(1,	c),	(2,	a),	(3,	b)}	and	g	=	{(a,	y),	(b,	z),	(c,	x)}	are	bijective.	We	have	already	mentioned	that	if	G	has	a	strong	orientation,	then	G	is	connected	and	contains	no	bridges.	Prove	or	disprove:	For	every	integer	b,	there	exists	a
positive	integer	a	such	that	|a	−	|b||	≤	1.	If	u	and	v	are	vertices	in	a	digraph	D	for	~	v)	from	u	to	v	is	the	length	which	there	is	a	directed	u	−	v	path,	then	the	directed	distance	d(u,	~	of	a	shortest	u	−	v	path	in	D.	if	y	=	x	then	y	:=	a2	[if	y	is	the	largest	number	in	the	sequence,	then	y	is	replaced	by	a2	]	6.	We	now	only	need	to	add	the	two	fractions	a/b
and	c/d	and	show	that	the	sum	can	be	expressed	as	the	ratio	of	two	integers,	where	the	denominator	is	nonzero.	(c)	For	every	even	integer	a	there	exists	an	integer	b	such	that	ab	is	odd.	deposited	..	Since	we	are	required	to	have	B	∈	C,	we	choose	C	=	{B}	=	{{{1},	1}}.	See	Figure	7.	Is	it	possible	to	have	a	round	robin	tournament	with	more	than
three	teams	where	each	team	wins	the	same	number	of	games?	2	2	......	f6	(x)	=	2x	f5	(x)	=	x2	f4	(x)	=	x	log	x	1	2	3	4	5	6	7	8	f3	(x)	=	x	f2	(x)	=	log	x	f1	(x)	=	1	...........	Since	the	number	3	has	not	yet	been	encountered,	we	define	f	(5)	=	3.	(c)	ab	<	0	and	a	+	b	>	0.	Output:	s	=	|a1	−	a2	|	+	|a1	−	a3	|	+	·	·	·	+	|a1	−	an	|	+	|a2	−	a3	|	+	·	·	·	+	|an−1	−	an	|.
(a)	k	...........		If	we	think	of	the	ordered	pair	(a,	b)	in	Example	5.16	as	representing	the	positive	rational	number	then	two	fractions	ab	and	dc	are	related	if	ad	=	bc,	that	is,	if	ab	=	dc	.		98	CHAPTER	3.	1	5	2	To	compute	A3	,	observe	that	v1	and	v4	belong	to	one	triangle	and	v2	and	v3	belong	to	two	ANSWERS	AND	HINTS	TO	ODD-NUMBERED
EXERCISES	643	triangles	each.	36	CHAPTER	1.	592	CHAPTER	15.	Of	course,	an	open	sentence	may	contain	more	than	two	variables.	Furthermore,	since	B	⊆	A,	the	set	A	is	infinite.	is	to	be	given,	the	opening	step	where	P	(x)	is	assumed	to	be	true	for	an	arbitrary	element	x	∈	S	is	not	included.	Then	a	+	b	is	even.	Before	formally	stating	this	algorithm,
we	give	an	example	to	illustrate	it.	144	CHAPTER	4.	...............................................................................................................................	For	a	real	number	x,	consider	the	open	sentences:	P	(x)	:	x	=	−2.	The	sequence	rbrb	is	a	synchronized	sequence	for	v4	.	We	consider	another	example.	....................................	(a)	Give	an	example	of	an	integer	n	such	that
P	(n)	is	false.	(a)	the	set	of	professors	in	the	mathematics	department	who	taught	both	a	calculus	course	and	a	discrete	mathematics	course.	In	Step	5,	n	+	2	and	n	+	1	are	compared	and	the	algorithm	ends.	(c)	{(0,	0,	0),	(0,	0,	1),	(0,	1,	0),	(0,	1,	1),	(1,	0,	0),	(1,	0,	1),	(1,	1,	0),	(1,	1,	1)}.	Let	A	=	{−3,	−1,	0,	2}	and	B	=	{0,	1,	4,	9}.	Since	20k	3	is	an
integer,	5n3	is	even.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	621	Section	6.2	1.	Let	x	∈	(A	−	B)	∩	(A	−	C).	The	coefficient	of	x	P∞	P∞	r+4	r	1	1	(b)	(1−x)	=	n=0	2n	xn	and	an	=	2n	for	n	≥	0.	√	7	Solution.	We	next	show	that	the	closed	interval	[0,	1]	=	{x	∈	R	:	0	≤	x	≤	1}	of	real	numbers	is	not	denumerable.		We	now	consider	a	number
of	other	relations	defined	on	a	set	and	determine	which	of	the	properties	reflexive,	symmetric	and	transitive	they	may	possess.	(a)	210.	15.	From	what	we	saw	in	Theorem	5.22,	we	can	expand	on	Corollary	5.24	a	bit	more.	√	√	3.	In	T1	,	(v1	,	v2	,	v3	,	v4	).	C,N	5,	N	..	In	this	case,	√	√	2	R	1,	2	R	2,	e	R	2,	e	R	3,	3	R	3,	π	R	3	and	π	R	4.		You	might	have
observed	for	the	sets	A	=	{1,	2}	and	B	=	{x,	y,	z}	in	Example	2.38	that	71	2.3.	CARTESIAN	PRODUCTS	OF	SETS	|A|	=	2,	|B|	=	3	and	|A	×	B|	=	6.	Solving	for	m,	we	get	m	≤	35	(n	−	2).	.........................................................	g	.	Supplementary	Exercises	for	Chapter	3	1.	Prove	that	there	exist	integers	m	and	n	of	the	same	parity	such	that	(m	−	2)2	−	(n	−
3)3	=	1.	Since	x	∈	/	B,	it	follows	that	x	∈	/	B	∩	C.	Since	D	has	directed	cycles	of	length	3	and	4,	it	follows	that	D	is	aperiodic.	If	(x,	y)	lies	on	the	graph,	then	let	y	=	f	(x).	Since	A	has	two	input	values,	every	vertex	of	D	has	outdegree	2,	that	is,	D	is	out-regular	(or	has	uniform	outdegree).	31.	In	Example	1.1,	sentence	1	is	a	false	statement	and	so	the	truth
value	of	this	statement	is	F.	Since	we	know	that	x	−	2	=	0,	we	now	see	how	a	proof	can	be	given.	It’s	probably	not	clear.	Furthermore,	we	may	assume	that	x/y	has	been	reduced	to	lowest	terms.	When	some	key	words	are	typed	into	www.google.com,	for	example,	the	Google	search	engine	goes	into	action	and	usually	several	web	pages	are	listed	(from
a	few	to	many).	,	n}	→	{0,	1}	defined	by		0	if	n	is	even	f	(n)	=	1	if	n	is	odd	is	a	finite	sequence	(or	an	n-bit	string	in	this	case).	Assume	that	n2	+	n	=	n(n	+	1)	=	0.	This,	however,	contradicts	our	assumption	that	3n	−	11	is	odd.	A	proof	of	Result	3.13	could	have	also	been	given	by	assuming	that	x	−	2	=	0	and	so	x	=	2.	(a)	Find	an	integer	n	such	that	∼	P
(n)	is	true.	The	exams	the	ten	students	missed	are	given	below.	Although	it	was	perfectly	permissible	to	use	a	and	b	in	these	two	cases	since	the	two	cases	are	independent	of	each	other,	it	would	be	incorrect	to	write	m	=	2a	and	n	=	2a	for	some	integer	a	in	Case	1,	say,	for	this	would	imply	that	m	=	n,	which	would	be	incorrect,	since	the	statement	of
Result	3.27	did	not	say	that	m	and	n	are	two	equal	integers.	If	we	apply	the	input	string	(15.2)	with	the	initial	state	s6	,	say,	we	obtain	the	directed	walk	(s6	,	s2	,	s7	,	s3	,	s4	,	s1	,	s2	,	s7	,	s6	,	s1	).	Example	3.7	State	the	negation	of	each	of	the	following	quantified	statements.	Suppose	that	k!	>	2k	for	an	integer	k	≥	4.	Also,	the	subsets	of	a	2-element	set
{x,	y}	are	∅,	{x},	{y}	and	{x,	y}	and	so	s2	=	4.	Following	the	proof	of	Theorem	15.5,	we	begin	with	a	cycle	in	G,	say	C	=	(v1	,	v2	,	.	Output:	?	If	the	defendant	is	found	guilty,	then	it	is	still	possible	that	he	or	she	did	not	commit	the	crime.	Hence	f	is	bijective.	2		But	how	does	one	establish	that	a	statement	such	as	(3.8)	is	true	if	the	domain	S	contains
more	than	just	a	few	elements?	Therefore,	χ(Kn	)	=	n.	In	particular,	if	c	=	a,	then	the	definition	says	if	(a,	b)	∈	R	and	(b,	a)	∈	R,	then	(a,	a)	must	be	in	R.	(b)-(d)	not	bijective.	Prove	that	2	+	3	is	an	irrational	number.	,	an	of	n	distinct	numbers	and,	if	so,	where	in	the	sequence	it	appears.	To	illustrate	how	an	algorithm	might	be	written	using	pseudocode,
we	present	an	algorithm	that	solves	problem	(1),	that	is,	an	algorithm	that	describes	a	method	for	finding	the	largest	number	in	a	list	a,	b,	c,	d	of	four	numbers.	A	is	4	....	Indeed,	the	string	(15.1)	can	be	interpreted	as	driving	directions.	Denote	the	set	of	irrational	numbers	by	I.	So	m	=	n	=	−1.	In	fact,	it	is	hoped	that	this	function	is	not	onto,	as	no	one
would	want	any	student	to	receive	a	score	of	0	on	the	quiz.	(a)	The	digraph	D	is	Eulerian	if	and	only	if	od	vi	=	id	vi	for	1	≤	i	≤	n.	This	is	impossible	since	g	is	a	function	from	B	to	A.	(c)	C	=	{n	∈	Z	:	n3	−	n	=	0}.	x2	=	25	if	x	=	5.	(a)	P	T	T	F	F	(P	⇒	Q)	∧	(∼	Q)	F	F	F	T	Q	T	F	T	F	P	⇒Q	T	F	T	T	∼	(P	⇒	Q)	F	T	F	F	((P	⇒	Q)	∧	(∼	Q))	⇒	(∼	P	)	T	T	T	T	∼	(P	⇒	Q)	⇒
P	T	T	T	T	597	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	7.	(b)	A	∈	B,	B	∈	C	and	A	∈	/	C.	Next	show	that	3	(k+1)(k+2)(k+3)	1	·	2	+	2	·	3	+	3	·	4	+	·	·	·	+	(k	+	1)(k	+	2)	=	.	z	...	Suppose	that	P	⇒	Q	is	false.	Even	knowing	that	a	function	f	:	R	→	R	is	bijective	does	not	necessarily	mean	that	an	expression	for	f	−1	(x)	can	be	determined
however.	(d)	No,	for	example,	5	R	3	and	3	R	5	but	5	6	R	5.	Examples	of	irrational	numbers	are	2,	3,	3	2	and	π.	For	which	integers	n	are	the	following	sentences	true	statements?	Hence	D	contains	a	vk	−	vk−1	path	with	an	internal	vertex	vj	such	that	(vk	,	vj	)	is	a	directed	edge	and	1	≤	j	≤	k	−	2.	To	show	that	G	itself	is	connected,	show	that	every	two
vertices	of	G	are	connected.	What	are	deg	v7	and	deg	v8	?	25,	N	.	We	claim	that	T	is	unique,	for	otherwise,	let	T	′	6=	T	be	another	minimum	spanning	tree	of	G.	Since	3	−	k	is	an	integer,	7	−	n	is	even.	Give	examples	of	six	pairs	a,	b	∈	S	for	which	a	R	b	and	six	pairs	a,	b	∈	S	for	which	a	6	R	b.	Example	6.24	Determine	the	time	complexity	of	Algorithm
6.4.	Algorithm	6.4:	Find	the	largest	number	in	a	list	s	:	a1	,	a2	,	.	Observe	that	B1	∪	B2	∪	·	·	·	∪	Bk+1	=	(B1	∪	B2	∪	·	·	·	∪	Bk	)	∪	Bk+1	=	B	∪	Bk+1	=	=	B	∩	B	k+1	=	(B1	∪	B2	∪	·	·	·	∪	Bk	)	∩	B	k+1		B	1	∩	B	2	∩	·	·	·	∩	B	k	∩	B	k+1	=	B	1	∩	B	2	∩	·	·	·	∩	B	k+1	.	x	5	(4)	.............	Unfortunately,	the	answer	is:	We	don’t	know,	at	least	we	don’t	always	know.
Hence	7	−	n	=	7	−	2k	=	2(3	−	k)	+	1.	disjoint	sets:	two	sets	having	no	elements	in	common.	When	i	=	1,	a1	and	a2	(17	and	8)	are	swapped;	when	i	=	2,	the	current	a2	and	a3	(17	and	11)	are	swapped;	and	when	i	=	3,	the	current	a3	and	a4	(17	and	5)	are	swapped.	(a)	Determine	all	integers	n	for	which	P	(n)	is	a	true	statement.	(g)	The	set	A	∪	B
consists	of	those	members	of	the	department	with	whom	you	have	never	had	a	conversation	and	you	have	never	had	as	an	instructor.	In	particular,	it	suffices	to	show	that	X	⊆	Y	and	Y	⊆	X.	for	i	:=	1	to	n	do	7.	Furthermore,	561	15.1.	FUNDAMENTAL	CONCEPTS	OF	DIGRAPH	THEORY	od	u	=	1,	id	u	=	3;	od	v	=	1,	id	v	=	0;	od	w	=	2,	id	w	=	1;	od	x	=	id
x	=	1.	Brazil	defeats	China	and	Spain,	while	Germany	defeats	Brazil	and	Spain.	(b)	A	⊆	B,	B	∈	C	and	A	∩	C	=	∅.	Prove	that	10	cannot	be	expressed	as	the	sum	of	an	odd	integer	and	two	even	integers.	(e)	Yes.	(c)	8.	B	C	A	A	.....................	Example	2.4	The	set	A	=	{n	∈	Z	:	n2	≤	4}	consists	of	all	those	integers	n	such	that	n2	≤	4.	For	example,	since	f	(s0	,
0)	=	s1	and	g(s0	,	0)	=	0,	there	is	an	arc	labeled	0,	0	from	s0	to	s1	.	(a)	There	exists	an	irrational	number	s	such	that	for	every	rational	number	r,	rs	6=	0.	Hence	we	may	assume	that	1	∈	T	.	Let	A	=	{x	∈	Z	:	|x|	≤	2}	and	C	=	{x	∈	Z	:	−2	≤	x	≤	4}.	(c)	It	is	impossible	to	determine	whether	D	is	strong.	Finally,	we	show	that	R	is	transitive.	SETS	Example
2.9	For	the	sets	A	=	{a,	b,	c}	and	C	=	{a,	b,	c,	d,	e},	find	all	sets	B	such	that	A	⊂	B	⊂	C.	If	n	≤	0,	then	f	(−2n	+	1)	=	n.	But	the	Four	Color	Problem	suggests	that	no	planar	graph	requires	five	colors.	Let	j	be	the	largest	integer	such	uvj	∈	E(G).	At	this	time,	it	is	useful	to	make	an	observation.	(iii)	The	jury	in	the	trial	does	not	have	enough	information	to
reach	a	verdict.	0,	1	.	Then	x3	≥	0,	3x2	≥	0	and	2x	≥	0.	For	this	reason,	addition	and	multiplication	are	referred	to	as	binary	operations	on	the	collection	of	real	numbers.	Output:	A	sequence	of	n	numbers	whose	terms	are	those	of	s	in	nonincreasing	order.	(c)	Does	there	exist	an	integer	n	such	that	P	(n)	∨	Q(n)	and	P	(n)	⊕	Q(n)	are	both	false?	So	either
χ(G)	=	3	or	χ(G)	=	4.	.........2	..	(b)	Suppose	that	the	first	three	terms	of	this	sequence	were	defined	instead	as	a1	=	1,	a2	=	2,	a3	=	3	but	the	recurrence	relation	was	not	changed.	562	Robertson,	Neil	547	root	498,	520	rooted	tree	498,	520	Rota,	Gian-Carlo	271	row	matrix	434,	483	Rowland,	Eric	239	Rowling,	J.	Consider	the	function	f	:	A	→	B,	where	A
=	{1,	2,	3}	and	B	=	{a,	b,	c,	d},	shown	in	the	diagram	of	Figure	5.28.	Since	|P(∅)|	=	1	=	20	,	the	statement	is	true	for	n	=	0.	b	.........................	557	CHAPTER	14	HIGHLIGHTS	u	v	w	...........	1/9.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	609	7.	Then	A1	6=	A2	.	(f)	−10.	For	A	=	{a,	b,	c,	d}	and	B	=	{x,	y,	z},	the	set	R	=	{(a,	y),	(a,	z),	(b,
y),	(c,	x),	(c,	z)}	of	ordered	pairs	is	a	relation	from	A	to	B.	The	fact	that	x	belongs	to	a	specific	subset	of	S	may	provide	just	the	additional	information	about	x	we	need	that	allows	us	to	give	a	proof.	Determine	with	explanation	whether	g	is	(i)	one-to-one,	(ii)	onto.	In	fact,	he’s	decided	that	he	will	go	if	it	costs	him	less	than	$25	and	that’s	the	only	way	he
would	go.	(d)	f	(n)	=	⌈n/2⌉.	(a)	A1	=	{1,	2},	A2	=	{1,	3},	A3	=	{2,	3}.	More	specifically,	if	(u,	v)	is	a	directed	edge	of	D,	then	we	say	that	u	is	adjacent	to	v	and	v	is	adjacent	from	u.	(c)	Does	there	exist	an	integer	n	such	that	P	(n)	∧	Q(n)	and	P	(n)	⊕	Q(n)	are	both	true?	Consider	a	=	1	and	b	=	2.	Also,	i	is	assigned	the	valued	n	+	1	=	5.
...................................................................	The	remaining	vertices	have	the	same	outdegree.	By	the	definition	of	an	odd	integer,	we	can	write	n	=	2k	+	1	for	some	integer	k.	r	r	A	A	r	r	r	B	A	r	B	A	............	MATHEMATICAL	INDUCTION	13.	Is	it	possible	for	two	different	sets	A	and	B	to	have	the	property	that	P(A	−	B)	=	P(B	−	A)?	Let	f	:	A	→	B	and	g	:	B	→
C	be	one-to-one	functions.	Example	3.9	State	the	negation	of	each	of	the	following	quantified	statements.	Based	on	these	values,	we	might	be	led	to	believe	that	an	=	n	for	every	positive	integer	n.	Since	A	and	B	are	denumerable,	the	sets	A	and	B	can	be	expressed	as	A	=	{a1	,	a2	,	a3	,	.	The	contrapositive	of	this	implication	is	the	following.	is	true.
Suppose	that	u,	v	and	w	are	vertices	of	T	such	that	(u,	v)	and	(v,	w)	are	arcs	of	T	.	10,	N	.	The	universal	set	U	has	n	elements	for	some	positive	integer	n	and	A	is	a	subset	of	U	consisting	of	a	single	element	of	U	.	While	it	is	easy	to	give	an	example	of	a	tournament	containing	a	Hamiltonian	path,	it	is	impossible	to	give	an	example	of	a	tournament	that
does	not	contain	a	Hamiltonian	path.	This	agrees	with	the	third	row	of	the	truth	table	for	P	⇒	Q.	A	digraph	D	is	aperiodic	if	it	is	not	periodic.	Indeed,	this	is	the	way	to	show	that	a	function	f	is	not	one-to-one,	namely,	by	giving	an	example	of	two	distinct	elements	a	and	b	of	A	for	which	f	(a)	=	f	(b).	Since	we	were	giving	a	proof	by	contradiction,	we
started	by	assuming	that	the	statement	is	false.	Therefore,	|N|	=	|Q|	and	so	Q	is	denumerable.	(5.3)	5.4.	BIJECTIVE	FUNCTIONS	171	If	|B|	<	|A|,	then	there	is	no	one-to-one	function	from	A	to	B.	xiii	TEACHING	A	COURSE	FROM	THIS	TEXTBOOK	There	is	enough	material	in	this	textbook	for	a	2-semester	sequence	in	discrete	mathematics	but
considerably	more	material	than	one	would	attempt	to	teach	in	a	1-semester	course.	Thus	T	is	a	u	−	v	trail	for	some	distinct	vertices	u	and	v.	RELATIONS	AND	FUNCTIONS	2	1	1	2	3	4	5	..	This	would	be	a	good	guess.	........................................................................................................................................	The	observations	concerning	P	∧	Q	and	Q	∧	P	as
well	as	P	∨	Q	and	Q	∨	P	provide	us	with	two	laws	of	logic,	which	are	verified	by	the	truth	tables	shown	in	Figure	1.6.	These	two	laws	are	expressed	below.	(c)	No.	(d)	No.	7.	(d)	x(x	+	1)	=	12.	32	........	r	u	t	r	G:	rq	v	r	ry	x	r	wr	s	r	rr	Figure	14.42:	The	graph	in	Exercise	16	19.	Determine	f	(S)	for	each	of	the	following.	Certainly	other	symbols	could	have
been	used.	If	the	instructor	wants	to	emphasize	logic	and	proofs,	the	first	four	chapters	can	be	covered	in	some	detail.	21	............	Primes	and	their	properties	are	discussed,	as	is	the	important	topic	of	congruence.	Let	G	be	a	planar	graph.	This	observation	leads	us	to	a	proof	that	f	is	onto.	(We	will	now	consider	the	subsequence	a6	,	a7	,	.	Three
students	Allison	(A),	Benjamin	(B)	and	Chandra	(C)	have	agreed	to	be	nominated.	Determine	whether	the	graphs	G1	and	G2	in	Figure	14.45	are	planar	or	nonplanar.	A	function	f	:	R	→	R	is	defined	by	f	(x)	=	x(4	−	x).	(a)	19.	Q(6,	2):	3	·	6	+	5	·	2	=	28	is	even.	Digraphs	can	also	be	used	to	model	a	class	of	structures	known	as	finite-state	machines.	(a)
State	R(n)	for	each	n	∈	S	and	determine	the	truth	value	of	each	such	statement.	Although	we	have	never	verified	that	fact,	we	will	in	the	next	section	(in	Theorem	3.49).	This	ordinarily	provides	a	reasonable	estimate	of	the	speed	of	the	algorithm	and	gives	us	a	mechanism	for	comparing	two	algorithms.	Each	subset	A	of	S	can	be	represented	as	a	4-bit
string	whose	ith	term	is	1	if	ai	∈	A	and	whose	ith	term	is	0	if	ai	∈	/	A.	So	(v,	w)	is	an	arc	of	T	.	y	:=	a1	[y	is	assigned	the	first	number	in	the	sequence]	5.	Our	goal	now	is	to	contradict	some	assumption	or	fact.	Since	the	elements	of	E	are	∅,	{0}	and	0,	it	follows	that	{∅}	is	not	an	element	of	E.	if	ai	>	x	then	x	:=	ai	[if	ai	>	x	then	a	value	larger	than	x	has
been	found	and	x	is	replaced	by	ai	]	4.	For	A	=	{1,	2,	3},	for	example,	the	identity	function	on	A	is	f	=	{(1,	1),	(2,	2),	(3,	3)}.	The	same	thing	happens	to	the	rooms	adjacent	to	the	room	(in	the	same	row	or	column).	H3	Figure	17:	The	graphs	in	Exercises	33	35.	If	either	of	these	two	is	changed,	then	a	different	sequence	is	produced.	u5	v8	v7	......qq	.	1,0
.	Determine	the	truth	value	of	P	⇔	Q.	(a)	Does	there	exist	a	digraph	D	of	order	n	≥	3	in	which	no	two	vertices	of	D	have	the	same	outdegree	but	every	two	vertices	of	D	have	the	same	indegree?	(a)	Since	the	digraph	D	is	a	strong,	aperiodic	digraph	and	has	uniform	outdegree,	it	follows	by	the	Road	Coloring	Theorem	that	D	has	a	synchronized	coloring.
(While	historically	0	was	not	considered	to	be	a	natural	number,	that	issue	became	clouded	in	later	years.	Minimum	spanning	trees	are	discussed	and	xi	two	algorithms,	Kruskal’s	algorithm	and	Prim’s	algorithm,	are	presented	and	illustrated.	Find	a	synchronized	coloring	for	the	digraph	D	of	Figure	15.39.	Verify	that	f	=	Θ(g).	(b)	What	bad	luck!	(c)
Clemson	University	is	in	South	Carolina.	Assume	that	f	(a)	=	f	(b),	where	a,	b	∈	R	−	{5}.	Example	1.35	Determine	the	truth	value	of	each	of	the	following	implications.	So	if	all	lights	are	off	and	the	light	switch	in	R2	is	pressed,	the	light	goes	on	in	the	rooms	R1	,	R2	,	R3	and	R5	.	Observe	that	{2}	∈	D	as	well.	In	that	case,	we	would	need	to	verify	the
inductive	step	by	assuming	that	ak	=	k	2	for	a	positive	integer	k	and	show	that	ak+1	=	(k	+	1)2	.	Thus	the	resulting	state	digraph	has	order	n	and	every	vertex	has	outdegree	d.	128	.	120	...	Some	students	spend	little	time,	if	any,	reading	a	textbook.	Thus	′	P	together	with	e	=	uv	form	a	cycle	containing	e.	The	exercises	range	from	routine	(which	are
often	similar	to	examples	presented	in	the	text	that	require	a	basic	understanding	of	the	concepts	or	theorems	presented)	to	moderately	challenging	(which	will	require	some	thought	on	the	student’s	part)	to	more	challenging	and	innovative	(which	require	coming	up	with	ideas	for	solving	the	problem).	Since	v	is	adjacent	to	at	most	∆	vertices	of	G,	it
follows	that	v	is	adjacent	to	at	most	∆	vertices	of	H.	The	Principle	of	Mathematical	Induction	is	often	accepted	as	a	fundamental	property	of	the	positive	integers	and	is	therefore	taken	as	an	axiom.	.............q.....................................	185	5.5.	CARDINALITIES	OF	SETS	Case	2.	Diagrams	for	these	functions	are	also	shown	in	Figure	5.17.	(a)	For	n	=	1,	(n
+	2)(n	+	3)/2	=	6,	which	is	even.	(a)	Algorithm:	Find	the	Next-to-Largest	Number	in	a	List	s	:	a1	,	a2	,	.	,	v6	}	and	E(G)	={v1	v2	,	v1	v5	,	v1	v6	,	v2	v3	,	v2	v5	,	v3	v4	,	v4	v5	}.	Thus	x	∈	[b]	and	so	[a]	⊆	[b].	6	r	1r	3r	...	Use	induction	to	show	the	following	for	Fibonacci	numbers:	F2	+	F4	+	·	·	·	+	F2n	=	F2n+1	−	1	for	every	positive	integer	n.	(a)	For	every
positive	even	integer	n,	2n−2	is	an	even	integer.	(c)	There	exists	a	positive	even	integer	n	such	that	2n−2	is	not	an	even	integer.	For	integers	x,	y	and	z,	consider	the	open	sentence	R(x,	y,	z)	:	(2x	−	1)2	(z	−	2)2	+	(3y	+	1)2	(2z	−	1)2	+	(3x	−	2)2	(2y	+	1)2	≤	8.	Now	1	1	1	1	+	√	+	√	+	···	+	√	k+1	2	3	=	=	=	«	„	√	1	1	1	1	1	+	√	1	+	√	+	√	+	···	+	√	≤2	k+	√
k+1	k+1	2	3	k	q	√	2	k2	+	k	+	14	+	1	2(k	+	21	)	+	1	2	k2	+	k	+	1	≤	=	√	√	√	k+1	k+1	k+1	p	2(k	+	1)	2k	+	2	=	√	=	2	k	+	1.	This	suggests	a	definition	for	A	and	B	to	have	the	same	cardinality	whether	A	and	B	are	finite	sets	or	not.	Define	f	:	V	(G1	)	→	V	(G2	)	by	f	(ui	)	=	vi	for	1	≤	i	≤	n.	Next,	we	show	that	f	−1	(B1	∪	B2	)	⊆	f	−1	(B1	)	∪	f	−1	(B2	).	(a)	1/2.
Statement	P1	is	false	since	the	absolute	value	of	−2	is	2,	not	−2.	Prove	that	if	f	is	one-to-one,	then	f	(A1	∩	A2	)	=	f	(A1	)	∩	f	(A2	).	(d)	D	=	{n	∈	N	:	n3	<	100}.	z2	z1	..........................................	We	defined	the	cardinality	of	a	finite	set	A	as	the	number	of	elements	in	A	and	denoted	this	number	by	|A|.	qq	.....	Hence	ad	=	bc	and	cf	=	de.	Now	a	R	c	if	a	+	c
is	even.	The	primary	error	is	not	being	careful	when	attempting	to	give	a	proof.	,	b2r	}	is	the	set	of	intermediate	elements	of	S.	However,	∅	has	no	elements	and	so	|∅|	=	0.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	we	assign	color	1	to	the	vertex	vi	for	each	odd	integer	i	with	1	≤	i	≤	n	−	2,	color	2	to	the	vertex	vi	for	each	even	integer	i	(2	≤	i	≤	n	−
1),	and	color	3	to	the	remaining	vertex	vn	,	then	we	have	a	3-coloring	of	Cn	,	implying	that	χ(Cn	)	≤	3.	It	would	seem	reasonable	to	use	a	proof	by	contrapositive	to	prove	this	implication.	Teams	from	16	countries	participate,	divided	into	four	pools	of	four	teams	each.	Furthermore,	for	each	integer	n	≥	1,	2n2	+	6	=	n2	+	n2	+	6	≥	n2	+	n	+	6	≥	n2	+	n
=	1	(3n2	+	3n).	Then	there	exist	distinct	integers	a	and	b	such	that	f	(a)	=	f	(b),	say	f	(a)	=	f	(b)	=	c.	Sentence	2	is	a	true	statement	as	Broadway	is	a	major	street	in	New	York	City	and	the	location	of	many	theatres,	and	so	the	truth	value	of	this	statement	is	T.	5/9.	(b)	Since	2(−1)	+	(−1)	=	−3	<	0,	it	follows	that	(−1)	6	R	(−1)	and	so	R	is	not	reflexive.
Here	too,	because	of	the	associative	laws,	if	P	,	Q	and	R	are	three	statements,	then	P	∧	Q	∧	R	and	P	∨	Q	∨	R	can	be	written	without	parentheses.	t1	r	r	r	r	r	r	G4	:	r	r	r	r	x	y	z	p2	r	q1	q.2.........r	....	D3	:	..........	Observe	that	C(n	−	1,	1)	·	C(n,	2)	−	C(n,	1)	·	C(n	−	1,	2)	=	C(n,	2).	(b)	Show	that	in	a	tournament	of	order	3	or	more,	every	vertex,	with	at	most
two	exceptions,	has	positive	outdegree	and	positive	indegree.	The	next	step	is	to	use	the	algorithm	as	a	roadmap	to	guide	us	in	writing	a	computer	program.	(a)	Let	A1	=	{1,	2},	A2	=	{3},	A3	=	{4}	and	A4	=	{5}.	k-colorable	graph:	a	graph	that	can	be	colored	with	k	or	fewer	colors.	However,	since	n	is	a	positive	integer,	n2	−	n	−	6	=	0	only	when	n	=
3.	Next,	assume	that	n	is	an	even	integer.	1,	1	0,	0	.......	According	to	the	table	in	Figure	1.10,	this	implication	can	be	expressed	as	follows:	If	x	=	5,	then	x2	=	25.	(a)	6,	6.	Why	are	we	interested	in	proving	a	statement	such	as	∀x	∈	S,	P	(x)	⇒	Q(x)?	.................................................................................	Key	Results	ˆ	The	First	Theorem	of	Digraph	Theory:	If
D	is	a	digraph	of	size	m,	then	X	X	id	v	=	m.	11,	1	.	Give	an	example	of	two	strong	tournaments	T	′	and	T	′′	of	the	same	order	that	are	not	isomorphic.	Orthonormal	vectors	q	1	,	...	(b)	{∅}.	(g)	F.	P	⇒Q	If	P	,	then	Q	Q	if	P	P	implies	Q	P	only	if	Q	P	is	sufficient	for	Q	Q	is	necessary	for	P	Figure	1.10:	Expressing	P	⇒	Q	in	words	Perhaps	the	most	surprising
entry	in	Figure	1.10	to	express	the	implication	P	⇒	Q	in	words	is	“P	only	if	Q.”	Nevertheless,	this	is	correct.	Write	an	algorithm	to	determine	numbers.	p	2	p	pp	p	pp	p	p	p	pp	p	pp	pp	p	pp	p	p	pp	p	..........	Throughout	our	study	we	will	encounter	many	statements.	As	mentioned	above,	we	can	make	use	of	any	axioms	and	definitions	that	have	been	agreed
upon,	as	well	as	any	theorems	that	are	known	(or	should	be	known)	to	the	reader.	So	if	C	=	{c}	and	D	=	{w,	x,	y,	z},	then	|C|	=	1	and	|D|	=	4.	1	310	.	Thus	A2	=	6	4	2	1	1	2	1	3	2	1	1	2	3	1	2	1	7	.	z1	...........	,	at	are	given.	To	determine	a	measure	of	the	speed	of	an	algorithm,	we	count	the	number	of	certain	kinds	of	operations	performed	by	the
algorithm.	,	1	+	∆	so	that	adjacent	vertices	are	colored	differently.	Thus	P	=	(u,	uj	,	v)	is	a	directed	u	−	v	~	v)	=	2.	(a)	1/216.	(b)	Give	an	example	of	an	equivalence	relation	R′	on	S	that	results	in	three	distinct	equivalence	classes.	Since	f	is	not	bijective,	f	does	not	have	an	inverse	from	B	to	A.	deposited	..........	Let	V1	and	V2	be	the	two	partite	sets	of	G.
10,5	...	(d)	Is	5	a	root	of	the	equation	x2	−	2x	−	15	=	0?	The	vertices	of	the	graph	of	Exercise	3	are	labeled	with	their	degrees.	r	.....	Then	the	set	A	=	{x	∈	S	:	P	(x)}	describes	the	set	of	all	those	elements	x	∈	S	for	which	P	(x)	is	true.	As	is	guaranteed	by	Theorem	15.3,	the	sum	of	the	outdegrees	of	the	vertices	of	D	equals	the	sum	of	the	indegrees	of	the
vertices	of	D	equals	5.	[Hint:	Use	the	fact	that	if	m,	n	∈	Z	such	that	mn	is	even,	then	m	is	even	or	n	is	even.]	14.	19.		Furthermore,	for	any	two	logically	equivalent	compound	statements	R	and	S,	the	biconditional	R	⇔	S	is	a	tautology.	r	r	r	r	r	G:	r	r	d	r	r	c	Figure	14.36:	Graphs	in	Exercise	13	14.	Disprove	each	of	the	following.	Prove	that	every	vertex	in
a	nontrivial	strong	tournament	belongs	to	a	directed	triangle.	The	truth	value	of	a	true	statement	is	true,	denoted	by	T;	while	the	truth	value	of	a	false	statement	is	false,	denoted	by	F.	(b)	For	every	successful	woman,	there	is	a	man	who	supports	her.	p	p	pp	ppp	pp	pp	p	p	ppp	ppp	p	ppp	........	B	.......................	Of	course,	none	of	the	sentences	1–6	in
Example	1.1	has	anything	to	do	with	mathematics.	We	now	decribe	how	such	an	addition	can	be	done	by	a	finite-state	machine	M	.	equal	sets,	A	=	B:	A	and	B	consist	of	the	same	elements.	if	a3	>	z	then	y	:=	z	7.	We	proceed	by	induction	on	the	order	of	planar	graphs.	589	15.3.	FINITE-STATE	MACHINES	u	u	..................................	r	r	r	r	r	r	r	r	.....
Prove	that	min(a,	b)	+	max(a,	b)	=	a	+	b	(see	Exercise	27).	See	Figure	14.	Discrete	mathematics	became	primarily	the	study	of	the	mathematical	properties	of	sets,	systems	and	structures	having	a	“countable”	collection	of	elements.	,	c7	are	to	be	shipped	in	a	number	of	packages	to	a	university.	Therefore,	3n	+	8	=	3(2ℓ)	+	8	=	6ℓ	+	8	=	2(3ℓ	+	4).	of
real	numbers	is	said	to	be	recursively	defined	if:	(1)	For	some	fixed	positive	integer	t,	the	terms	a1	,	a2	,	.	Thus	5	comparisons	have	been	made.	2	t	B	1	3	R	2	B	t3	1t	1t	3	2	.........	By	the	Pigeonhole	Principle,	at	least	one	of	U	and	W	contains	at	least	two	vertices,	say	U	contains	at	least	two	vertices.	u′	H:	y	t	wt	..	Suppose	that	two	algorithms	A	and	B
have	time	complexities	O(f	(n))	and	O(g(n)),	respectively.	Observe	that	m	−	deg	u	=	n	−	2	and	m	−	deg	v	=	n	−	2.	χ(G)	=	3.	···	···	···	···	···	···	Figure	5.27:	Illustrating	a	bijective	function	f	:	N	→	Q+	The	first	diagonal	contains	only	one	number	(namely	1	=	1/1),	the	second	diagonal	contains	two	numbers	(first	1/2	and	then	2	=	2/1)	and	so	on.	Prove	that	if
A1	,	A2	⊆	A,	then	f	(A1	∩	A2	)	⊆	f	(A1	)	∩	f	(A2	).	(a)	There	was	never	a	time	when	√	any	man	owned	a	singing	frog.	Let	A	=	{−4,	−3,	−2,	−1,	0,	1,	2,	3,	4}	and	B	=	{0,	1,	4,	9,	16}.	Exercises	for	Section	4.3	2n+3	1.	(3)	It	is	impossible	to	determine	whether	G	is	planar	or	nonplanar.	(a)	Is	f	a	function	from	R	to	R	if	f	(x)	=	1	x2	−1	1	n2	+1	for	each	x	∈	R?
Assume,	to	the	contrary,	that	there	exists	a	finite	poset	(S	)	containing	a	unique	minimal	element	m	such	that	m	is	not	a	least	element.	If	A	∪	B	=	A	∪	C,	then	B	=	C.	(1.5)	If	and	only	if	The	sentence	(1.5)	is	the	conjunction	of	the	implication	(1.3)	and	its	converse	(1.4).	What	is	this	outdegree?	Q:	I	don’t	go	to	class.	For	the	converse,	we	use	a	proof	by
contrapositive.	Without	using	a	truth	table,	show	for	statements	P	and	Q	that	∼	(P	∨	((∼	P	)	∧	Q))	≡	(∼	P	)	∧	(∼	Q).	(b)	y.	So	n	=	2b	+	1,	where	b	∈	Z.	recursively	defined	sequence:	a	sequence	defined	in	terms	of	initial	values	and	a	recurrence	relation.	(b)	g	◦	f	.	xk+1	=	(−1)n+1	(n	−	1)!x−n	37.	(c)	In	this	case,	a	=	7,	b	=	5,	c	=	5.	for	i	:=	1	to	n	do	[i	is
assigned	the	integers	from	1	to	n]	3.	The	growing	popularity	of	and	interest	in	discrete	mathematics	was	greatly	influenced	by	its	applications	to	areas	such	as	computer	science,	engineering,	communication	and	transportation	as	well	as	its	emergence	as	a	fascinating	area	of	mathematics.	(e)	510/1225	≈	0.416.	(c)	There	is	no	greatest	or	least
element.	As	in	the	proofs	just	preceding	this,	the	reason	for	this	was	because	we	could	only	write	ak+1	=	2ak	−	ak−1	+	2	when	k	+	1	≥	3	(from	the	recurrence	relation	on	the	definition	of	the	sequence	a1	,	a2	,	a3	,	.	Therefore,	R	is	not	symmetric.	Since	there	is	a	4-coloring	of	G	(in	Figure	14.23(b)),	χ(G)	≤	4.	(a)	P	∨	(P	∧	Q)	≡	P	.	Every	dual	graph	is	in
fact	a	connected	planar	graph.	(f)	2.	4	.....	(b)	For	each	a	∈	Z,	[a]	=	{a,	−a}.	This	is	a	function	that	you	might	very	well	have	encountered	in	calculus	or	precalculus.	Assume	that	n	is	even.	Prove	that	the	product	of	two	rational	numbers	is	rational.	3	k+1	+	for	an	arbitrary	15.	Therefore	6a	=	6b	and	so	a	=	b.	For	the	finite-state	machine	whose	state
table	is	given	below,	find	the	output	for	the	input	strings	in	(a)-(d)	with	initial	state	s0	.	(b)	{1,	2,	.	Although	Hamilton	did	not	appear	to	show	interest	in	this	problem,	De	Morgan	talked	about	the	problem	often	and	to	many	mathematicians.	Since	0	=	i	≤	n	−	1	=	3,	all	of	Steps	3	–	5	are	performed.	We	establish	this	using	a	proof	by	contrapositive.	(b)
No	odd	integer	is	the	sum	of	two	odd	integers.	In	a	children’s	game,	a	child	must	place	either	a	black	coin	or	a	red	coin	on	each	of	the	four	squares	shown	below.	(c)	Find	f	−1	(x)	for	x	∈	R.	(a)	Show	that	for	every	edge	e	of	G	and	for	every	orientation	of	e,	there	exists	an	orientation	of	the	remaining	edges	of	G	such	that	the	resulting	digraph	is	strong.
4.4.	THE	STRONG	PRINCIPLE	OF	MATHEMATICAL	INDUCTION	139	Then	an	=	n	+	1	for	every	positive	integer	n.	In	particular,	A	⊆	A	for	every	set	A.	It	was	then	that	he	arrived	there.	For	a	vertex	u	of	D,	let	T	be	a	trail	of	maximum	length	with	initial	vertex	u.	Give	an	example	of	two	finite	sets	A	and	B	and	two	functions	f	:	A	→	B	and	g	:	B	→	A	such
that	f	is	one-to-one	but	not	onto	and	g	is	onto	but	not	one-to-one.	If	the	major	operations	of	an	algorithm	are	comparative	operations,	then	the	time	complexity	of	an	algorithm	is	the	number	of	comparisons	made	when	the	algorithm	is	used	to	solve	a	problem.	Since	addition	is	the	key	operation,	we	interpret	the	time	complexity	in	this	case	as	the
number	of	additions.	0	1	1	1	0	0	0	0	0	0	1	0	0	0	0	0	0	0	0	0	1	0	0	0	0	1	1	0	...	(b)	a	set	B	such	that	B	∈	P(S)	with	|B|	=	3.	(f)	f	(n)	=	2n	.	By	the	well-known	property	of	real	numbers	described	in	(4.8),	the	statement	is	true	for	n	=	2.	The	manner	in	which	a	proof	is	written	and	the	number	of	sentences	in	a	proof	can	vary	widely.	For	the	set	S	=	{1,	2,	3,	4},
let	P(S)	be	its	power	set.	r	r	r	r	K3	+	K3	=	K6	r	......r	.................	2520.	(See	Figure	14.27.)	v1	............	What,	in	fact,	we	know	is	that	for	each	element	x	∈	S,	the	implication	If	P	(x),	then	Q(x).	In	T2	,	(v2	,	v1	,	v3	,	v4	).	This	says	that	f	is	not	defined	for	x	=	6;	that	is,	f	associates	no	real	number	with	6	and	so	there	is	no	number	f	(6).	Theorem	1.46	For
every	two	statements	P	and	Q,	P	⇒	Q	≡	(∼	Q)	⇒	(∼	P	).	For	a	finite	set	A	(a	set	with	a	finite	number	of	elements),	we	write	|A|	to	denote	the	number	of	elements	in	A.	See	Figure	5.2.)	(a)	Give	an	example	of	two	real	numbers	a	and	b	such	that	a	R	b	and	two	real	numbers	c	and	d	such	that	c	6	R	d.	Q(n):	2n	+	5	is	even.	Construct	a	new	weighted	graph	G′
from	G	by	assigning	each	edge	e	of	G	the	weight	w′	(e)	=	k	+	1	−	w(e).	Since	we	want	both	A	∈	B	and	A	⊂	B,	this	suggests	choosing	B	=	{A,	1}	=	{{1},	1}.	.,	n	to	the	vertices	of	Kn	,	one	color	to	each	vertex,	then	we	have	an	n-coloring	of	Kn	.	(a)	Two	people	A	and	B	play	a	game	on	the	complete	graph	K4	.	Show	that	if	T	is	Hamiltonian,	then	n	is	odd.	b
............	v	z	....	(e)	For	every	movie,	there	is	always	someone	who	likes	it.	For	this	purpose,	the	World	Wide	Web	can	be	represented	by	a	huge	graph	(actually	a	“directed	graph”	in	this	case),	where	each	web	page	is	a	vertex	and	there	is	a	“directed”	edge	from	vertex	A	to	vertex	B	if	there	is	a	link	from	page	A	to	page	B.	a=4	a4	b=4	11	“k	=	10	is	not	in
the	sequence”	is	output	Figure	6.5:	Applying	the	Binary	Search	Algorithm	to	Example	6.34	Although	it	may	appear	that	the	number	of	comparisions	made	in	the	previous	examples	is	not	an	improvement	over	the	Linear	Search	Algorithm	(and	this	is	true),	the	number	of	comparisions	is	a	major	improvement	if	n	is	large.	This	results	in	the	directed
walk	(s4	,	s1	,	s2	,	s3	,	s4	,	s5	,	s8	,	s7	,	s3	,	s8	).	Thus	i=1	(od	vi	−	id	vi	)	=	0.	If	u	and	w	are	vertices	in	distinct	components	of	G	−	v,	then	u	and	w	are	not	connected	in	G	−	v.	Since	n	+	2	≤	n	is	not	true,	we	leave	the	while	loop	and	move	on	to	Step	5	where	i	=	n	+	2	is	compared	with	n	+	1.	(c)	{⌈n/2⌉	−	⌊n/2⌋}.	(a)	Q1	(n)	:	|n	+	4|	>	0.	Since	A1	∩	A2	=
{2},	it	follows	that	f	(A1	∩	A2	)	=	f	({2})	=	{b}.	y	∈	/	B.	Construct	the	state	digraph	of	a	finite-state	machine	that	models	a	vending	machine	in	which	a	chocolate	mint	or	chocolate	cookie	can	be	purchased	for	20¢.	This	statement	can	also	be	expressed	as:	The	equation	x4	+	2	=	2x2	has	a	real	number	solution.	(a)	1.	Prove	that	every	Hamiltonian
tournament	is	strong.	Now	a3	=	10	and	so	10	is	in	the	sequence	is	the	output.	If	7n	+	3	is	an	odd	integer,	then	n	is	an	even	integer.	Hence	we	must	verify	that	a	·	b	+	(a	+	b)	=	1	and	(a	·	b)	·	(a	+	b)	=	0.	For	an	integer	n,	consider	the	following	two	open	sentences	P	(n)	:	n2	+	n	−	2	=	0.	qq	...	if	ai	>	x	then	x	:=	ai	[if	ai	>	x,	then	a	value	larger	than	x	has
been	found	and	x	is	replaced	by	ai	]	4.	There	is	no	such	problem	for	Carter,	however.	Based	on	these	examples,	it	would	be	reasonable	to	guess	that	the	sum	of	the	first	n	odd	positive	integers	is	n2	.	4.1	The	Principle	of	Mathematical	Induction	Suppose	that	P	(n)	is	an	open	sentence	over	the	domain	N	of	positive	integers	and	we	wish	to	prove	that	the
quantified	statement	∀n	∈	N,	P	(n)	(4.1)	is	true.	It	remains	to	show	that	T	contains	a	directed	v	−	u	path.	is	defined	recursively	by	a1	=	1,	a2	=	2,	a3	=	4	and	an	=	an−1	+	an−2	+	2an−3	for	n	≥	4.	Next,	g(n)	=	2n2	+	3	≤	2n2	+	20n	+	4	=	4(	21	n2	+	5n	+	1)	=	4f	(n)	for	every	positive	integer	n.	21	..........	It’s	a	mysterious	process,	but	I	hope	I	never	find
out	exactly	how	it	works.	However,	in	1890	the	British	mathematician	Percy	John	Heawood	discovered	an	error	in	Kempe’s	argument	which	neither	he	nor	Kempe	could	correct.	Many	mathematicians	worked	on	the	Four	Color	Problem	until	1976	when	Kenneth	Appel	and	Wolfgang	Haken	of	the	University	of	Illinois	announced	that	they	had
constructed	a	proof	of	the	theorem.	By	the	First	Theorem	of	Digraph	Theory,	i=1	od	vi	=	P	P	n	n	i=1	id	vi	=	m.	We	now	show	that	T	is	transitive.		v1	...............................................................................................................	The	space	complexity	of	an	algorithm	concerns	a	study	of	computer	memory	and	the	data	structures	employed,	which	is	not	a	subject
of	this	book.	Prove	by	induction	that	nn	>	n!	for	every	integer	n	≥	2.	DIRECTED	GRAPHS	roads.	That	is,	loga	c	=	b	if	and	only	if	ab	=	c.	Observe,	by	completing	the	square,	that	we	can	write	f	(x)	=	x2	−	4x	+	1	=	(x2	−	4x	+	4)	−	3	=	(x	−	2)2	−	3.	549	14.2.	COLORING	GRAPHS	u	r	u	v	....r	r	r	r	r	H:	r	r	x	ry	r	x	r	r	r	r	..	p	ppp	p	............	Also,	i	is	assigned
the	number	5.	In	order	to	do	this,	we	must	show	that	every	integer	is	related	to	itself.	On	the	other	hand,	if	the	proof	of	Theorem	14.6	is	examined	more	carefully,	then	an	idea	may	be	suggested.	subdivision	(of	a	graph	G):	a	graph	that	is	either	G	or	obtained	from	G	by	inserting	vertices	of	degree	2	into	one	or	more	edges	of	G.	aperiodic	digraph:	a
digraph	that	is	not	periodic.	We	now	consider	three	of	the	best	known	properties.	Let	x	=	5.	Since	the	sum	of	the	interior	angles	of	each	triangle	is	180o	=	(3	−	2)	·	180o	,	the	result	holds	for	n	=	3.	(b)	Give	a	step	by	step	description	of	what	this	algorithm	does	for	the	sequence	s	:	7,	10,	12,	15.	DIRECTED	GRAPHS	Proof.	(a)	f	−1	(B1	∪	B2	)	=	f	−1	(B1
)	∪	f	−1	(B2	).	These	statements	are	normally	written	as	English	sentences,	with	enough	clarity	so	that	a	person	having	an	appropriate	background	will	understand	the	proof.	(e)	A	×	B.	(e)	Multiply	x	+	y	by	7.	Hence	a	directed	s5	−	s1	walk	is	obtained	in	this	case.	If	P	and	Q	are	statements,	then	P	∧	Q	is	true	only	when	P	and	Q	are	both	true.	,	ak+1	,
for	this	might	have	incorrectly	suggested	that	the	k	numbers	must	form	a	subset	of	the	k	+	1	numbers.	Let	A	=	{a1	,	a2	,	a3	,	.		Example	3.8	State	the	negation	of	each	of	the	following	quantified	statements.	Definition	1.4	An	open	sentence	is	a	declarative	sentence	containing	one	or	more	variables	and	whose	truth	or	falseness	depends	on	the	values	of
these	variables.	is	the	implication	If	a	triangle	is	equiangular,	then	it	is	equilateral.	,	v7	)	be	a	path	of	order	7.	That	is,	f	−1	◦	f	is	the	identity	function	on	A.	1	2	3	4	5	1	1	1	2	1	3	1	4	1	5	2	1	2	2	2	3	2	4	2	5	3	1	3	2	3	3	3	4	3	5	4	1	4	2	4	3	4	4	4	5	5	1	5	2	5	3	5	4	5	5	..	Construct	a	tournament	T	with	V	(T	)	=	{A,	B,	C},	where	(X,	Y	)	is	a	directed	edge	of	T	if	X	is
preferred	over	Y	by	the	28	students.	Which	elements	of	A	are	related	to	which	elements	of	B?	(b).	Then	there	are	a	vertices	having	outdegree	2	and	n	−	a	−	b	vertices	having	P	outdegree	1.	LOGIC	Since	Q2	and	Q3	are	both	true,	the	conjunction	of	Q2	and	Q3	is	the	following	true	statement:	Q2	∧	Q3	:	Broadway	is	a	street	in	New	York	City	and	Walt
Disney	World	is	located	in	Florida.	p	:=	1	2.	RELATIONS	AND	FUNCTIONS	A	..........	Therefore,	n	=	2k	for	some	integer	k.	Since	|A|	>	|B|,	that	is,	since	there	are	more	students	than	there	are	possible	scores,	it	is	impossible	for	this	function	to	be	one-to-one.	(c)	(u,	q,	t,	x,	u,	r,	v,	y,	u).	Observe	that	1	+	2	+	22	+	·	·	·	+	2k+1	=	(1	+	2	+	22	+	·	·	·	+	2k	)	+
2k+1	=	=	(2k+1	−	1)	+	2k+1	=	2	·	2k+1	−	1	2k+2	−	1,	as	desired.	pp	pp	p	p	pp	1	p	pqp	ppp	p	p	p	p	p	p	p	p	p	p	p	p	p	p	p	pp	pp	ppp	0	pp	pp	p	pp	p	p	pp	p	p	p	p	pp	pppp	.............	We	show	that	D	contains	the	Hamiltonian	path	(vn	,	vn−1	,	.	At	time	t0	,	Kevin	deposits	a	quarter	and	nothing	is	output.	√	39.	(a)	The	set	of	0-element	subsets	of	A	is
countable.	(b)	Show	that	it	is	possible	for:	(i)	χ(H)	=	χ(G);	(ii)	χ(H)	=	χ(G)	−	1;	(iii)	χ(H)	=	χ(G)	+	1.	We	now	verify	the	inductive	step.	y	.................................................	This,	in	fact,	is	true.	The	Four	Color	Theorem	Every	planar	graph	is	4-colorable.	Hence	we	may	assume	that	k	≥	3.	We	then	know	that	if	we	should	ever	encounter	a	situation	where	P	(a)
is	true	for	some	element	a	∈	S,	then	Q(a)	must	be	true	as	well.	This	is	obvious.	n	is	odd.	With	each	problem	that	we	encounter,	various	questions	can	arise,	often	including	one	or	more	of	the	following:	(i)	(ii)	(iii)	(iv)	Does	the	problem	have	a	solution?	m	<	0.	m	is	odd	and	n	is	even.	Since	j	=	log	n,	the	worst	case	time	complexity	is	O(log	n).	Since	F2	=	1
≤	2	·	1	=	2F1	,	the	inequality	holds	for	n	=	2.	P7	=	{{c},	{d},	{a,	b}}.	c	..	968.	P	T	T	F	F	Q	T	F	T	F	∼P	F	F	T	T	∼Q	F	T	F	T	P	⇒Q	T	F	T	T	3.	(d)	D	=	{−1,	0,	1}.	Furthermore,	from	our	assumption,	we	know	that	k!	>	2k	.	(1)	By	De	Morgan’s	Law	(Theorem	1.24(a)),	∼	(P	∨	(∼	Q))	≡	(∼	P	)	∧	(∼	(∼	Q))	and	by	Theorem	1.28,	∼	(∼	Q)	≡	Q.	Since	y	∈	B,	we
have	that	y	∈	Thus,	A	∩	B	⊆	A	−	B.	a	>	2	or	a	≤	−2.	Let	A	=	{a,	b}	and	B	=	{0,	1,	2}.	For	example,	3	and	7	are	of	the	same	parity,	as	are	−2	and	10;	while	3	and	8	are	of	opposite	parity.	If	S	=	{u,	v},	then	G	−	S	has	at	least	three	components.	In	fact,	if	we	were	to	apply	the	same	input	string	with	any	state	chosen	as	the	initial	state,	the	final	state
would	always	be	s8	.	Example	6.33	Use	the	Binary	Search	Algorithm	to	determine	whether	the	number	20	appears	in	the	sequence	s	:	3,	7,	8,	11,	12,	15,	16,	18,	20,	22.	Since	G	contains	an	odd	cycle	(namely	the	7-cycle	C	=	(t,	u,	v,	w,	x,	y,	z,	t)	as	well	as	many	triangles),	it	follows	by	Corollary	14.23	that	χ(G)	≥	3.	(See	Exercise	22.)	25.	The	strong
tournament	D2	has	a	directed	3-cycle,	while	the	strong	tournament	T2	has	a	directed	3-cycle	and	a	directed	4-cycle.	(b)	ab	is	odd	is	sufficient	for	a	and	b	to	be	odd.	G:	..............	Note	that	Cn	is	a	2-regular	graph	and	that	for	n	≥	5,	C	n	is	a	connected	(n	−	3)-regular	graph.	Determine	each	of	the	following:	(a)	(fb	◦	fr	)(c1	)	and	fg	(c1	).	Furthermore,	the
truth	values	of	these	new	statements	depend	on	and	are	defined	in	terms	of	the	truth	values	of	the	given	statements.	(b)	120.	are	in	fact	the	Lucas	numbers	we	referred	to	earlier.	Can	all	six	courses	be	offered	during	these	time	periods	so	that	two	courses	are	not	taught	at	the	same	time	if	some	student	plans	to	take	both	courses?	We	show	that	the
chromatic	number	of	every	planar	graph	of	order	k	+	1	is	at	most	5.	Although	it	is	not	difficult	to	show	that	every	Hamiltonian	tournament	is	strong	(see	Exercise	13),	it	is	a	bit	challenging	to	verify	the	converse.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	r	.........	(b)	|a	+	b|	≤	|a|	+	|b|.	(a)	-	(b)	The	statements	are	true.	By	an	analysis	of	an	algorithm,
we	normally	refer	to	a	process	for	obtaining	estimates	of	the	time	and	space	needed	to	execute	the	algorithm.	While	j	=	1,	the	variable	i	takes	on	the	values	1,	2,	3.	SETS	that	two	sets	are	equal,	these	diagrams	do	not	constitute	a	mathematical	proof	of	this.	Let	G	be	a	connected	3-regular	plane	graph	of	order	8.	Then	r	=	a/b	and	s	=	c/d,	where	a,	b,	c,
d	∈	Z	and	b,	d	6=	0.	If	A	and	B	are	not	equal,	then	we	write	A	6=	B.	Then	each	vertex	that	is	colored	3	is	adjacent	only	to	vertices	colored	1	or	is	adjacent	only	to	vertices	colored	2.	(See	Figure	5.21(b)).	Thus	T	is	transitive.	Example	3.33	Consider	the	two	open	sentences	P	(x):	|x|	=	1.	If	P	is	true	and	after	the	step	or	steps	within	the	while	loop	have
been	executed,	we	return	to	the	while	loop	and	check	once	again	to	determine	whether	P	is	a	true	or	false	statement.	.....1	.......3	.	(b)	Use	a	distributive	law	to	restate	the	answer	in	(a).	r3	r	3	r	2	r	5	2r	..	In	the	proof	it	is	useful	to	recall	Theorem	3.24:	Let	n	be	an	integer.	2	....	Since	f	=	O(g)	and	g	=	O(f	),	it	then	follows	by	Theorem	6.20	that	f	=	Θ(g).
Consequently,	a	set	A	is	denumerable	if	it	has	the	same	number	of	elements	as	the	set	of	positive	integers.	inductive	hypothesis	(or	induction	hypothesis):	the	hypothesis	of	the	implication	in	the	inductive	step	of	an	induction	proof.	m	is	even	.	(b)	a	=	b	=	1	and	c	=	2.	Hence	there	exists	a	vertex	v	of	T	that	does	not	lie	on	P	.	(a)	A	=	{1}	B	=	{1},	C	=	{1,
2}.	0,	0	....	2	is	an	element	of	the	sets	B	and	C	only.	0	.................................	(a)	The	least	expensive	trip	will	cost	$1384	if	it	is	taken	in	the	order	NYC,	LOS,	MIN,	HOU,	MIA,	NYC.	Furthermore,	101	=	x	+	y	=	2a	+	2b	=	2(a	+	b).	Consider	the	tree	T	in	Figure	14.43.	Verify	by	a	truth	table	that	for	every	two	statements	P	and	Q,	each	of	the	following	is	a
tautology.	Therefore,	c	a	=	t	=	r	+	s	=	+	s;	d	b	so	a	bc	−	ad	c	.	This	is	a	common	signal	that	is	used	to	indicate	that	we	have	assumed	the	statement	we	wish	to	prove	is	false	and	that	a	proof	by	contradiction	is	being	given.	5	...................	(b)	There	exists	a	real	number	x	such	that	(x	−	1)2	>	0.	Several	familiar	functions	are	listed	below	in	increasing
order.	The	truth	table	for	P	∧	Q	is	given	in	Figure	1.3.	Therefore,	P	∧	Q	is	true	only	when	both	P	and	Q	are	true.	In	order	to	have	a	successfully	written	proof,	a	person	reading	the	proof	must	have	a	certain	degree	of	conviction	that	the	argument	presented	is	convincing.	(a)	The	maximum	size	of	a	graph	of	order	10	is	45.	,	a10	where	an	=	(n2	−	1)3	+
3n	for	n	=	1,	2,	.	The	formula	presented	in	Result	4.2	occurs	surprisingly	often	and	sometimes	in	unexpected	places.	it	follows	that	Theorem	3.24	can	also	be	worded	as	follows.	This	is	why	we	decided	to	consider	f	(r2	).	Define	a	relation	R	on	R∗	by	a	R	b	if	ab	>	0.	Therefore,	P	(n)	∨	Q(n)	is	a	true	statement	for	n	=	0	and	n	=	1.	For	every	two	subsets	B1
and	B2	of	B,	prove	the	following.	Prove	that	if	r(x)	6=	r(y)	for	every	two	distinct	vertices	x	and	y	of	D,	then	D	contains	a	Hamiltonian	path.	LD,	detergent	.........	(b)	P	⇒	P	∨	Q.	..................	There	are	8	=	23	subsets	of	the	set	{1,	2,	3},	namely	{	},	{1},	{2},	{3},	{1,	2},	{1,	3},	{2,	3},	{1,	2,	3}.	003	021	....	.........3	.	bit	string:	a	finite	sequence	of	0s	and	1s.
Assume	that	(x	−	2)4	≤	0.	Assume,	to	the	contrary,	that	there	exists	a	countable	set	A	that	contains	an	uncountable	subset	B.	(d)	(∼	P	)	∨	Q.	Some	of	the	most	common	examples	of	this	are	described	next.	If	fi	is	not	a	function,	explain.	,	t.	(a)	Give	an	example	of	integers	a,	b	and	c	for	which	this	biconditional	is	true.	We	give	an	example	of	this.	100
CHAPTER	3.	For	a	real	number	x,	consider	the	open	sentence	P	(x):	(x−1)2	>	0.	Thus	let	f	′	∈	E(C)	and	so	w(T	′	)	=	w(T	)	+	w(e′	)	−	w(f	′	)	>	w(T	)	=	w(T	′	),	which	is	a	contradiction.	x	:=	a1	[x	is	assigned	the	first	number	in	the	sequence	and	is	the	temporary	maximum]	2.	(b)	Give	a	step	by	step	description	of	what	this	algorithm	does	for	the	sequence	s
:	6,	3,	5,	3,	7.	{(a,	a),	(a,	b),	(a,	c),	(b,	a),	(b,	b),	(b,	c),	(c,	a),	(c,	b),	(c,	c)}.		Example	5.54	Determine	whether	the	function	f	:	R	→	R	defined	by	f	(x)	=	x2	−	2x	+	5	for	x	∈	R	is	onto.	If	(∼	R)	⇒	S	is	true	and	S	is	false,	then	∼	R	is	false	and	R	is	true.	range	(of	f	):	the	set	of	all	images	of	f	.	If	A	∪	B	6=	∅,	then	A	6=	∅	and	B	6=	∅.	For	an	integer	n,	consider	the
biconditional	2n	>	n2	if	and	only	if	3n	+	1	is	even.	(b)	Determine	f	−1	:	B	→	A,	g	−1	:	C	→	B	and	f	−1	◦	g	−1	:	C	→	A.		De	Morgan’s	Laws	There	are	two	extremely	useful	laws	of	logic	that	combine	all	three	of	the	logical	connectives	negation,	disjunction	and	conjunction.		Example	2.34	If	U	=	R,	then	the	complement	Q	of	the	set	Q	of	all	rational	numbers
is	the	set	of	irrational	numbers.	(a)	Let	∆(T	)	=	k	≥	3	and	let	ni	be	the	number	of	vertices	of	degree	i	in	T	,	where	2	≤	i	≤	k.	Also,	if	we	are	attempting	to	prove	some	statement	dealing	with	the	absolute	value	|x|	of	a	real	number	x,	then	it	may	be	useful	to	consider	the	partition	of	R	into	the	set	of	positive	real	numbers,	the	set	of	negative	real	numbers
and	{0}	or	perhaps	the	partition	of	R	into	{x	∈	R	:	x	≥	0}	and	{x	∈	R	:	x	<	0}.	A	connected	plane	graph	G	of	order	12	has	10	regions.	Example	5.5	For	the	sets	A	=	{x,	y,	z}	and	B	=	{0,	1,	2,	3},	R	=	{(x,	1),	(x,	2),	(y,	1),	(z,	0),	(z,	3)}	is	a	relation	from	A	to	B.	Of	course,	if	we	can	show	that	P	(n)	115	116	CHAPTER	4.	v	....	5	.....	Three	Houses	and	Three
Utilities	Problem:	the	problem	that	asks	whether	three	houses	can	be	connected	to	three	utilities	(gas,	water	and	electricity)	by	water	mains	and	gas	and	electricity	lines	without	any	two	of	the	lines	or	mains	crossing	each	other.	.).	Applying	the	Euler	Identity	2	=	n	−	m	+	r	to	G,	we	have	10	=	5n	−	5m	+	5r	≤	5n	−	5m	+	2m	=	5n	−	3m.	One-to-one
Functions	Definition	5.45	For	two	nonempty	sets	A	and	B,	a	function	f	:	A	→	B	is	said	to	be	one-to-one	if	every	two	distinct	elements	of	A	have	distinct	images	in	B,	that	is,	if	a,	b	∈	A	and	a	6=	b,	then	f	(a)	6=	f	(b).	In	(1)	above,	a	condition	is	given	under	which	we	will	go	out	to	dinner,	namely,	if	this	person	gets	a	promotion.	Stops	when	the	list	has	been
exhausted	and	outputs	the	temporary	sum,	which	is	the	sum	of	all	numbers	on	the	list.	Next		we	show	that	f	is	onto.	0.75.	(e)	E	=	{∅,	{∅}}.	Since	a	<	a	is	not	true	for	any	positive	integer	a,	it	follows	that	a	6	R	a	for	every	a	∈	N	and	the	relation	R	is	not	reflexive.	surjective	function	(surjection	or	onto	function):	a	function	from	A	to	B	such	that	every
element	of	B	is	the	image	of	some	element	of	A.	It	is	the	responsibility	of	Idina,	from	the	main	office,	to	schedule	90-minute	meetings	of	six	3-person	committees	during	one	of	the	days	and	then	meet	with	all	eight	people	after	the	six	meetings	have	been	taken	place.	This	led	Guthrie	to	wonder	whether	the	regions	of	any	map	could	be	colored	with	four
or	fewer	colors	so	that	adjacent	regions	(regions	sharing	a	common	boundary)	are	colored	differently.	However,	since	a	and	b	are	both	even,	each	has	2	as	a	divisor,	which	contradicts	our	assumption	that	a/b	has	been	reduced	to	lowest	terms.	C	A	B	Query	cannot	a	necessity	for	five	or	more	be	invented.	(b)	A	×	(B	∩	C).	Since	e	=	uv	is	not	a	bridge,	e
lies	on	a	cycle	C	′	=	(u	=	v1	,	v	=	v2	,	.	Input:	A	positive	integer	n,	a	number	k	and	a	sequence	s	:	a1	,	a2	,	.	Give	an	example	of	a	partition	P	of	A	such	that	|P|	=	3.	SETS	(d)	{0}	∩	A.	Prove	or	disprove:	If	A	is	a	nonempty	subset	of	a	denumerable	set,	then	A	is	denumerable.	t	...	Here	we	are	considering	the	numbers	20	,	21	,	22	,	23	,	.	Therefore,	either	m
is	even	or	m	and	n	are	both	odd.	(b)	Show	that	the	statement	(a)	is	false	if	G	contains	three	bridges.	Theorem	15.18	A	nontrivial	tournament	T	is	Hamiltonian	if	and	only	if	T	is	strong.	(b)	P	∨	Q.	(b)	s1	=	2,	s2	=	4,	s3	=	7	and	sn	=	sn−1	+	sn−2	+	sn−3	for	n	≥	4.	Classify	the	following	mathematical	sentences	as	declarative,	interrogative,	imperative	or
exclamatory.	,	a1	a0	)b	,	262	P	(n,	r),	295		C(n,	r)	nr	,	297		α	r	,	336	f	(x)	+	g(x),	f	(x)g(x),	340-341	p(s),	p(E),	354	p(E|F	),	366	X(S),	X(t),	375	p(X	=	r),	376,	(r,	p(X	=	r)),	376	E(X),	377	(S,	R),	388	,	(S,	),	388	a		b,	a	≺	b,	388	(a,	b)		(c,	d),	392	lub(A),	glb(A),	403	a	∨	b,	a	∧	b,	403	a,	408	a	+	b,	a	·	b,	412	G,	V,	V	(G),	E,	E(G),	432	N	(x),	432	A	=	[aij	],	434	A	+	B,
A	·	B,	434-435	AB,	435	Ak	,	435	degG	(x),	deg	x,	436	δ(G),	∆(G),	436	Kn	,	437	G,	438	Pn	,	Cn	,	438	G∼	=	H,	438	k(G),	448	d(u,	v),	449	Ks,t	,	K1,t	,	450	Kn1	,n2	,...,nk	,	451	G	−	e,	G	−	v,	G	−	X,	G	−	U	,	452	G	∪	H,	G	+	H,	G	×	H,	461-462	Q3	,	Qn	,	462	w(e),	472	d(u,	v),	472	w(H),	512	χ(G),	538	D,	V	(D),	E(D),	559	od	v,	id	v,	560	A	=	[aij	],	561	~	v),	562	d(u,
f	:	S	×	I	→	S,	576	g	:	S	×	I	→	O,	576	f	(s,	i),	g(s,	i),	576	Year:	2,011	City:	Long	Grove	Pages:	687	Pages	In	File:	687	Language:	English	Topic:	124	Identifier:	1-57766-730-1	Org	File	Size:	16,375,103	Extension:	pdf	is	true	or	false.	600	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	15.	,	n	+	1.	Since	f	2r	=	2	11	=	r,	it	(	2r	)	follows	that	f	is
onto.	Observe	that	ak+1	=	2ak	+	1	=	2(2k+1	−	1)	+	1	=	2k+2	−	1.	(a)	Give	an	example	of	an	integer	a	such	that	P	(a)	⇒	Q(a)	is	true.	For	example,	6	=	0.1090909	·	·	·	55	and	the	“09”	continues	to	repeat;	while	1	=	0.142857142857142857	·	·	·	7	where	“142857”	continues	to	repeat.	(b)	210	310	.	Example	1.42	Recall	once	again	the	two	statements	Q1
and	Q2	in	(1.1):	Q1	:	Los	Angeles	is	the	capital	of	California.	A	sequence	{an	}	is	defined	recursively	by	a1	=	2,	a2	=	4	and	an	=	an−1	+	2an−1	for	n	≥	3.	(a)	A	=	{n	∈	Z	:	n2	−	n	−	2	<	0}.	s	s	H2	H1	s	.......	(a)	Once	upon	a	time,	there	was	a	man	who	owned	a	singing	frog.	Only	K1	and	P4	.	Determine	whether	each	of	these	three	implications	is	true	or
false.	Q(x):	|x|	=	2.	G3	:	r	y	r	w	r	y	r	x	r	v	Figure	33:	The	graphs	in	Exercise	1	13.	The	images	of	the	first	11	positive	integers	are	therefore:	1	↓	1	2	↓	1	2	3	4	↓	↓	2	13	5	6	↓	↓	3	14	7	↓	2	3	8	↓	3	2	9	↓	4	10	11	·	·	·	↓	↓	···	1	5	···	5	From	the	manner	in	which	this	function	f	is	defined,	f	is	bijective	and	so	|N|	=	|Q+	|.
.....................................................................................................................	(b)	Suppose	that	the	the	coloring	of	D	is	synchronized.	Since	u1	is	a	least	upper	bound,	u1		u2	.	For	the	one	integer	value	3	in	this	range,	32	>	23	.	0,	1	.................	c5	................................	If	a	+	b	=	0,	then	b	+	a	=	a	+	b	=	0;	while	if	a	−	b	=	0,	then	b	−	a	=	−(a	−	b)	=	0.	Pn	i=0	(a
+	ib)	=	1	2	(n	+	1)(2a	+	nb)	for	every	19.	In	the	following	section,	we	will	learn	when	such	statements	are	true	and	be	introduced	to	one	method	of	verifying	the	truth	of	some	statements	constructed	in	this	manner.	We	show	that	1	1	1	k+1	+	+	···+	=	.	Show	that	you	can	determine	the	truth	value	of	P	by	giving	two	statements	to	your	friend.	Therefore,
a	=	(011011)2	=	27	and	b	=	(001110)2	=	14.	We	now	consider	a	few	common	sequences.	True	or	False.	Prove	that	12	+	32	+	·	·	·	+	(2n	−	1)2	=	n(2n−1)(2n+1)	3	for	every	positive	integer	n.	Another	modern	application	of	discrete	mathematics	comes	from	the	phrase:	Information	is	only	a	click	away.	(a)	Determine	another	set	belonging	to	P(A).	A
relation	R	is	defined	on	the	set	Z	of	integers	by	a	R	b	if	|a|	=	|b|.	The	582	CHAPTER	15.	Exercises	for	Section	6.1	1.	u	r	....................	Since	2ab	+	b	+	a	is	an	integer,	mn	+	m	is	odd.	For	positive	integers	x	and	y,	consider	the	following	open	sentences:	P	(x,	y)	:	x2	y	≥	4,	Q(x,	y)	:	x	+	2y	≤	4,	R(x,	y)	:	xy	>	1.	A	geometric	sequence	is	a	sequence	in	which
the	ratio	of	every	two	consecutive	terms	an	and	an+1	is	some	constant	r,	that	is,	an+1	/an	=	r	for	each	n	∈	N.	Then	ni=1	od	vi	=	ni=1	id	vi	=	n2	=	n(n−1)	.	Observe	that	for	any	integer	k,	either	k	or	k	+	1	is	odd.	Then	this	situation	can	be	modeled	by	the	tournament	T	of	Figure	15.15.	Let	a,	b,	c	∈	R.	These	kinds	of	sentences	bring	up	additional
questions.	Suppose	that	we	represent	each	of	the	three	people	1,	2	and	3	by	a	point	(called	a	vertex	in	graph	theory).	N:	set	of	natural	numbers	(positive	integers).	of	T	,	d(u,	572	CHAPTER	15.	Then	n	=	0.	.,	vn	,	v1	).	Example	2.16	Determine	the	power	set	of	each	of	the	sets	A	=	{a,	b},	B	=	{x,	y,	z},	C	=	{0,	{∅}}	and	D	=	∅.	Suppose	that	the	order	of
D	is	n.	In	fact,	for	each	integer	k	≥	3,	there	exists	a	graph	Gk	with	χ(Gk	)	=	k	such	that	Gk	does	not	contain	K3	as	a	subgraph.	(a)	Either	x	=	0	or	y	=	0.	3	...............................	The	range	f	(A)	is	the	set	of	images	of	the	elements	of	A,	namely,	f	(A)	=	{f	(a)	:	a	∈	A}.	Hence	y	∈	A	and	y	∈	/	B	∩	C.	The	famous	physicist	Albert	Einstein	once	stated	that	logic
can	carry	us	only	so	far:	Logic	will	get	you	from	A	to	B.	intersection	(of	A	and	B),	A	∩	B:	the	set	of	all	elements	belonging	to	both	A	and	B.	This	is	not	an	algorithm	that	involves	comparisons.	For	example,	the	set	N	itself	is	denumerable	since	the	identity	function	f	:	N	→	N	defined	by	f	(n)	=	n	for	each	n	∈	N	is	bijective.	While	some	authors	call	every
true	mathematical	statement	a	theorem,	others	refer	to	such	statements	as	observations,	facts,	results,	propositions	or	theorems,	according	to	their	importance.	/	B.	1,	1	.......	The	following	“proof”	proposes	to	prove	that	2n	=	0	for	every	nonnegative	integer	n.	B	....	(b)	Both	x	and	y	are	odd	integers.	Hence	xk	is	a	maximal	element.	For	a	sequence	of
numbers,	we	wouldn’t	know	this,	however,	without	additional	information.	(c)	115.	While	technology	has	moved	from	analog	only	to	primarily	digital,	it	has	become	increasingly	important	to	understand	not	only	the	classical	continuous	mathematics	but	the	more	modern	mathematics	of	the	21st	century:	discrete	mathematics.		564	CHAPTER	15.	(f)	|A
−	(B	∪	C)|.	.........................................................................................................	y	u	u	s	...........	s	...	(Use	the	fact	that	if	n	is	an	integer	such	that	n3	=	3a	for	some	integer	a,	then	n	=	3b	for	some	integer	b.)	√	√2	of	Result	3.38	2	.	or	{an	}.	Input:	A	positive	integer	n	and	a	sequence	s	:	a1	,	a2	,	.	e	.............	(d)	720.	......q	..	In	mathematics	such	sentences	are
encountered	often.	If	v	is	encountered	k	times	on	C,	then	od	v	=	id	v	=	k.	Algorithm	6.36	(Bubble	Sort	Algorithm)	This	algorithm	sorts	the	terms	in	a	sequence	s	:	a1	,	a2	,	.	Theorem	15.3	(The	First	Theorem	of	Digraph	Theory)	If	D	is	a	digraph	of	size	m,	then	X	v∈V	(D)	od	v	=	X	id	v	=	m.	DIRECTED	GRAPHS	Example	15.9	The	digraphs	D1	and	D2	of
Figure	15.14	are	tournaments.	Recall	also	that	to	verify	that	C	⊆	D,	for	example,	we	can	select	an	arbitrary	element	x	∈	C	and	show	that	x	∈	D	as	well.	Since	3x	=	7y	+	2k,	we	can	make	this	substitution	in	3y	−	3x	−	4x.	(a)	P1	(n)	:	|n	+	1|	=	0.	r	r	r	r	r	r	r	F	(2)	r	r	r	r	...	First,	let	us	restate	the	definition	of	a	one-to-one	function.	(a)	Is	f	one-to-one?	Then	c
=	2x	+	1	for	some	integer	x.	(a)	P	(n)	∧	Q(n).	(b)	For	what	values	of	x	is	P	(x)	a	false	statement?	Then	the	(k	−	1)-coloring	c′	of	G	defined	by	c′	(v)	=	c(v)	if	v	∈	Vi	and	1	≤	i	≤	k	−	1	and	c′	(v)	=	k	−	1	if	v	∈	Vk	is	a	proper	(k	−	1)-coloring	of	G,	which	is	impossible.	Since	P	(2)	and	Q(2)	are	both	true,	it	follows	that	P	(2)	⇒	Q(2)	is	a	true	statement	according
to	the	first	row	of	the	truth	table	in	Figure	1.9.	If	we	were	to	select	a	different	real	number	x,	then	P	(x)	would	be	false.	Repeats	the	previous	step	provided	the	index	does	not	exceed	the	size	of	the	sequence.	Then	a	=	3	2	and	b	=	3	3	have	the	desired	properties.	SETS	A	set	need	not	contain	any	elements.	Give	an	example	of	two	sets	A	and	B	such	that
A	∈	B	and	A	⊆	B.	The	equivalence	class	[0]	is	[0]	=	=	{x	∈	Z	:	x	R	0}	=	{x	∈	Z	:	3x	is	even}	{x	∈	Z	:	x	is	even}	=	{.	Which	of	the	digraphs	in	Figure	15.42	are	tournaments?	Then	rs	=	a/b	c/d	=	bc	.	existential	quantified	statement,	∃x	∈	S,	Q(x):	there	exists	x	∈	S	such	that	Q(x).	2	(3)	cn	=	3n−1	−	n!	+	1.	For	example,	for	an	open	sentence	R(x)	over	a
domain	S,	the	quantified	statement	∀x	∈	S,	R(x)	can	be	expressed	as:	If	x	∈	S,	then	R(x).	A	correct	proof	may	not	be	convincing	because	(i)	the	writer	has	made	some	questionable	assumptions	about	what	a	reader	knows	and	is	likely	to	recall	or	(ii)	the	presentation	fails	to	include	some	details	that	the	reader	needs.	The	digraph	D	of	Figure	15.41(a)	is
aperiodic,	strong	and	has	uniform	outdegree	2.	B........	Thus	min(a,	b)	=	a	and	max(a,	b)	=	b.	Let	c	be	a	k-coloring	of	G	and	let	Vi	be	the	set	of	vertices	colored	i	for	1	≤	i	≤	k.	Prove	that	the	length	of	a	longest	cycle	in	T	equals	the	greatest	order	of	a	strong	subdigraph	in	T	.	There	are	three	ordered	pairs	(a,	b)	∈	R1	,	namely,	(x,	y),	(x,	z)	and	(z,	z).
Another	useful	result	concerning	denumerable	sets	is	the	following,	which	we	state	without	proof.	For	an	integer	n,	consider	the	open	sentences	P	(n)	:	n(n	+	1)(2n	+	1)/6	is	even.	Assume	that	mn	=	1.	Thus	ak+1	=	2ak	−	ak−1	+	2	=	2k	2	−	(k	−	1)2	+	2	=	(k	+	1)2	.	First,	we	show	that	if	m	is	odd	and	n	is	even,	then	mn+m	is	odd.	Theorem	6.20	Let	f	:
N	→	R+	and	g	:	N	→	R+	be	two	functions.	ab	is	odd	is	sufficient	for	a	to	be	odd.	If	k	=	2ℓ	is	even,	then	deg	v	=	4ℓ	and	deg	v	≡	0	(mod	4);	while	if	k	=	2ℓ	+	1	is	odd,	then	deg	v	=	4ℓ	+	2	and	deg	v	≡	2	(mod	4).	If	P	is	true,	then	we	proceed	as	above.	(b)	A	∩	B.	See	Figure	17.	A	puzzle	consists	of	a	4	×	4	grid,	some	of	whose	squares	are	assigned	one	of	the
numbers	from	S.	Composition	of	Functions	Just	as	there	are	many	ways	of	combining	two	numbers	to	produce	a	new	number,	many	ways	of	combining	two	statements	to	produce	a	new	statement	and	many	ways	of	combining	two	sets	to	produce	a	new	set,	there	are	also	many	ways	of	combining	two	functions	to	produce	a	new	function.	Now,	P	(1)	∧
Q(1)	is	false,	while	P	(1)	∨	Q(1)	is	true.	Determine	(f	◦	g)(x)	and	(g	◦	f	)(x)	for	x	∈	R.	3.7.	PROOF	BY	CONTRADICTION	111	√	√	Proof.	Since	od	v	>	0	and	P	is	a	longest	path,	it	follows	that	v	is	adjacent	to	a	vertex	of	P	,	producing	a	cycle.	{b,	c}	......................	We	now	consider	the	following	two	statements:	P	:	You	pay	me	an	additional	$50.	Let	A	=	{1}
and	B	=	{2}.	(b)	No	graph	has	an	odd	number	of	odd	vertices.	Although	this	is	the	most	common	way	to	define	n!,	here	too	the	definition	of	n!	when	n	∈	N	may	seem	somewhat	awkward.	1260.		........	553	CHAPTER	14	HIGHLIGHTS	•	If	H	is	a	subgraph	of	a	graph	G,	then	χ(H)	≤	χ(G).	Depending	on	the	requirements	of	such	a	connection,	we	obtain	two
concepts	encountered	often	in	mathematics:	relations	and	functions.	(d)	7.	The	situation	when	k	=	1	had	to	be	handled	separately.	Write	an	algorithm	that	determines	how	many	negative	numbers	there	are	in	a	sequence	s	:	a1	,	a2	,	.	if	x	>	z	then	t	:=	x,	x	:=	z	and	z	:=	t	[If	x	>	z,	then	the	values	of	x	and	z	are	interchanged	so	that	in	every	case,	x	<	z.]
4.		Result	4.20	A	sequence	a1	,	a2	,	a3	,	.	w	r	r	........	In	order	to	illustrate	any	proof	technique	in	some	detail,	we	need	to	deal	with	areas	of	mathematics	with	which	we	are	all	familiar.	That	is,	the	input	value	b	changes	the	state	s5	to	s6	;	so	we	are	now	at	the	state	s6	.	(c)	x2	−	4	=	0.	In	calculus,	the	most	common	number	to	use	as	a	base	is	the	number
e	(an	irrational	number	whose	approximate	value	is	2.718),	while	2	is	a	common	base	in	computer	science.	x	z	y	z	Figure	15.8:	Connected	digraphs	Distance	is	defined	in	digraphs	as	well	as	in	graphs.	universal	set:	the	set	containing	all	objects	under	consideration.	For	two	sets	A	and	B,	which	of	the	following	sets	are	equal?		o	n	(−1)n	1	While	the
numbers	−1,	12	,	−1	,	this	3	,	4	are	certainly	the	first	four	terms	of	the	sequence	n	is	not	the	only	sequence	having	these	numbers	as	its	first	four	terms.		If	there	were	a	third	statement	R	to	consider	at	the	same	time	as	P	and	Q,	then	there	would	be	eight	rows	in	the	table	that	considers	all	8	=	23	combinations	of	truth	values	for	P	,	Q	and	R	(see
Exercise	1).	DIRECTED	GRAPHS	Chapter	15	Highlights	Key	Concepts	accepting	state:	a	state	in	a	finite-state	machine	that	is	a	final	state	of	an	appropriate	input	string.	Give	examples	of	some	pairs	of	elements	that	are	related	by	R	and	some	that	are	not.	We	first	show	that	if	m	and	n	are	of	opposite	parity,	then	7m	+	3n	is	odd.	1,	0	...........	As	a
consequence	of	Theorem	5.79,	N	and	[0,	1]	have	different	cardinalities	and	so	there	are	at	least	two	different	sizes	of	infinite	sets.	Determine	every	integer	n	for	which	P	(n)	∧	Q(n)	is	true.		578	CHAPTER	15.	146	CHAPTER	4.	We	are	now	prepared	to	show	that	the	closed	interval	[0,	1]	of	real	numbers	is	not	denumerable.	Justify	your	answer.	Since	od
vi	≥	id	vi	for	1	≤	i	≤	n,	it	follows	that	od	vi	−	id	vi	≥	0	for	1	≤	i	≤	n.	Then	n10	=	3	and	n20	=	2	and	ni	=	0	for	i	6=	1,	10,	20.	(c)	C	∪	D.	Result	to	Prove:	If	r	and	s	are	rational	numbers,	then	r	+	s	is	a	rational	number.	Since	each	of	(3.8)	and	(3.9)	is	a	statement,	each	has	a	truth	value.	How	can	the	counterfeit	coin	be	determined	in	two	weighings.	Now	(a
∨	b)	∧	c	=	c	∧	(a	∨	b)	=	(c	∧	a)	∨	(c	∧	b)	=	a	∨	(b	∧	c).	Show	that	G	−	v	=	G	−	v	is	connected.	(b)	Use	De	Morgan’s	Laws	to	state	∼	(P	∨	Q)	and	∼	(P	∧	Q).	Dividing	by	x,	we	obtain	1	<	x	<	2,	which	is	impossible.	Then	a	=	3	2	9	and	b	=	3	3	have	the	desired	properties.		Observe	that	in	Example	2.16	we	have	listed	the	subsets	of	A,	B	and	C	systematically,
first	listing	∅,	then	the	subsets	with	one	element,	the	subsets	with	two	elements	and	so	on.	That	is,	f	pairs	off	a	and	x,	b	and	y	and	c	and	z.	,	ak+1	}.	(c)	Express	the	negation	of	this	quantified	statement	in	words.		Transitive	Tournaments	While	it	is	clear	that	t1	is	the	best	team	(among	the	four	teams	in	Example	15.10),	it	is	impossible	to	tell	which	is
the	next	best	team	as	each	of	the	three	remaining	teams	has	won	exactly	one	game.	Prove	the	following	De	Morgan’s	law	for	sets:	For	every	two	sets	A	and	B,	A	∪	B	=	A	∩	B.	2	........	Show	that	3a	+	5b	−	4	is	odd.	R:	the	set	of	real	numbers,	which	consists	of	the	rational	numbers	and	irrational	numbers.	(a)-(b)	No	such	function	exists.	(e)	E	=	{x	∈	R	:
x2	+	5	=	0}.	Observe	that	x∈	A∩B	≡	x	∈	A	and	x	∈	B	(definition	of	intersection	of	A	and	B)	64	CHAPTER	2.	•	The	Principle	of	Mathematical	Induction	For	a	fixed	integer	m,	let	S	=	{i	∈	Z	:	i	≥	m}.	Since	u	and	v	are	the	end-vertices	of	P	′	and	P	′	is	a	path,	it	follows	that	u,	v	∈	/	V	(P	′	)−{u,	v}	and	so	e	∈	/	E(P	′	).	Notice	here	that	[1]	=	[4]	and	[2]	=	[3]	=
[6].	Now	(at	time	t3	),	the	machine	is	at	state	s3	,	where	the	machine	remembers	that	75¢	has	already	been	deposited	and	that	this	is	the	correct	amount	needed	to	dispense	either	of	the	two	products.	Since	the	diagram	is	actually	a	digraph	(possibly	with	parallel	arcs	and	directed	loops),	it	is	also	called	the	state	digraph	or	transition	digraph	of	the
finite-state	machine.	(1)	The	disjunction	of	P	and	Q	is	P	∨	Q:	a	is	odd	or	b	is	odd.	Although	much	of	his	work	is	beyond	the	scope	of	this	book,	we	will	nonetheless	see	some	of	his	best	known	discoveries	in	Chapter	5	(Section	5.5).	Dividing	the	inequality	in	(3.20)	by	the	positive	number	2	gives	us	the	desired	0	<	r/2	<	r.	Two	of	the	elements	of	C	are
numbers,	namely	1	and	2	and	the	other	element	of	C	is	the	set	{1,	2}.	We	show	that	ak+1	=	(k	+	1)3k	.	For	the	universal	set	U	=	{1,	2,	.	Then	3x	−	7y	is	even.	A	function	f	:	A	→	B	is	therefore	not	one-to-one	if	there	are	distinct	elements	a	and	b	of	A	such	that	f	(a)	=	f	(b).	Now	change	the	color	of	each	vertex	of	V1	to	2	and	change	the	color	of	each
vertex	of	V2	to	1.	Suppose,	for	example,	that	we	have	a	finite-state	automaton	A	with	8	states,	where,	this	time,	we	denote	the	states	by	s1	,	s2	,	.	A	=	ê	ë	0	1	1	0	0	0	1	0	1	1	0	0	1	1	0	1	1	0	0	1	1	1	1	0	0	0	1	1	1	1	0	0	0	1	1	1	ù	ú	ú	û	u	:	v,	w	x	:	v,	w,	y,	z	v	:	u,	w,	x	y	:	w,	x,	z	w	:	u,	v,	x,	y	z	:	x,	y.	,	9}.	330/500	=	0.66.	Does	there	exist	a	function	from	A	to	B	that
is	onto?	Prove	the	following	generalization	of	a	distributive	law	for	sets:	For	any	set	A	and	any	n	≥	2	sets	B1	,	B2	,	.	The	reason	that	g	is	not	a	function	from	A	to	B	is	because	the	element	4	in	A	has	no	image	in	B;	while	h	is	not	a	function	from	A	to	B	because	the	element	3	in	A	has	more	than	one	image	in	B,	namely,	c	and	e	are	both	images	of	3.	This
also	occurs	during	the	World	Cup	for	soccer	supremacy	when	32	countries	participate,	divided	into	eight	pools	of	four	teams	each.	Assume,	to	the	contrary,	that	G	6=	Cn	,	then	there	is	an	edge	e	=	vi	vj	where	|i	−	j|	≥	2	and	G	−	e	is	still	Hamiltonian.	,	bk	}.	It	is	not	possible	to	connect	the	three	houses	to	the	three	utilities	without	any	of	the	utility	lines
crossing.	Suppose	that	f	=	{(s1	,	B),	(s2	,	B),	(s3	,	C),	(s4	,	A),	(s5	,	C),	(s6	,	B),	(s7	,	A)}	g	=	{(A,	2),	(B,	3),	(C,	2),	(D,	0),	(F,	0)}.	Let	S	=	{x,	y,	z}.	Strictly	speaking,	writing	A	∪	B	∪	C	for	three	sets	A,	B	and	C	is	not	defined,	as	union	is	only	defined	for	two	sets.	Use	induction	to	show	the	following	for	Fibonacci	numbers:	F1	+	F2	+	·	·	·	+	Fn	=	Fn+2	−	1
for	every	positive	integer	n.	Thus	there	are	n	−	1	additions	and	the	time	complexity	of	Algorithm	6.6	is	n	−	1	=	Θ(n).	In	particular,	if	A	is	a	finite	nonempty	set	and	B	is	a	nonempty	proper	subset	of	A,	then	there	is	no	one-to-one	function	f	:	A	→	B.	(a)	f	(n)	=	100.	′	......	Determine	all	integers	n	≥	3	such	that	C	n	is	planar.	Certainly,	−1	and	7	are	images
since	f	(2)	=	−1	and	f	(4)	=	7.	If	we	can	verify	that	its	contrapositive	∀x	∈	S,	(∼	Q(x))	⇒	(∼	P	(x))	is	true	using	a	direct	proof,	then	we	will	have	proved	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true.	Hence	y	∈	A	and	y∈	/	B	∩	C.	For	which	positive	integers	n	are	the	following	open	sentences	true	statements?	We	will	visit	these	sentences	again	soon	and	often.	Then
there	exists	an	even	integer	n	that	can	be	expressed	as	the	sum	of	an	even	integer	x	and	an	odd	integer	y.	We	then	showed	that	ak+1	=	(k	+	1)2	where	k	≥	2.	Then	x	=	2a	+	1,	y	=	2b	and	z	=	2c	for	integers	a,	b	and	c.	See	Figure	6.	550	CHAPTER	14.	(a)	See	Figure	4.	Because	3	≤	4,	Steps	3	and	4	are	performed	once	again.	For	which	values	of	x	is	P
(x)	a	true	statement?	Since	there	is	an	integer	ℓ	such	that	f	(ℓ)	=	m,	it	follows	that	ℓ	>	m.	Next,	consider	the	following:	Proof.	if	i	=	n	+	1	then	output	k	“is	not	in	the	sequence”	In	Step	1,	i	is	assigned	the	value	1.	Suppose	that	a	coin	is	flipped.	Thus	√	√	5	=	ab	−	3.	Since	a2	=	10	and	7	=	y	<	10	<	x	=	15,	y	is	assigned	the	value	10	in	Step	7.	Let	c	∈	C.
The	following	information	is	known	about	five	students	who	plan	to	take	courses	this	summer:	Alvin	plans	to	take	discrete	mathematics,	vector	calculus	and	linear	algebra.	By	the	recurrence	relation,	L3	=	L1	+	L2	=	2	+	1	=	3	L4	L5	=	L2	+	L3	=	1	+	3	=	4	=	L3	+	L4	=	3	+	4	=	7.	Prove	that	if	a	+	2b	+	3c	≥	5,	then	a	≥	3,	b	≥	2	or	c	≥	1.	The	element	4
belongs	to	U	but	to	neither	E	nor	F	.	182	CHAPTER	5.	(j)	{1,	7}.	...........................................................................................................................	Therefore,	5r	≤	M	≤	2m	and	so	5r	≤	2m.	RELATIONS	AND	FUNCTIONS	36.	Conjunction	and	disjunction	are	also	binary	operations	on	a	collection	of	statements.	(c)	56.	Assume	that	integer	k	≥	4.	Since	a1	=	2
=	21−1	+1,	the	formula	holds	for	n	=	1.	(If	m	and	n	are	both	even,	this	situation	would	be	covered	by	either	case.)	Since	the	proofs	of	these	two	cases	are	very	similar,	we	used	the	phrase	“without	loss	of	generality”	(some	abbreviate	this	as	WLOG	or	WOLOG)	to	indicate	this	and	chose	to	prove	only	one	of	them.	Then	for	every	negative	integer	m,	n	+
m	=	1	+	m	≤	1	+	(−1)	=	0.	What	is	the	smallest	number	of	divisions	into	which	the	league	can	be	divided?	(c)	{0,	3,	8,	16}.	Section	12.5	1.	G2	:	.............	.....v	.	The	subsets	of	A	not	containing	ak+1	are	precisely	the	subsets	of	B.	9.	(a)	A	=	{n	∈	Z	:	|n|	<	2}.	Also	let	f	:	A	→	B	and	g	:	B	→	C,	where	f	=	{(1,	4),	(2,	5),	(3,	1)}	and	g	=	{(1,	3),	(2,	3),	(3,	2),	(4,
4),	(5,	1)},	(a)	Determine	(g	◦	f	)(1),	(g	◦	f	)(2)	and	(g	◦	f	)(3).	Let	r	and	s	be	real	numbers.	L2	L3	L4	Figure	14.26:	The	graph	of	Example	14.32	Upper	Bounds	for	the	Chromatic	Number	There	is	no	formula	that	gives	the	chromatic	number	of	each	graph	and	finding	the	chromatic	number	of	a	graph	can	be	quite	challenging.	Observe	that	Fk+1	=	=
Fk−1	+	Fk	≤	√	!k−1	1+	5	2	√	!k	√	!k−1	√	!	√	!k−1	1+	5	1+	5	1+	5	1+	5	+	=	1+	2	2	2	2	√	!k+1	√	!	√	!k−1	√	!2	1+	5	3+	5	1+	5	1+	5	=	.	(e)	4,	7,	10,	13,	.	Hence	either	m	>	0	or	m	<	0.	Assume	that	ak	=	2k−1	for	a	positive	integer	k.	Because	x	∈	A	and	x	∈	/	B	∩	C,	we	have	x	∈	A	−	(B	∩	C).	For	n	∈	N,	two	sets	A	and	C	have	the	property	that	A	⊂	C,	|A|	=



n	and	|C|	=	n	+	3.	(b)	(g	◦	f	)(x)	=	15x2	+	2,	(f	◦	g)(x)	=	75x2	−	90x	+	28.	(c)	{2}.	4	................	(b)	Find	an	input	string	that	results	in	a	directed	path	in	D	whose	output	string	in	reverse	order	is	a	number	(expressed	in	base	2)	of	maximum	value.	We	use	induction.	We	now	describe	yet	a	third	method.	u1	r	G1	:	r	r	r	r	r	r	r	r	r	r	G3	:	r	r	y	r	y1	ur1	v	......
For	A	=	{1,	2,	3}	and	B	=	{2,	3,	4,	5},	a	relation	R	from	A	to	B	is	described	by	the	diagram	in	Figure	5.3.	Express	R	as	a	set	of	ordered	pairs.	Let	R	be	a	relation	defined	on	Z	by	a	R	b	if	a	+	b	=	0	or	a	−	b	=	0.	2	t	B	t3	Figure	2:	A	graph	model	There	is	a	related	problem,	a	version	of	which	appeared	in	the	1953	Putnam	Exam,	a	competitive	exam	that
many	undergraduates	in	the	United	States	and	Canada	take.	Sets	Having	the	Same	Cardinality	The	sets	A	=	{a,	b,	c}	and	B	=	{x,	y,	z}	both	have	three	elements	and	so	|A|	=	|B|.	Prove	the	result	in	Result	4.6:	For	every	positive	integer	n,	13	+	23	+	33	+	·	·	·	+	n3	=	n2	(n+1)2	.	Then	7n	−	2	=	7(2k)	−	2	=	14k	−	2	=	2(7k	−	1).	Therefore,	7n	+	3	=	7(2k
+	1)	+	3	=	14k	+	10	=	2(7k	+	5).	If	S	is	a	tautology	and	R	is	a	contradiction,	then	what	is	the	truth	value	of	the	following?	(c)	Use	the	recursive	definition	in	(b)	to	compute	s4	.	The	power	set	of	the	empty	set	∅	is	P(∅)	=	{∅}.	initial	values:	some	specified	values	for	a	recursively	defined	sequence.	,	vk	=	v).	To	see	that	a	·	b	=	a	+	b,	we	show	that	a	+	b
is	the	complement	of	a	·	b.	Suppose	that	a	≤	2,	b	≤	1	and	c	≤	0.	e	...	I	received	an	A	in	math	if	I	obtained	all	A’s.	We	use	a	direct	proof	to	do	this.	Which	of	the	properties	reflexive,	symmetric	and	transitive	does	each	relation	possess?	(c)	Either	you	don’t	drive	over	70	miles	per	hour	or	you	receive	a	speeding	ticket.	,	an	),	where	ai	∈	Ai	for	1	≤	i	≤	n.
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Hierholzer,	Carl	459	Hockey	Stick	Theorem	315,	348	Horner’s	Algorithm	217	hypercube	462,	482	hypothesis	25,	47	induction	116,	138,	144	inductive	116,	138,	144	G	gate	421,	425	AND	421,	424	NOT	421,	426	OR	421,	426	Gauss,	Carl	Friedrich	231,	238	generating	function	337,	348	geodesic	455	geometric	sequence	129,	144	Goldbach,	Christian
238-239,	527	Goldbach’s	Conjecture	238-239	Graham,	Ronald	L.	1	1·4	+	1	4·7	+	···	+	1	(3n−2)(3n+1)	=	n	3n+1	for	every	5.	Definition	1.18	For	two	statements	P	and	Q,	the	exclusive	or	of	P	and	Q	is	the	statement	1.2.	NEGATION,	CONJUNCTION	AND	DISJUNCTION	17	P	or	Q	but	not	both	and	is	denoted	by	P	⊕	Q.	t	u	x	(a)	s	t	...............	If	we	attach	C	′
to	C	at	w,	then	we	produce	a	circuit	C	′′	in	D	containing	u	and	containing	more	arcs	than	C,	which	is	impossible.	exterior	region	(of	a	plane	graph	G):	the	unbounded	region	of	G.	1...	41.	Figure	2.6(a)	shows	a	customary	way	of	drawing	a	Venn	diagram	involving	three	general	sets.	METHODS	OF	PROOF	(a)	For	every	irrational	number	s,	there	exists	a
rational	number	r	such	that	rs	=	0.	(c)	f	◦	f	.	r	r	r	r	r	r	B	r	Figure	5.14:	Diagrams	for	Exercise	6	3.	Therefore,	a	R	c	and	R	is	transitive.	Of	these	orientations,	only	D′	and	D1	are	strong.	k	−	1,	let	Ai	=	{i,	n	−	i}	and	let	Ak	=	{n}.	u	D1	:	w	v	.........................	When	n	=	2,	we	have	F1	F3	=	1	·	2	=	12	+	1	=	F22	+	(−1)2	.	If	we	denote	f	(n)	by	an	for	each
positive	integer	n,	then	we	are	saying	that	the	elements	of	A	can	be	listed	as	a1	,	a2	,	a3	,	.	The	statement	P	⇔	Q	is	therefore	true	provided	either	(a)	I	study	for	at	least	10	hours	and	receive	an	A	on	the	exam	or	(b)	I	study	for	less	than	10	hours	and	do	not	receive	an	A	on	the	exam.	Definition	5.29	For	a	function	f	from	a	set	A	to	a	set	B	and	a	subset	X	of
A,	the	image	of	X	under	f	is	the	set	f	(X)	=	{f	(x)	:	x	∈	X}.	That	is,	if	a	and	b	are	two	real	numbers	such	that	ab	=	0,	then	a	=	0	or	b	=	0.	a	r	e	...	Solution.	Although	we	have	encountered	even	and	odd	integers	before	and	probably	have	a	good	understanding	of	these	numbers,	in	order	to	be	precise	we	now	give	the	standard	definitions	of	these	two
concepts.	(b)	{(a,	y),	(b,	z),	(c,	z),	(d,	w)}.	In	this	case,	there	are	four	possible	input	values,	namely	(1)	deposit	25¢,	(2)	deposit	50¢,	(3)	push	the	laundry	detergent	button	(LD)	and	(4)	push	the	fabric	softener	button	(FS).	Time	State	Input	Output	t0	s0	25¢	nothing	t1	s1	25¢	nothing	t2	s2	25¢	nothing	t3	s3	LD	detergent	t4	s0	The	state	s0	is	the	initial
state,	where	the	machine	is	prepared	for	a	guest	to	insert	a	quarter	or	half-dollar	or	push	the	LD	or	FS	(fabric	softener)	button.	.........................................................................	Determine	the	nth	term	of	a	sequence	{an	}	whose	first	four	terms	are	those	given	above.	Since	a1	=	2	=	1	·	2,	the	formula	holds	for	n	=	1.	is	defined	recursively	by	a1	=	1,	a2	=
2	and	an	=	2an−1	−	an−2	for	n	≥	3.	Let	f	be	a	permutation	on	N.	As	we	mentioned	earlier,	even	though	Venn	diagrams	may	suggest	66	CHAPTER	2.	So	min(3,	5)	=	3	and	max(3,	5)	=	5,	while	min(4,	4)	=	max(4,	4)	=	4.	If	s	=	t,	then	Ks,t	is	an	s-regular	graph	of	order	n	=	2s.	Next,	we	verify	the	converse,	namely,	if	3n	+	8	is	odd,	then	n	is	odd.	Suppose
that	f	is	a	bijective	function	from	a	set	A	to	a	set	B	and	f	(a)	=	b,	where	a	∈	A	and	b	∈	B.	Therefore,	n2	=	(2a)2	=	4a2	=	2(2a2	).	Next,	we	verify	the	converse;	that	is,	if	3n2	−	n	−	2	=	0,	then	2n2	−	n	−	1	=	0.	0,	1	.....	Step	7	is	repeated	for	i	=	3.	This	is	the	final	step	of	Algorithm	6.8.	A	total	of	4	comparisons	have	been	made.	Since	3	=	j	≤	n	=	3	in	Step
5,	Steps	6	and	7	are	performed.	(b)	transitive.	Then	Q(3)	is	true	but	P	(3)	is	false;	so	Q(3)	⇒	P	(3)	is	false.	A	graph	G	has	a	vertex	of	degree	4	and	all	other	vertices	of	G	have	degree	7	or	more.	(h)	{∅}	⊆	{{∅}}.	(d)	4	·	3	+	8	=	30.	Hence	ℓ2	and	ℓ1	coincide	or	ℓ2	and	ℓ1	are	parallel.	Q(x):	(x	−	3)2	=	0.	•	The	boundary	of	every	region	of	a	maximal	planar
graph	of	order	3	or	more	is	a	triangle.	Since	[a]	=	[b]	and	a	∈	[a],	it	follows	that	a	∈	[b].	(c)	interrogative.	(b)	Determine	all	integers	n	for	which	Q(n)	is	a	true	statement.	,	10},	let	P	be	a	collection	of	k	nonempty	subsets	of	A	for	some	positive	integer	k.	Let	G2	and	G3	be	the	paths	P3	where	V	(G2	)	=	{u1	,	u2	,	u3	}	and	V	(G3	)	=	{v1	,	v3	,	v2	}	such	that
u2	and	v3	have	degree	2.	(c)	None.	A	digraph	D	is	strongly	connected	or	simply	strong	if	D	contains	both	a	directed	u	−	v	path	and	a	directed	v	−	u	path	for	every	pair	u,	v	of	distinct	vertices	of	D.	However,	in	1874	Georg	Cantor	wrote	a	famous	article	in	which	he	explained	why	there	are	different	kinds	of	infinity.	(a)	cyclic	subdivision	graph	of	G	...
Show	that	there	is	synchronized	sequence	for	v.	.,	an−1	,	where	the	sequence	{an	}	is	defined	recursively.	For	example,	committees	C1	and	C4	could	be	scheduled	to	meet	at	the	same	time	since	none	of	the	eight	individuals	are	members	of	both	committees.	However,	the	vertex	z	is	now	adjacent	to	vertices	colored	1,	2,	3	and	a	different	color	is
required	for	z,	namely	color	4.	574	CHAPTER	15.	Compute	the	following.	(b)	Show	that	if	an	even	number	of	teams	play	in	a	round	robin	tournament,	then	it	is	not	possible	for	all	teams	to	tie	for	first	place.	For	every	odd	integer	n,	n2	+	1	is	even.	For	each	collection	of	subsets	that	is	not	a	partition	of	A,	explain	your	answer.	(3)	By	De	Morgan’s	Laws,
∼	(P	∨	Q)	≡	(∼	P	)	∧	(∼	Q):	a	is	not	odd	and	b	is	not	odd.	There	is	a	vending	machine	that	dispenses	small	bottles	of	laundry	detergent	and	small	bottles	of	fabric	softener,	each	bottle	costing	75¢.	205	6.2.	GROWTH	OF	FUNCTIONS	1.	x	Figure	5.15:	The	graph	of	x	=	y	2	in	Exercise	11	12.	See	Figure	11.	Prove	or	disprove:	If	every	edge	of	a	graph	G	lies
on	an	odd	cycle,	then	χ(G)	=	3.	r	...........	(b)	Carlos:	78;	Dina:	75.8;	Eric:	80.	(d)	P	∧	Q.	First	we	verify	that	the	statement	is	true	for	n	=	1.	If	|x|	=	2,	then	x	=	2.	Show	that	if	(u,	v)	∈	E(T	),	then	od	u	>	od	v.	Rowland	Leonard	Brooks	showed,	however,	that	these	are	the	only	two	classes	of	connected	graphs	for	which	this	is	true.	{x,	y}	=	{u,	v},	say	x	=	u
and	y	=	v.	Thus	mn	=	(2k)n	=	2(kn).	An	arc	labeled	r	is	a	red	road	and	an	arc	labeled	b	is	a	blue	road.	You	are	given	a	balance	scale	and	eight	coins,	one	of	which	is	counterfeit	and	weighs	less	than	the	other	coins.	(a)	Find	an	integer	n	such	that	P	(n)	∨	Q(n)	is	true	but	P	(n)	∧	Q(n)	is	false.	(b)	Let	G	be	a	subdivision	of	K5	or	a	subdivision	of	K3,3	of
order	7.	(Another	method	will	be	introduced	in	Chapter	4.)	In	a	proof	of	a	theorem,	we	often	employ	definitions,	assumptions,	axioms	(statements	accepted	without	proof)	and	other	theorems	that	are	known	to	the	readers.	Use	the	technique	employed	in	the	proof	of	Theorem	15.5	to	construct	a	strong	orientation	of	the	graph	G	of	Figure	15.12.	(3.2)
The	negation	of	∃x	∈	S,	R(x)	is:	∼	(∃x	∈	S,	R(x)):	There	does	not	exist	x	∈	S	such	that	R(x).	(a)	f	21	=	1	and	f	(	2)	=	2.	.,	−2,	−1,	0,	1,	2,	.	Thus	2m	=	62	=	15	and	so	m	=	15/2.	If	bk+1	=	0,	then	we	have	the	desired	conclusion.	To	show	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	false,	however,	we	need	only	show	that	there	exists	some	element	a	∈	S	such	that	P	(a)	⇒
Q(a)	is	false.	State	∀n	∈	S,	P	(n)	and	∃n	∈	S,	Q(n)	in	words.	Let	G	be	a	plane	graph	of	order	n	≥	5	and	size	m.	(b)	a	proof	by	contrapositive.	(d)	For	every	odd	integer	a	there	exists	an	integer	b	such	that	ab	is	even.	y1	........................	Theorem	1.24	(De	Morgan’s	Laws)	For	every	two	statements	P	and	Q,	(a)	∼	(P	∨	Q)	≡	(∼	P	)	∧	(∼	Q).	Thus	the	Four	Color
Problem,	originally	stated	for	maps,	can	be	stated	in	terms	of	graphs.	.........	,	d2s−2r−1	}.	This	is	indeed	the	case,	which	we	prove	by	the	Principle	of	Mathematical	Induction	(where	m	=	4	here).	Assume,	to	the	contrary,	that	there	is	a	graph	G	of	order	n	that	contains	a	double	odd	vertex	u	and	a	mixed	vertex	v.	Digital	clocks,	which	are	so	common
these	days,	can	be	considered	part	of	discrete	mathematics.	..........................................................................................................	The	partitions	of	A	are	P1	=	{{1,	2,	3}}	=	{A},	P2	=	{{1},	{2,	3}},	P3	=	{{2},	{1,	3}},	P4	=	{{3},	{1,	2}},	P5	=	{{1},	{2},	{3}}.	That	is,	we	need	to	prove	that	if	k!	>	2k	,	where	k	is	some	integer	with	k	≥	4,	then	(k	+	1)!	>
2k+1	.	Since	1	and	2	do	not	belong	to	F	,	these	elements	are	written	inside	E	but	outside	of	F	.	Therefore,	R	is	symmetric.	Input:	Three	numbers	a,	b,	c.	(b)	Express	the	negation	of	this	quantified	statement	in	symbols.	Use	induction	to	prove	that	ni=0	(a	+	ib)	=	21	(n	+	1)(2a	+	nb)	for	every	nonnegative	integer	n.	This	function	f	is	one-to-one	for	if	x
and	y	are	any	two	distinct	elements	of	A,	then	their	images	f	(x)	=	x	and	f	(y)	=	y	are	also	distinct.	for	i	:=	2	to	n	do	3.	Q:	110	is	even.	Figure	1.18	shows	a	5	×	5	checkerboard	whose	25	squares	are	labeled	by	1,	2,	.	Thus	adf	=	bde.	Assume,	without	loss	of	generality,	that	(v1	,	v)	∈	E(T	).	Since	χ(G)	=	4,	the	six	meetings	can	be	scheduled	in	four	90-
minute	time	periods	(but	no	fewer)	and	within	six	hours	all	meetings	can	be	held:	544	CHAPTER	14.	Since	j	has	the	values	2,	3,	.		Let’s	look	at	a	mathematical	example	where	an	implication	is	involved	and	restate	this	implication	in	the	manners	suggested	in	Figure	1.10.	,	Ak	,	say	Aj	,	has	at	least	⌈n/k⌉	≥	2	elements.	Again,	because	of	the	minor
differences	in	their	statements,	we	refer	to	this	as	well	as	the	Strong	Principle	of	Mathematical	Induction.	G5	:	r	r	r	r	Figure	24:	The	graphs	Gn	(3	≤	n	≤	5)	in	Exercise	31	33.	Since	n2	=	2n	+	3	for	n	=	3,	the	inequality	holds	for	n	=	3.	Give	an	example	of	a	set	B	such	that	(a)	B	is	a	subset	of	P(A)	and	|B|	=	5.	(c)	f	(x)	=	x3	−	x.	Since	(u,	v)	is	an	arc	of	T	,
it	follows	that	od	u	≥	k	+	1,	which	is	a	contradiction.	The	function	fr	:	S	→	S	is	defined	as	fr	(ci	)	=	cj	if	we	start	in	city	ci	and	go	to	city	cj	using	the	red	road.	While	the	mathematics	that	serves	as	the	foundation	of	physics	and	engineering	is	continuous	mathematics	and	this	will	always	be	important,	it	is	discrete	mathematics	that	is	the	foundation	of
computer	science.	(a)	Give	an	example	of	two	real	numbers	a	and	b	such	that	a	R	b	and	two	real	numbers	c	and	d	such	that	c	6	R	d.	Q	:	a	is	odd	and	b	is	odd.	Suppose	that	P	and	Q	are	both	true.	(d)	f	(S)	is	the	sum	of	the	elements	in	S.	(b)	G	=	C5	.	In	the	case	where	we	are	attempting	to	prove	that	∀x	∈	S,	R(x)	or	If	x	∈	S,	then	R(x).	(b)	f	−1	=	{(a,	2),	(b,
3),	(c,	1)},	g	−1	=	{(x,	c),	(y,	a),	(z,	b)},	f	−1	◦	g	−1	=	{(x,	1),	(y,	2),	(z,	3)}.	Mentioning	the	Cartesian	plane,	in	fact,	leads	us	to	the	major	concept	of	this	section.	The	graph	K5	has	order	n	=	5	and	size	m	=	10.	9	35	.........................	Here,	a1	,	a2	,	.	,	an	of	n	distinct	numbers.	656	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Section	15.3	1.
.................................	m	>	0.	Since	one	of	the	ordered	pairs	(a,	a)	and	(a,	a)	belongs	to	R,	it	follows	that	(a,	a)	∈	R	and	R	is	reflexive.	In	particular,	0∈	/	N,	√	0	∈	Z	but	√	2	∈	R	but	2	∈	/	Q,	3/2	∈	Q	but	3/2	∈	/	Z.	Then	v1	and	v3	belong	to	the	same	component	H1	of	H.	Mathematics,	however,	has	experienced	only	advancement.	(a)	Cn	.	RELATIONS	AND
FUNCTIONS	7.	Hence	a	R	b.	(c)	Prove	or	disprove:	If	n	<	20	and	the	length	of	a	smallest	cycle	in	G	is	5,	then	G	has	a	vertex	of	degree	2	or	less.	The	outdegrees	of	the	vertices	of	every	transitive	tournament	have	an	interesting	property.	Thus	n1	=	2	+	8n10	+	18n20	=	2	+	8	·	3	+	18	·	2	=	2	+	24	+	36	=	62.	.”,	called	an	ellipsis,	means	“and	so	on	up	to”
for	the	set	A	and	“and	so	on”	for	the	set	B.	Let’s	see	an	example	of	this.	Thus	b	+	a	is	even	and	so	b	R	a.	is	an	odd	integer.	According	to	Theorem	1.48,	this	implication	is	logically	equivalent	to	(∼	P	)	∨	Q:	Either	you	love	me	or	you	must	leave	me.	No,	a2	and	a3	,	for	example,	do	not	have	a	unique	least	upper	bound.	By	Steps	3	and	4,	we	have	i	=	1	and	j
=	2.	Observe	that	the	graph	H	of	Figure	14.9	is	a	subdivision	of	K3,3	and	is	therefore	nonplanar.	,	un	=	v)	is	a	u	−	v	path	of	length	at	most	n	−	2.	C	(A	−	B)	∩	(A	−	C)	A	B	..................................	According	to	Theorem	15.5	a	nontrivial	graph	G	has	a	strong	orientation	if	and	only	if	G	is	connected	and	contains	no	bridges.	Theorem	5.86	Every	set	has	a
smaller	cardinality	than	its	power	set,	that	is,	|A|	<	|P(A)|	for	every	set	A.	Let	G	be	a	graph.	Let	w	∈	S.	Therefore,	once	an−1	has	been	defined,	an	is	then	defined	as	the	product	of	a	and	an−1	when	n	≥	1.	Let	S	be	the	set	of	students	at	your	university	or	college	who	have	been	your	classmate	in	one	or	more	courses	and	let	T	be	the	set	of	students	with
whom	you	have	studied.	Definition	2.8	A	set	A	is	a	proper	subset	of	a	set	B,	written	A	⊂	B,	if	A	⊆	B	but	A	6=	B.	Let	n	∈	Z.	(a)	∃a	∈	S,	∃b	∈	T	,	P	(a,	b).	Observe	that	a3	=	a2	+	2a1	=	−1	+	2	=	1	and	a4	=	a3	+	2a2	=	1	+	2(−1)	=	−1.	For	A	=	∅	and	B	=	{0},	determine	(A	×	B)	∩	P(A	×	B).		The	use	of	the	symbols	⊆	and	⊂	should	remind	you	of	the	symbols
≤	and	<	and	the	distinction	between	them.	During	the	latter	part	of	the	17th	century	and	into	the	18th	century,	much	attention	was	paid	to	the	development	of	calculus.	First,	we	determine	the	number	of	subsets	of	A	not	containing	ak+1	.	Since	the	graph	H	of	Figure	14.22	contains	an	odd	cycle	(in	fact,	both	triangles	and	5-cycles),	it	follows	that	χ(H)
≥	3.	,	an	of	n	numbers	contains	two	equal	terms.	√	5.	Let	T	be	a	tournament	of	order	n	≥	3	with	V	(T	)	=	{v1	,	v2	,	.	Hence	C	is	an	Eulerian	circuit.	≥	1.	Before	proceeding	further	with	this	concept,	we	give	a	simple	example	of	a	finite-state	machine	–	one	involving	a	vending	machine.	LOGIC	(4)	If	he	complains	one	more	time,	then	I’ll	scream.	(a)	(g	◦	f	)
(0)	=	2,	(f	◦	g)(0)	=	28.	This	is	a	special	u	is	adjacent	to	all	other	vertices	of	T	and	so	d(u,	case	of	the	following	result.	Recall	that	the	biconditional	P	(x)	⇔	Q(x)	is	defined	as	(P	(x)	⇒	Q(x))	∧	(Q(x)	⇒	P	(x)),	which	is	the	conjunction	of	an	implication	and	its	converse.	Let’s	summarize	what	is	done	in	a	proof	by	contradiction.	It	depends	also	on	the
computer	and	software	being	used.	Then	u	=	vi	and	v	=	vj	,	where	1	≤	i	6=	j	≤	n.	3	4	...........	Suppose	that	the	theorem	is	false.	VDOC.PUB	Download	Embed	This	document	was	uploaded	by	our	user.	We	will	refer	to	the	first	type	of	discussion	as	a	proof	strategy	and	the	second	type	of	discussion	as	a	proof	analysis	(or	simply	as	an	analysis	in	the	case
of	an	example).	What	are	these	equivalence	classes	for	your	example?	This	situation	can	be	modeled	by	a	graph	G	whose	vertices	are	the	six	committees	C1	,	C2	,	.	(a)	0	is	negative	only	if	−1	is	negative.	A	function	that	is	onto	is	also	called	a	surjective	function	or	a	surjection.	Prove	that	if	n	is	an	odd	integer,	then	7n2	−	2n	+	15	is	an	even	integer.	(2)
State	the	negation	∼	(P	∨	Q)	of	P	∨	Q	by	using	the	phrase	“it	is	not	the	case	that.”	(3)	Use	an	appropriate	De	Morgan’s	Law	to	restate	∼	(P	∨	Q).	Thus	we	may	assume	that	G	contains	at	least	one	bridge.	(b)	10.	Therefore,	5C	n	<	14C	=	1	7C	1	1	5C	7C	1	7C	1	5	14	<	2	and	n2	<	14Cn	=	2n	≤	2	,	and	so	1	≤	n	+	n2	<	2	+	2	=	1,	which	is	a	contradiction.
Hence	there	are	sn−1	+	sn−1	=	2sn−1	subsets	of	A.	For	the	function	f	,	distinct	elements	of	A	have	distinct	images	in	B.	LOGIC	28.	102	CHAPTER	3.	(b)	Determine	|(A	×	A)	×	(A	×	A)|.	Example	14.24	For	every	integer	n	≥	3,	χ(Cn	)	=		2	3	if	n	is	even	if	n	is	odd.	Thus	3	5	4	5	5	5	5	4	5	3	2	5	7	.	By	Theorem	12.31,	G	is	not	bipartite.	First,	place	three	coins
on	each	balance	pan	and	consider	the	cases	when	they	balance	or	don’t.	Thus	2(k	+	1)	=	2(i	+	j)	=	2i	+	2j	=	0	+	0	=	0.	(a)	Determine	A	×	B.	existential	quantifier	∃:	“there	exists,”	“there	is,”	“for	some,”	“for	at	least	one.”	proof	by	cases:	see	cases,	proof	by.	(c)	Is	it	true	that	this	algorithm	always	gives	the	chromatic	number	of	a	graph?	Each	of	the
following	is	a	function	from	N	×	Z	to	Z.	(a)	s1	=	0,	s2	=	1	and	s3	=	3.	Therefore,	3b2	=	2c2	.	m	is	even.	All	that	is	required	is	that	the	range	of	f	be	a	subset	of	the	domain	of	g.	Suppose	that	a	R	b.	Example	1.53	For	the	statements	P	:	32	>	23	.	i	..	In	the	following	example,	there	are	two	initial	values.	,	1	+	∆,	where	∆	=	∆(G).	For	the	relation	R	=	{(1,	1),
(2,	2),	(2,	3),	(3,	2),	(4,	4)}	on	A,	determine	which	of	the	properties	reflexive,	symmetric,	transitive	R	possesses.	Theorem	5.76	The	set	of	positive	rational	numbers	is	denumerable.	Is	the	following	statement	true	or	false?	Each	of	the	following	is	an	open	sentence,	where	n	represents	an	integer.	Assume,	to	the	contrary,	that	2	is	rational.	If	we	denote
the	fact	or	assumption	by	P	,	then	what	we	have	deduced	is	∼	P	.	Result	4.11	For	any	n	≥	2	sets	A1	,	A2	,	.	RELATIONS	AND	FUNCTIONS	Example	5.55	Determine	whether	the	function	f	:	Z	→	Z	defined	by	f	(n)	=	3n	for	n	∈	Z	is	one-to-one	and	onto.	(a	true	statement)	R(4):	20	is	even.	The	integers	x	=	−1	and	y	=	−2	form	a	counterexample.	(c)
Assuming	that	S	is	true	and	that	I	didn’t	get	paid	today,	does	this	mean	that	I	don’t	go	to	the	party	tonight?	Then	i	is	assigned	the	value	n	+	1.	(1)	an	=	2n−1	.	Determine,	with	explanation,	whether	the	statement	−12	>	0	if	and	only	if	7	·	5	=	62	−	1.	By	Theorem	13.12,	x	=	2+3(100−x).	We	could	verify	Theorem	1.50	by	means	of	a	truth	table,	but	it	can
also	be	verified	using	the	information	we	have:	∼	(P	⇒	Q)	≡	∼	((∼	P	)	∨	Q)	by	Theorem	1.48	≡	(∼	(∼	P	))	∧	(∼	Q)	by	De	Morgan’s	Law	(Theorem	1.24(a))	≡	P	∧	(∼	Q)	by	Theorem	1.28.	Since	a	+	b	and	b	+	c	are	even,	a	+	b	=	2x	and	b	+	c	=	2y	for	some	integers	x	and	y.	(a)	V	(D)	=	{M1	,	M2	,	M3	,	M4	}	and	E(D)	=	{(M1	,	M3	),	(M2	,	M4	)}.	For	the	sets
C	=	{1,	2}	and	D	=	{1,	3},	we	have	C	6⊆	D	since	2	∈	C	but	2	∈	/	D.	Recall	that	two	sets	X	and	Y	are	equal	if	they	contain	exactly	the	same	elements.	For	example,	1	1	1	=	0.2	(or	=	0.2000	·	·	·)	and	=	0.1999	·	·	·	.	Let	A	be	a	nonempty	set	of	real	numbers.	(a)	true	statement.	Prove	that	the	nth	Fibonacci	number	Fn	>	αn−2	for	every	integer	n	≥	3.	u	t	.
(Ask	Marilyn,	Parade	Magazine,	March	23,	2008,	page	11.)	26.	,	vn−1	,	v1	)	is	an	Hamiltonian	cycle	of	T	and	so	T	is	Hamiltonian.	G:	w	x	u	...........................	Then	a	minimum	spanning	tree	of	G′	is	a	maximum	spanning	tree	of	G.	Since	a		b,	it	follows	that	a		e.	Show	that	n/2	=	ℓ	if	and	only	if	2(ℓ	−	1)2	+	1	≤	n	≤	2ℓ2	.	Thus	f	−1	(B1	)	∩	f	−1	(B2	)	⊆	f	−1
(B1	∩	B2	).	Whether	an	=	k	or	not,	i	is	compared	with	n	+	1	in	Step	5.	P11	=	{{a},	{b,	c,	d}}.	Assume,	to	the	contrary,	that	there	is	a	smallest	positive	irrational	number	r.	However,	both	P	(2)	⇒	Q(2)	and	Q(2)	⇒	P	(2)	are	true.	So	M	≤	2m.	We	now	look	at	two	examples	of	recursively	defined	sequences.	(b)	Show	that	(a)	need	not	be	true	if	we	begin
with	an	orientation	of	two	edges	of	G.	Determine	the	chromatic	number	of	the	graph	G	of	Figure	14.41.	s	5	.	(b)	First	we	show	that	A	−	B	⊆	A	∩	B.	y	.	Since	an	=	n3	−	6n2	+	12n	−	6	=	(n	−	1)(n	−	2)(n	−	3)	+	n,	it	is	not	surprising	that	an	=	n	for	n	=	1,	2,	3.	Then	b1	b2	·	·	·	bk+1	=	(b1	b2	·	·	·	bk	)bk+1	=	bbk+1	=	0.	A	∩	(B)	Figure	4:	Venn	diagrams	for
Exercise	13(a)	15.	Since	a1	=	2	=	1	+	1,	the	formula	holds	for	n	=	1.	n3	n	n	n	6C	n	4	Thus	the	right	side	of	(6.3)	is	1	1	6C	3	3C	+	3	<	+	=	;	n	n	2	4	4	while	the	left	side	of	(6.3)	is	1	+	1	n2	>	1,	which	is	a	contradiction.	Step	2	is	a	for	loop	and	i	is	initially	assigned	the	value	2.	(a)	{x	∈	R	:	x5	−	3x3	−	x2	+	4x	−	1	=	0}.	Hence	we	may	assume	that	deg	v	=
5	and	that	all	five	colors	1,	2,	3,	4,	5	are	used	to	color	the	five	vertices	adjacent	to	v.	Since	deg	u	is	odd,	n	=	deg	u	+	1	is	even.	LOGIC	(c)	(−1)2	=	−1	is	necessary	for	(−1)3	=	−1.	As	time	went	by,	it	became	commonplace	for	beginning	college	students	to	take	courses	in	precalculus	and	perhaps	calculus,	while	high	school	students	were	taking	courses
dealing	with	functions,	statistics	and	continuous	mathematics	(an	introduction	to	calculus).	180	CHAPTER	5.	Therefore,	if	A	has	n	elements,	then	the	elements	of	A	have	n	images	in	B.	If	a	complete	graph	(rather	than	a	cycle)	is	constructed	on	the	vertices	u1	,	u2	,	.	(c)	f	(x)	=	2x3	+	3.	The	origin	of	Fibonacci	numbers	is	rather	curious.	Therefore,	~	v)
≤	1	for	every	vertex	v	of	T	.	6.1	What	is	an	Algorithm?	What	we	have	been	discussing	are	various	ways	that	a	set	might	be	“partitioned”	into	subsets.	is	false	because	here	the	hypothesis	Q2	is	true	and	the	conclusion	Q1	is	false.	A	B	...	The	power	sets	of	A,	B,	C	and	D	are	P(A)	=	{∅,	{a},	{b},	A}	P(B)	=	P(C)	=	{∅,	{x},	{y},	{z},	{x,	y},	{x,	z},	{y,	z},	B}
{∅,	{0},	{{∅}},	C}	P(D)	=	{∅}.	Therefore,	x	+	y	=	(2a)	+	(2b	+	1)	=	2(a	+	b)	+	1.	,	10},	draw	a	Venn	diagram	for	three	sets	A,	B	and	C	indicating	the	locations	of	the	elements	of	U	if	A,	B	and	C	satisfy	all	of	the	conditions	(a)-(h):	(a)	A	∩	B	∩	C	=	{5},	(b)	A	∪	B	∪	C	=	{10},	(c)	A	−	(B	∪	C)	=	{3},	(d)	B	−	(A	∪	C)	=	{4},	(e)	C	−	(A	∪	B)	=	{2},	(f)	(B	∪
C)	−	A	=	{1,	2,	4,	9},	(g)	(A	∪	C)	−	B	=	{2,	3,	7,	8},	(h)	(A	∪	B)	−	C	=	{3,	4,	6}.	indegree	(of	a	vertex	v),	id	v:	the	number	of	vertices	from	which	v	is	adjacent.	Hence	what	we	wish	to	do	is	to	express	the	time	complexity	as	O(f	(n))	or,	better	yet,	Θ(f	(n))	for	some	(preferably	common)	function	f	:	N	→	R+	.	(b)	If	u	and	v	are	two	vertices	in	a	connected
bipartite	graph	G	such	that	there	is	a	u	−	v	path	of	length	2k	in	G	for	some	integer	k,	then	uv	∈	/	E(G).	Furthermore,	the	domain	of	f	is	A,	the	codomain	of	f	is	B	and	the	range	of	f	is	f	(A)	=	{v,	w,	y}.	In	fact,	G3	is	also	a	subdivision	of	G1	.	Suppose	that	G	is	a	nontrivial	connected	graph	of	order	n	containing	no	bridges.	In	Result	3.28,	when	proving	that
if	mn	is	odd,	then	m	and	n	are	both	odd,	we	used	a	proof	by	contrapositive.	,	an	of	the	n	elements	of	S	and	a	list	s′	:	e1	,	e2	,	.	Actually,	there	are	many	such	formulas	that	give	the	sum	of	numbers	of	a	certain	type	and	these	formulas	are	often	verified	by	using	the	Principle	of	Mathematical	Induction.	(b)	(∼	P	)	∨	Q.	First,	we	prove	that	if	2n2	−n−1	=	0,
then	3n2	−n−2	=	0.	See	Figure	1.	k	1	......	Example	6.17	Let	the	functions	f	:	N	→	R+	and	g	:	N	→	R+	be	defined	by	f	(n)	=	n	and	g(n)	=	n2	for	all	n	∈	N.	Step	6	is	a	for	loop	where	i	is	initially	assigned	the	value	1.	In	this	case,	we	see	that	φ	is	indeed	bijective.	For	this	sequence,	n	=	4	and	a1	=	11,	a2	=	9,	a3	=	13,	a4	=	9.	...................2	.....	Then	b	R	a
and	c	R	b.	Therefore,	Q(n)	is	a	true	statement	for	every	integer	n.	(T)	(c)	If	13	is	odd,	then	2	is	even.	Four	Color	Problem:	the	problem	of	determining	whether	the	vertices	of	every	planar	graph	can	be	colored	with	four	or	fewer	colors.	1.414	6=	2.	For	example,			g	81	=	log2	81	=	log2	2−3	=	−3,	g(1)	=	log2	(1)	=	log2	20	=	0	and	g(4)	=	log2	(4)	=	log2
22	=	2.	This	implies	that:	For	every	x	∈	S,	not	R(x).	Define	f	:	N	→	N	by	f	(n)	=	⌈n/3⌉.	√	14.	State	P	(n)	⇔	Q(n)	in	words.	Since	f	(k)	=	2k	=	m,	the	function	f	is	onto.	Example	1.39	For	a	real	number	x,	let	P	(x):	x	=	5.	So	If	it	costs	Henry	less	than	$25	to	attend	the	concert,	then	he	will	go.	z.....	We	now	turn	to	the	inductive	step.	There	is	no	5-regular	graph
of	order	2n	+	1.	Certainly,	every	integer	belongs	to	exactly	one	of	E	and	O.	By	Example	5.77,	we	are	saying	that	N	and	Q	have	the	same	number	of	elements.	First	we	show	that	(A	−	B)	∪	(B	−	A)	⊆	(A	∪	B)	−	(A	∩	B).	The	first	of	these	(the	“if”	part	of	the	“if	and	only	if”)	can	also	be	expressed	as:	If	n	is	odd,	then	3n	+	8	is	odd.	Thus	the	contract	is
broken	and	P	⇒	Q	is	false.		Onto	Functions	While	a	function	from	a	set	A	to	a	set	B	is	one-to-one	if	every	element	of	B	is	the	image	of	at	most	one	element	of	A,	we	now	consider	those	functions	having	the	property	that	every	element	of	B	is	the	image	of	at	least	one	element	of	A.	Thus	n	=	(5n	−	7)	+	(−4n	+	7)	=	2k	−	4n	+	7	=	2(k	−	2n	+	3)	+	1.	Each
of	the	following	is	an	open	sentence,	where	n	denotes	an	integer.	u	G:	...	According	to	Theorem	15.15,	if	B	is	any	other	team,	then	either	A	defeated	B	or	A	defeated	a	team	that	defeated	B.	(e)	I’ll	get	an	A	on	this	exam	if	I’m	lucky.	v	v	v	t	v	v	v	Figure	14.29:	The	situation	in	Case	2	in	the	proof	of	Theorem	14.35	By	the	Principle	of	Mathematical
Induction,	the	chromatic	number	of	every	planar	graph	is	at	most	5.	Once	15¢	has	been	deposited,	one	of	two	buttons	(C	for	cherry	and	L	for	lemon)	can	be	pushed	to	purchase	cherry	cough	drops	or	lemon	cough	drops.	(d)	6.	m	is	even	and	Case	2.	The	statement	in	(b)	can	therefore	be	expressed	as:	∃	a	∈	Z,	∀	b	∈	Z,	Q(a,	b).	77	....		Result	3.41	There
exists	a	rational	number	r	such	that	for	every	irrational	number	s,	the	number	rs	is	rational.	Defined	by	det	I	=	1,	sign	reversal	for	row	exchange,	and	linearity	in	each	row.	On	the	other	hand,	if	the	while	loop	is	encountered	and	the	statement	P	is	false,	then	the	algorithm	proceeds	immediately	to	the	next	step	in	the	algorithm	that	follows	the	while
loop.	R+	:	the	set	of	positive	real	numbers.	(a)	Every	3-regular	graph	has	chromatic	number	2.	Observe	that	x	∈	A	∩	(B	∪	C)	≡	≡	≡	19.	This	implication	can	also	be	expressed	in	a	variety	of	other	ways.	See	the	two	trees	with	diameter	4	in	Exercise	1.	Set	of	n	nodes	connected	pairwise	by	m	edges.	Assume	that	√	1	1+	√12	+	√13	+·	·	·+	√1k	≤	2	k	for
some	positive	integer	k.		A	common	attempted	(but	incorrect)	proof	of	Result	4.2	might	contain	something	like	the	following:	1	+	2	+	·	·	·	+	(k	+	1)	=	(1	+	2	+	·	·	·	+	k)	+	(k	+	1)	=	k(k	+	1)	+	(k	+	1)	=	2	k(k	+	1)	+	2(k	+	1)	=	2	(k	+	1)(k	+	2)	=	2	(k	+	1)(k	+	2)	2	(k	+	1)(k	+	2)	2	(k	+	1)(k	+	2)	2	(k	+	1)(k	+	2)	2	(k	+	1)(k	+	2)	.	Then	x3	+	5x	+	1	≥	03	+	5
·	0	+	1	=	1	>	0.	Therefore,	n2	−	n	=	(2b	+	1)2	−	(2b	+	1)	=	(4b2	+	4b	+	1)	−	(2b	+	1)	=	4b2	+	2b	=	2(2b2	+	b).	Prove	or	disprove:	If	T	is	a	tournament	of	order	n	≥	4	that	is	not	transitive,	then	T	is	strong.	Another	relation	has	the	same	basic	properties	of	the	“less	than	or	equal	to”	comparison	of	two	numbers	and	is	called	a	partial	ordering.	Let	x	∈	(A
∪	B)	−	(A	∩	B).	For	every	integer	a,	there	exists	an	integer	b	such	that	|	a+1	2	−	b|	≤	1.	(c)	∅.	(a)	Note	that	if	G	−	X	is	2-regular,	then	G	−	Y	is	1-regular,	where	Y	=	E(G)	−	X.	In	the	proof	of	Result	3.44,	we	wrote	0	<	r/2	<	r	and	assumed	that	these	inequalities	would	be	clear	to	the	reader.	Observe	that			=	4	r+9	−	9	=	r.	201	6.1.	WHAT	IS	AN
ALGORITHM?	Algorithm:	Compute	(a1	+	a2	+	·	·	·	+	an	)(a1	+	a2	+	·	·	·	+	an−1	)	·	·	·	(a1	+	a2	)a1	for	the	Sequence	s	:	a1	,	a2	,	.	Hence	the	sequence	in	(e)	is	geometric	with	r	=	2.	.,	an	of	n	≥	2	distinct	numbers,	write	an	algorithm	to	determine	the	next-to-largest	number	in	the	sequence.	The	numbers	F1	,	F2	,	F3	,	.	Consequently,	the	negation	of	this
statement	can	be	expressed	as	There	exists	an	even	integer	n	such	that	3n	+	5	is	not	even.	We	give	one	such	example	of	this	now.	Assume	that	it	is	not	the	case	that	m	is	odd	and	n	is	even.	(b)	f	(x)	=	x2	+	x	+	1.	Hence	f	=	O(g),	where	C	=	2	and	k	=	1	in	the	definition.	(b)	The	set	B	=	{{1,	2},	{2,	3}}	has	two	elements	and	so	|B|	=	2.	√	√	√	√	3	Case	1.	
It	is	often	the	case	that	when	a	direct	proof	of	For	all	x	∈	S,	P	(x)	⇒	Q(x).	Fortunately,	there	is	another	method	of	proof	that	allows	us	to	establish	the	truth	of	(4.1)	by	verifying	that	P	(n)	is	true	when	n	=	1	and	establishing	the	truth	of	a	certain	implication.	0,	1	................................	(b)	K	k	.	The	transitive	property	in	Example	5.16	could	also	be	verified
by	observing	that	adf	=	(ad)f	=	(bc)f	=	b(cf	)	=	b(de)	=	bde.	To	be	sure,	the	time	required	to	solve	a	problem	using	a	particular	algorithm	does	not	depend	only	on	the	number	of	operations	used	in	the	algorithm.	Let	R	be	an	equivalence	relation	on	the	set	S	=	{a,	b,	c,	d,	e,	f	}.	Prove	that	1	·	2	·	3	+	2	·	3	·	4	+	·	·	·	+	n	·	(n	+	1)	·	(n	+	2)	=	integer	n.	11	2
33	11	11	2	15.	Therefore,	5n	+	1	=	5(2b)	+	1	=	10b	+	1	=	2(5b)	+	1.	Definition	2.37	For	two	sets	A	and	B,	the	Cartesian	product	A	×	B	of	A	and	B	is	the	set	of	all	ordered	pairs	whose	first	coordinate	belongs	to	A	and	whose	second	coordinate	belongs	to	B.	By	the	Principle	of	Mathematical	Induction,	2n	>	n	for	every	nonnegative	integer	n.	(b)	3/5.	Let	f
,	g	and	h	be	functions	from	R	to	R	defined	by	f	(x)	=	ex	,	g(x)	=	x3	and	h(x)	=	3x	for	each	x	∈	R.	This	is,	in	fact,	what	happens	for	every	true	implication	P	⇒	Q	formed	from	statements	P	and	Q.	The	function	f	is	bijective.	Then	5a	+	1	=	5b	+	1.	11-15.	There	is	now	a	natural	question:	What	is	the	minimum	number	of	time	periods	for	all	six	committees	to
meet?	(c)	{n	∈	Z	:	−3	<	n	<	5}.		Example	5.25	A	relation	R	is	defined	on	Z	by	a	R	b	if	3a	−	7b	is	even.	0,5,1	.	Thus,	we	are	discussing	how	to	prove	that	∀x	∈	S,	P	(x)	⇒	Q(x)	(3.11)	is	true.	Prove	that	if	n	is	an	odd	integer	and	n	∈	S,	then	3n	+	1	is	even.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	5.	Since	a	∈	A1	,	it	follows	that	a	∈	A1	∪	A2	and	so	b	=	f
(a)	∈	f	(A1	∪	A2	).	P10	=	{{a,	d},	{b,	c}}.	So	m	=	2a	and	n	=	2b	+	1	for	integers	a	and	b.	Let	n	be	a	positive	integer.	(d)	S	=	{2,	4,	6,	8}.		g	f	...........	202	CHAPTER	6.	,	at	are	called	the	initial	values	of	{an	};	while	the	relation	that	defines	an	in	terms	of	a1	,	a2	,	.	3	27.	According	to	the	second	row	of	the	truth	table	in	Figure	1.9,	this	implication	is	false.
Consequently,	∃x	∈	S,	R(x)	is	false	if	R(x)	is	false	for	every	element	x	∈	S.	s6	...........	Prove	that	6	is	an	irrational	number.	(e)	one-to-one.	The	graphs	of	these	two	functions	are	shown	in	Figure	5.11.	By	the	Euler	Identity,	n	−	m	+	r	=	2	and	so	6	−	9	+	r	=	2.	Let	f	(a)	=	f	(b)	for	integers	a	and	b.	P	∼P	T	F	F	T	Figure	1.2:	The	truth	table	for	negation
Example	1.13	Let’s	consider	statements	1	and	2	in	Example	1.1,	which	we	now	denote	by	Q1	and	Q2	:	Q1	:	Los	Angeles	is	the	capital	of	California.	Describe	each	of	the	following	sets	in	terms	of	C	and	D.	......3	.....................	A	high	school	class	of	28	students	is	to	elect	a	president	of	the	class.	(d)	P4	(n)	:	n	+	1	n	≤	2.	We	show	that	Fk	Fk+3	=	Fk+1
Fk+2	+	(−1)k+1	.	If	the	coin	is	flipped	twice,	there	are	4	=	22	possibilities:	HH	HT	TH	TT.	This	agrees	with	the	second	row	of	the	truth	table	for	P	⇒	Q.	r	r	r	r	r	r	B	A	r	f3	A	....	Distributive	Laws	:	A	∩	(B	∪	C)	=	(A	∩	B)	∪	(A	∩	C)	and	A	∪	(B	∩	C)	=	(A	∪	B)	∩	(A	∪	C).	By	(a),	a		b	if	and	only	if	a	∨	b	=	a.	RELATIONS	AND	FUNCTIONS	Similarly,	(g	◦	f	)(2)
=	x	and	(g	◦	f	)(3)	=	y.	r	...r	.....	Two	digraphs	D1	and	D2	are	isomorphic	if	there	exists	a	one-to-one	correspondence	φ	:	V	(D1	)	→	V	(D2	)	such	that	(u1	,	v1	)	∈	E(D1	)	if	and	only	if	(φ(u1	),	φ(v1	))	∈	E(D2	).	Let	S	=	{a,	b1	,	b2	,	.	(a)	ug(G1	)	=	ug(G2	)	=	K6	and	ug(G3	)	=	G3	.	Truth	Values	The	subject	of	logic	deals	with	statements,	what	they	say	and	the
reasoning	one	uses	to	verify	that	they	are	true	or	to	show	that	they	are	false.	Definition	1.2	A	statement	is	a	declarative	sentence	that	is	either	true	or	false	but	not	both.	Those	extremes	are	reached	at	the	eigenvectors	x	for	Amin(A)	and	Amax(A).	If	the	vertices	v1	,	v2	,	.	14.	Since	H	is	a	proper	subgraph	of	G,	the	process	continues.	Hence	y	∈	A	and	y∈
/	B	∪	C.	So	m	+	n	=	(2a	+	1)	+	(2b	+	1)	=	2(a	+	b	+	1).	The	reason	that	our	“induction	proof”	failed	is	that	the	base	case	was	never	established.	induction	proof:	a	proof	(often	of	statements	of	the	type	∀n	∈	N,	P	(n))	using	the	Principle	of	Mathematical	Induction	or	the	Strong	Principle	of	Mathematical	Induction.	Example	1.37	For	a	real	number	x,
consider	P	(x):	x2	−	9	=	0.	(b)	No	(since	f	is	not	onto).	Since	c2	is	an	integer,	b2	is	even.	Therefore,	0	is	written	down	(which	is	the	output)	and	1	is	carried	over	to	the	next	addition,	placing	us	in	state	s1	.	Q(x):	(x	+	1)2	=	0.	Thus	b	is	an	upper	bound	of	a	and	b.	Let	P	,	Q	and	R	be	three	statements.	(a)	56.	If	a	graph	has	n	edges	and	each	edge	is	colored
red	and	blue,	then	there	are	2n	different	ways	that	the	edges	of	this	graph	can	be	colored.	Thus	a	3-gon	is	a	triangle,	while	a	4-gon	is	a	quadrilateral.	Suppose	that	D	is	a	strong	aperiodic	digraph	with	uniform	outdegree	d.	Consider	the	following	statement:	If	Rob	can	get	a	car	to	drive,	then	he	will	take	Sue	to	the	movies.	Transpose	matrix	AT.	(a)
Compute	s1	,	s2	,	s4	and	s5	.	(i)	1,	2,	5,	10,	.	Then	an	=	n2	for	each	positive	integer	n.	Consider	the	implication:	If	ab	is	odd,	then	a	is	odd	and	b	is	odd.	By	the	Principle	of	Mathematical	Induction,	Fn−1	Fn+1	=	Fn2	+	(−1)n	for	every	integer	n	≥	2.	(a)	Prove	that	the	function	f	:	R	−	{1}	→	R	−	{2}	defined	by	f	(x)	=	2x	x−1	is	bijective.	(f)	declarative,	not
a	statement.	It	is	not	only	important	to	understand	what	these	statements	are	saying,	it	is	essential	to	know	that	these	statements	are	true	and	how	to	convince	ourselves	of	this.	P6	=	{{b},	{c},	{a,	d}}.	(b)	Repeat	(a)	for	a1	=	1	and	a2	=	2.	Certainly,	if	these	sets	are	finite,	then	we	can	immediately	conclude	that	|A|	=	|C|.	Hence	(A	−	B)	∪	(A	−	C)	⊆	A
−	(B	∩	C).	s	s	s	s	x	w	Figure	15.39:	The	digraph	in	Exercise	16	17.	How	many	edges	does	G	have?	,	em	of	the	m	elements	(a,	b)	of		for	which	a	6=	b.	At	state	s1	,	the	machine	remembers	that	25¢	has	already	been	deposited.	Definition	15.4	The	adjacency	matrix	A	=	[aij	]	of	a	digraph	D	with	V	(D)	=	{v1	,	v2	,	.	V	(D)	=	{P,	Q,	R}	and	E(D)	=	{(P,	R),	(Q,	P
),	(Q,	R),	(R,	P	)}.	....3	.......	That	is,	a	+	b	=	b	+	a	and	ab	=	ba	for	every	two	real	numbers	a	and	b.	Let	m	∈	A.	4.3	Sequences	Many	induction	problems	that	occur	in	discrete	mathematics	involve	the	concept	of	sequences.	An	input	string,	such	as	rssℓssℓ	(turn	right	and	drive	one	block,	go	straight	for	two	blocks,	turn	left	and	drive	one	block,	go	straight
for	two	blocks,	turn	left	and	drive	one	block)	provides	directions	on	how	to	drive	from	a	given	state	(location	in	this	case)	to	another	state	(our	destination).	Then	|A|	=	od	v.	and	the	implication	32	CHAPTER	1.	(a)	Prove	the	following:	Result	If	T	is	an	equilateral	triangle,	then	T	is	isosceles.	By	the	Strong	Principle	of	Mathematical	Induction,	an	=	n2	for
each	positive	integer	n.	s	s	s	s	s	1,	1	Figure	15.26:	The	state	digraph	for	the	finite-state	machine	in	Example	15.21	f	0	1	s1	s3	s2	s0	s0	s3	s0	s4	s1	s3	s0	s1	s2	s3	s4	g	0	0	1	0	1	1	1	1	0	0	0	1	When	dealing	with	finite-state	machines,	we	are	often	interested	in	sequences	of	inputs.	i=1	1.	Next,	we	show	that	φ	is	onto.	(c)	A	×	A.	Since	f	is	a	bijective	function,
f	has	an	inverse	function	f	−1	.	Theorem	3.24	Let	n	be	an	integer.	Suppose	that	at	=	k	where	1	≤	t	≤	n.	(e)	D	−	C.	9	.....	Prove	or	disprove:	If	S	is	a	set	containing	the	four	distinct	elements	a,	b,	c	and	d,	then	|S	−	{a,	b}|	=	|S	−	{c,	d}|.	We	may	assume	that	i	<	j.	We	show	that	ak+1	=	2(k+1)−1	=	2k	.	According	to	Step	2,	if	b	>	x	(that	is,	if	b	>	a),	then
we	replace	x	by	b.		The	previous	example	illustrates	a	rather	curious	fact,	namely,	it	is	possible	for	a	set	and	a	proper	subset	to	have	the	same	cardinality.	P	(x,	y)	:	xy	is	even,	Q(x,	z)	:	x	+	z	is	odd,	R(y,	z)	:	2y−2	2z−2	is	odd.	There	are	a	number	of	exercises	that	range	from	routine	to	moderately	challenging	so	that	it	can	be	determined	if	the	students
have	an	understanding	of	the	concepts,	examples	and	theorems	presented	in	the	section	or	chapter.	(c)	h	1	2		√	=	−1	and	h(	2)	=	12	.	(a)	By	the	recurrence	relation,	a3	a4	=	=	2a2	−	a1	+	2	=	2	·	4	−	1	+	2	=	9	2a3	−	a2	+	2	=	2	·	9	−	4	+	2	=	16	a5	=	2a4	−	a3	+	2	=	2	·	16	−	9	+	2	=	25.	T	T	F	F	T	F	T	F	F	F	T	T	Figure	1.16:	A	truth	table	for	the
contradiction	in	Example	1.63	42	CHAPTER	1.	Let	T	be	a	tournament	of	order	n	≥	10.	(b)	There	exists	an	odd	integer	that	is	the	sum	of	two	odd	integers.	•	If	G	is	a	graph	of	order	n	≥	3	and	size	m	such	that	m	>	3n	−	6,	then	G	is	nonplanar.	See	Figure	12.	Recall	that	a	statement	∃x	∈	S,	R(x)	is	true	if	R(x)	is	true	for	at	least	one	element	x	∈	S.	(d)	State
(∼	P	)	∧	(∼	Q).	(b)	[(3,	1)]	=	{(3,	1),	(4,	2),	(5,	3),	.	In	Step	1,	i	is	assigned	the	number	1.	,	an	of	n	numbers,	write	an	algorithm	that	determines	whether	any	term	in	s	is	within	1	of	k.	Describe	each	of	the	following	sets	in	symbols.	Since	m	is	an	integer	and	mn	>	0,	it	follows	that	m	≤	−1	and	n	≤	−1.	3.5	Counterexamples	For	an	open	sentence	R(x)	over
a	domain	S,	we	have	seen	that	the	statement	∀x	∈	S,	R(x)	is	true	if	R(x)	is	true	for	every	element	x	∈	S.	Thus	a	+	b	+	c	≤	2k	+	(2k	+	1)	+	2k	=	6k	+	1.	A	tournament	of	order	n	≥	3	is	defined	to	be	circular	if	whenever	(u,	v)	and	(v,	w)	are	arcs	of	T	,	then	(w,	u)	is	an	arc	of	T	.	3	Therefore,	for	each	integer	n	≥	3,	1	2	(3n2	+	3n)	≤	2n2	+	6	≤	(3n2	+	3n),	3	3
or	1	2	g(n)	≤	f	(n)	≤	g(n).	While	j	=	2,	the	variable	i	takes	on	the	values	1	and	2.	output	x	The	time	complexity	of	this	algorithm	is	n	=	Θ(n).	Disprove:	If	n	is	an	even	integer,	then	3n	+	2	is	odd.	for	i	:=	1	to	n	−	j	do	3.	Therefore,	(A	−	B)	∪	(A	−	C)	=	A	−	(B	∩	C).	(c)	Determine	χ(G).	planar	graph:	a	graph	that	can	be	drawn	in	the	plane	so	that	no	two	of
its	edges	cross.	Furthermore,	the	set	B	has	three	elements	and	P(B)	has	8	=	23	elements.	1,	0	.	(b)	Q2	(n)	:	n2	−	2n	<	0.	In	fact,	if	we	were	to	apply	the	input	string	(15.2)	with	any	initial	state,	the	final	state	is	always	s1	.	a1	a2	···	ai−1	aj	a1	a2	···	ai−1	ai	ai+1	Figure	6.8:	Illustrating	insert(aj	→	ai	)	The	insertion	insert(aj	→	ai	)	can	be	accomplished	with
the	following	steps:	t	:=	aj	for	k	:=	1	to	j	−	i	do	aj−k+1	:=	aj−k	ai	:=	t	We	now	state	the	Insertion	Sort	Algorithm.	.............................................	Since	i	=	n	=	4,	we	move	on	to	Step	4,	where	y	is	given	the	initial	value	a1	=	7.	(a)	The	maximal	elements	are	h	and	i	and	the	minimal	elements	are	a,	b	and	c.	Therefore,	log	n	=	O(n),	where	C	=	k	=	1	in	the
definition.	Let’s	see	how	this	algorithm	works	in	practice.	69	2.2.	SET	OPERATIONS	AND	THEIR	PROPERTIES	12.	Therefore,	D	is	Eulerian	by	(a).	For	the	vending	machine	in	Example	15.19,	any	of	the	following	input	strings	places	us	at	state	s3	,	where	we	can	obtain	a	bottle	of	detergent	or	a	bottle	of	fabric	softener	by	pushing	an	appropriate
button:	(i)	50,	25;	(ii)	25,	50;	(iii)	25,	25,	25;	(iv)	50,	50;	(v)	25,	25,	50.	Result	3.48	Let	n	be	an	integer.	x	w	r	(a,	w)	(c,	w)	r	r	v	r	(b,	v)	u	...........	Thus	rs	=	1	·	s	=	s	is	irrational.	(b)	Let	T	be	a	tournament	of	order	3	or	more	and	let	u	and	v	be	two	vertices	of	T	such	that	od	u	=	0	and	id	v	=	0.	(d)	There	is	a	smallest	positive	real	number.		The	Cartesian
product	of	n	≥	2	sets	A1	,	A2	,	.	Observe	that	1	1	1	+	+	···	+	1·4	4·7	(3k	+	1)(3k	+	4)	=	»	1	1	1	+	+	···	+	1·4	4·7	(3k	−	2)(3k	+	1)	–	+	1	(3k	+	1)(3k	+	4)	=	k	1	k(3k	+	4)	+	1	3k2	+	4k	+	1	+	=	=	3k	+	1	(3k	+	1)(3k	+	4)	(3k	+	1)(3k	+	4)	(3k	+	1)(3k	+	4)	=	(k	+	1)(3k	+	1)	k+1	=	.	p	p	p	.	For	the	complete	graph	Kn	,	we	know	that	χ(Kn	)	=	n	and	∆(Kn	)	=	n
−	1.	This	graph	is	shown	in	Figure	14.23(a).	This	symbol	is	used	because	Z	is	the	first	letter	of	the	word	Zahlen	(the	German	word	for	numbers).	To	show	that	G	is	planar,	we	basically	have	two	methods.	We	now	use	induction	to	verify	a	theorem	(Theorem	2.17)	that	we	encountered	in	Chapter	2,	Section	2.1.	4.2.	ADDITIONAL	EXAMPLES	OF
INDUCTION	PROOFS	127	Theorem	4.12	Let	n	be	a	nonnegative	integer.	Therefore,	there	are	four	such	functions.	In	Example	4.36,	we	saw	that	nth	Fibonacci	number	Fn	≤	2n	.	for	j	:=	2	to	n	do	2.	Two	vertices	Ci	and	Cj	(i	6=	j)	of	G	are	adjacent	if	there	is	an	individual	who	is	a	member	of	both	of	these	committees.	Theorem	to	Prove:	Let	n	be	an
integer.	Nevertheless,	we	continue	to	describe	the	set	of	natural	numbers	by	N	=	{1,	2,	3,	.	This,	however,	contradicts	our	assumption	that	5n	+	1	is	odd.	(c)	State	∃n	∈	S,	P	(n)	in	words	and	determine	its	truth	value.	For	the	statements	P	:	42	6=	24	.	Let	A	denote	the	set	of	all	real	numbers	x	such	that	(x,	y)	lies	on	the	graph	of	x	=	y	2	−	y.	(c)	⌈3⌉,	⌈−3⌉,
⌊3⌋,	⌊−3⌋.	This	room	can	only	be	entered	and	seen	from	a	doorway	that	is	a	few	steps	from	the	location	of	the	light	switches.	LOGIC	(c)	If	I	do	well	on	an	exam,	then	I	studied	for	it.	....................................................................................................................................................................	Thus	x	is	assigned	the	value	3	in	Step	1.	Consider	the	number	b	∈	[0,
1]	such	that	b	=	0.b1	b2	b3	·	·	·,	where	bn	=		2	1	if	ann	=	1	if	ann	6=	1.	SETS	24.		Example	3.32	Disprove:	If	x	is	a	real	number,	then	(x2	−	2)2	>	0.	s0	s1	s2	s3	(a)	01100	f	0	1	s1	s2	s2	s3	s3	s0	s0	s1	(b)	10101	(c)	111000	(d)	001100.	A	sequence	can	be	infinite	or	finite	but	we	are	more	interested	in	infinite	sequences	here.	Thus	(v1	,	v2	,	.	One	bottle	has
three	pills	remaining	and	the	other	has	four	pills.	(b)	35.	On	the	other	hand,	A1	∩	A2	∩	A3	=	∅.	cardinalities	of	two	sets,	comparing:	|A|	=	|B|:	two	sets	A	and	B	have	the	same	cardinality	if	there	exists	a	bijective	function	from	A	to	B;	|A|	≤	|B|:	there	exists	a	one-to-one	function	from	the	set	A	to	the	set	B;	|A|	<	|B|:	|A|	≤	|B|	and	|A|	=	6	|B|	or	there	exists
a	one-to-one	function	from	the	set	A	to	the	set	B	but	no	bijective	function	from	A	to	B.	Let	v	be	a	vertex	of	C.	......................	w	Figure	15.16:	Three	arcs	in	a	transitive	tournament	Figure	15.17	shows	transitive	tournaments	of	order	n	for	n	=	3,	4,	5.	transition	digraph	(or	state	digraph):	a	digraph	modeling	the	states	and	functions	in	a	finitestate	machine
or	a	finite-state	automaton.	over	the	domain	R	of	real	numbers,	the	quantified	statement	∃x	∈	R,	Q(x)	can	be	expressed	in	any	of	the	following	ways:	•	There	exists	x	∈	R	such	that	x4	+	2	=	2x2	.	Since	G	has	6k	+	1	vertices,	a	=	2k,	b	=	2k	+	1	and	c	=	2k.	The	first	step	is	to	show	that	R	is	reflexive.	(a)	interrogative.	•	If	A	and	B	are	disjoint	denumerable
sets,	then	A	∪	B	is	denumerable.	If	A	is	an	infinite	set	and	B	is	an	infinite	subset	of	A,	then	|A	−	B|	<	|A|.	Since	x	∈	/	B,	it	follows	that	x	∈	B.	Therefore,	f	consists	of	the	ordered	pairs	(a1	,	b2	),	(a2	,	b3	),	(a3	,	b3	)	and	(a4	,	b2	),	that	is,	f	=	{(a1	,	b2	),	(a2	,	b3	),	(a3	,	b3	),	(a4	,	b2	)}.	Assume	that	n	is	an	even	integer	in	S	=	{1,	2,	3}.	When	k	≥	3,	ak+1	=
=	ak	+	ak−1	+	2ak−2	=	2k−1	+	2k−2	+	2	·	2k−3	2k−1	+	2k−2	+	2k−2	=	2k−1	+	2	·	2k−2	=	2k−1	+	2k−1	=	2	·	2k−1	=	2k	.	(b)	a	set	B	of	cardinality	2	such	that	B	∈	P(S).	Observe	that	(k	+	1)k+1	=	(k	+	1)(k	+	1)k	>	(k	+	1)k	k	>	(k	+	1)k!	=	(k	+	1)!.	State	the	negation	of	each	of	the	following.	y	.......................................................................	Let	T	be	a
tournament	of	order	n	≥	4.	On	the	other	hand,	degG	v	+	degG	v	=	n	−	1.	However	then,	c11	is	adjacent	to	vertices	543	14.2.	COLORING	GRAPHS	colored	1,	2	and	3,	which	makes	it	impossible	to	color	c11	with	any	of	these	colors.	There	are	12	non-isomorphic	tournaments	of	order	5	and	over	154	billion	non-isomorphic	tournaments	of	order	12.	Give
an	example	of	two	distinct	sets	A	and	B	such	that	A	×	B	=	B	×	A.	(f)	All	I	need	is	a	B	on	the	final	exam	to	get	an	A	in	the	course.	We	now	consider	the	sum	of	the	first	n	odd	positive	integers.	string:	a	finite	sequence.	A	similar	comment	can	be	made	about	statements.	qqq	qq	q	v2	v3	vi−1	vi	vi+1	vk−1	vk	Figure	15.21:	A	step	in	the	proof	of	Theorem
15.14	As	we	have	seen,	if	T	is	a	transitive	tournament	of	order	n,	then	there	is	a	unique	vertex	u	of	T	having	outdegree	n	−	1,	which	is	certainly	the	maximum	outdegree	of	any	vertex	of	T	.	k	k	By	the	Principle	of	Mathematical	Induction,	an	=	n	for	every	n	∈	N.	So	x	∈	A	and	x	∈	/	B.	Because	of	the	symmetry	of	this	coloring,	when	s	is	applied	to	v,	a
directed	v	−	v	walk	is	produced,	contradicting	the	assumption	that	s	is	a	synchronized	sequence	for	u.	Solution	of	Example	3.39.	This	implies	that	every	v	−	w	path	is	longer	than	P	,	which	is	a	contradiction.	By	the	First	Theorem	of	Graph	Theory,	v∈V	deg	v	=	v∈V1	deg	v	+	Pa	Pb	Pa	Pb	P	ki	+	j=1	(2ℓj	+1)	=	i=1	ki	+2	j=1	(2ℓj	+1)	=	2m.	58	CHAPTER	2.
We	will	encounter	this	tautology	in	Chapter	3,	as	well	as	the	tautology	((P	⇒	Q)	∧	(∼	Q))	⇒	(∼	P	),	which	is	called	modus	tollens	(mode	that	denies	the	conclusion).	False.	Since	the	second	digit	in	the	decimal	expansions	of	b	and	a2	are	different,	b	6=	a2	.	modus	ponens:	the	tautology	(P	∧	(P	⇒	Q))	⇒	Q.	For	example,	the	finite-state	machine	modeling
the	vending	machine	in	Example	15.19	can	be	represented	by	its	state	table,	which	gives	the	values	of	the	transition	function	f	and	the	output	function	g	for	all	state-input	pairs.	(a)	∀n	∈	S,	P	(n).	a	...	(a)	P4	.	Figure	14.10:	Subdivisions	of	a	graph	Theorem	14.14	Let	G′	be	a	subdivision	of	a	graph	G.	As	the	term	suggests,	a	finite-state	machine	has	a
finite	number	of	internal	states	and	at	each	state,	the	machine	has	certain	information	to	remember.	For	the	converse,	we	proceed	in	a	similar	manner.	(a)	If	you	get	an	A	in	this	course,	then	you	do	every	problem	in	this	book.	Denumerable	Sets	We	now	consider	an	important	class	of	infinite	sets.	a	(a)	b	c	d	(b)	Figure	5.8:	Representing	the	function	of
Example	5.34	by	a	diagram	and	a	graph	Common	Functions	The	examples	we’ve	seen	so	far	show	that	functions	can	be	defined	or	described	in	a	variety	of	ways.	The	number	1.414	is	only	an	approximation	of	2.	Parity	of	Integers	Two	integers	m	and	n	are	said	to	be	of	the	same	parity	if	they	are	both	even	or	both	odd;	otherwise,	m	and	n	are	of
opposite	parity.	(4)	Carter	and	Dickens	did	not	both	stay	in	Los	Angeles.	is	true	if	(1)	P	(m)	is	true	and	(2)	the	statement	∀k	∈	S,	P	(m)	∧	P	(m	+	1)	∧	·	·	·	∧	P	(k)	⇒	P	(k	+	1)	is	true.	SETS	Example	2.45	List	all	of	the	partitions	of	the	set	A	=	{1,	2,	3}.	Suppose	that	T	is	a	u	−	v	trail.	Use	a	distributive	property	of	logic	to	verify	the	following.	Then	for	each
element	a	∈	S,	R(a)	is	a	statement.	Next	show	that	R	is	transitive.	Example	14.11	Determine	which	of	the	graphs	G1	,	G2	and	G3	of	Figure	14.7	are	planar.	0	0	1	0	0	0	1	1			0	0	There	is	a	directed	edge	from	the	vertex	Mi	to	the	vertex	Mj	(i	6=	j)	if	Mi	Mj	=	.	Let	r	≥	2	be	an	integer.	In	(4.2),	P	(k)	is	often	referred	to	as	the	inductive	hypothesis	or
induction	hypothesis.	(1)	State	the	disjunction	P	∨	Q	of	P	and	Q.	(3.17)	and	For	the	statement	in	Example	3.31	to	be	false,	we	need	to	show	that	at	least	one	of	the	statements	(3.16)	and	(3.17)	is	false.	Free	columns	of	A.	(a)	The	set	A	∪	B	consists	of	those	members	of	the	department	you	have	had	as	an	instructor	or	with	whom	you	have	had	a
conversation.	Next,	we	verify	the	converse,	that	is,	if	mn2	is	odd,	then	m	and	n	are	odd.	Indeed,	a	proof	is	written	for	an	intended	audience	and	the	person	writing	the	proof	must	be	aware	of	what	the	audience	knows	or	is	expected	to	know.	Disprove:	For	every	n	∈	N,	there	exists	m	∈	N	such	that	n	<	m	<	n2	.	Since	0	≤	2	in	Step	2,	Steps	3–5	are
performed.	P2	=	{{a},	{b},	{c,	d}}.	Since	(x	−	2)4	≥	0,	it	follows	that	(x	−	2)4	=	0	and	so	x	−	2	=	0.	(c)	the	set	of	professors	in	the	mathematics	department	who	taught	neither	a	calculus	course	nor	a	discrete	mathematics	course.	(b)	If	od	vi	≥	id	vi	for	1	≤	i	≤	n,	then	D	is	Eulerian.	Example	4.15	(a)	1,	2,	3,	4,	.	Figure	14.17	shows	two	maps	whose
regions	can	be	colored	with	four	or	fewer	colors,	where	the	colors	are	the	positive	integers	1,	2,	3,	4.	646	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Supplementary	Exercises	for	Chapter	12	1-5.	50	CHAPTER	1.	Example	15.6	Since	the	graph	G	of	Figure	15.9(a)	is	connected	and	contains	no	bridges,	it	follows	by	Theorem	15.5	that	G
has	a	strong	orientation.	Then	ab	≥	0.	(3,	2)	(2,	3)........................	By	the	Binomial	Theorem,	(sin2	x+cos2	x)4	=	sin8	x+4	sin6	x	cos2	x+6	sin4	x	cos4	x+4	sin2	x	cos6	x+cos8	x.	We	show	that	(k	+	1)k+1	>	(k	+	1)!.	(a)	If	you	didn’t	vote,	then	you	shouldn’t	complain.	Prove	that	if	(x	−	2)4	≤	0,	then	9	−	x2	≥	0.	Since	x4	−	2x2	+	2	=	(x4	−	2x2	+	1)	+	1	=
(x2	−	1)2	+	1	≥	0	+	1	=	1	>	0,	it	follows	that	x4	−	2x2	+	2	6=	0	and	so	x4	+	2	6=	2x2	for	every	real	number	x.	Then	we	have	convenient	symbols	to	use.	.......	B.....	To	this	day,	no	proof	of	the	Four	Color	Theorem	has	been	given	that	has	not	made	significant	use	of	computers.	Thus	v	lies	on	every	u	−	w	path	in	G.	Every	area	of	mathematics	deals	with
concepts	and	topics	that	are	relevant	to	that	area.	Then	(S,	R)	is	a	poset.	It	might	be	quite	easy	to	make	a	mistake	at	this	point.	is	defined	recursively	by	a1	=	1,	a2	=	3	and	an	=	3an−1	−	2an−2	−	2	for	n	≥	3.	Since	F3	=	2	>	1	+	5	/2,		√	i−2	for	every	the	inequality	holds	for	n	=	1.	Among	the	Steps	5	–	7,	only	a5	>	k	is	true	and	so	b	is	assigned	the
number	5	−	1	=	4.	For	the	universal	set	U	=	{1,	2,	3,	4},	give	an	example	of	four	different	subsets	A,	B,	C	and	D	of	U	each	with	at	least	three	elements	such	that	0	<	|A	∩	B	∩	C	∩	D|	<	|A	∩	B	∩	C|	<	|A	∩	B|	<	|A|	=	4.	,	vj	=	v)	and	P	′	=	(v	=	vj	,	vj+1	,	.	A	subset	of	A	that	does	not	contain	an	is	a	subset	of	B	=	{a1	,	a2	,	.	Let	G	be	the	graph	obtained	from
the	4-cycle	(u,	v,	w,	x,	u)	by	(1)	adding	two	vertices	u1	and	u2	and	joining	each	ui	(1	≤	i	≤	2)	to	u	and	(2)	adding	two	vertices	w1	and	w2	and	joining	each	wi	(1	≤	i	≤	2)	to	w.		We	will	be	especially	interested	in	implications	P	(x)	⇒	Q(x)	that	are	true	for	every	object	in	the	domain	of	the	variable	x	and	will	examine	this	relationship	in	detail	in	Chapter	3.
Prove	that	5n	+	1	is	even	if	and	only	if	n	is	odd.	Set	theory,	however,	is	essentially	the	creation	of	a	single	individual:	Georg	Cantor.	22.	In	Step	3,	x	is	now	replaced	by	3	+	a2	=	3	+	7	=	10.	Let	u	and	v	be	any	two	distinct	vertices	of	T	.	If	P	is	the	set	of	all	distinct	equivalence	classes	of	A	resulting	from	R,	then	P	is	a	partition	of	A.	Observe	that	for	each
integer	n	≥	3,	2n2	+	6	≤	2n2	+	2n	=	23	(3n2	+	3n).	The	two	that	will	be	most	useful	to	us	are	directed	paths	and	directed	cycles.	As	usual,	we	begin	by	assuming	that	r	and	s	are	rational	numbers.	(b)	T.	75	CHAPTER	2	HIGHLIGHTS	Chapter	2	Highlights	Key	Concepts	cardinality	(of	a	finite	set	A),	|A|:	the	number	of	elements	in	A.	(a)	Let	r,	b	and	g
denote	the	number	of	red,	blue	and	green	balls	selected,	respectively.	(a)	No,	for	example,	7	6	R	7.	If	P	is	true	and	there	is	more	than	one	step	to	execute,	then	the	steps	written	between	begin	and	end	are	executed	in	the	order	listed.	1	5	·	2n	+	45	·	(−1)n	3n	for	n	≥	0.	If	n	≤	6,	then	every	vertex	of	G	has	degree	5	or	less;	so	we	may	assume	that	n	≥	7.
(a)	Assuming	that	S	is	true	and	I	got	an	A	on	the	final	exam,	does	this	mean	that	I’ll	get	an	A	for	my	final	grade?	Without	loss	of	generality,	we	may	assume	that	m	is	even.	Therefore,	φ	is	one-to-one.	We	consider	all	choices	of	a,	b,	c	∈	S	for	which	(a,	b)	∈	R1	and	(b,	c)	∈	R1	.	Two	sets	A	and	B	are	equal,	written	A	=	B,	if	they	consist	of	exactly	the	same
elements.	Figure	6.2:	The	graphs	of	functions	Big-Theta	of	a	Function	If	f	:	N	→	R+	and	g	:	N	→	R+	are	two	functions	for	which	f	=	O(g),	then	we	know	that	f	(n)	≤	Cg(n)	for	some	positive	constant	C	and	sufficiently	large	positive	integers	n	(that	is,	Cg(n)	209	6.2.	GROWTH	OF	FUNCTIONS	is	an	upper	bound	for	f	(n)	for	sufficiently	large	positive
integers	n).	Thus,	for	the	functions	f	and	g	in	Example	5.42,	we	could	let	A	=	{1,	2,	3},	B	=	{a,	b,	c,	d},	B	′	=	{a,	b,	c},	and	C	=	{x,	y,	z},	and	let	f	:	A	→	B	and	g	:	B	′	→	C	be	functions,	where	f	=	{(1,	c),	(2,	b),	(3,	a)}	and	g	=	{(a,	y),	(b,	x),	(c,	x)}.	Let	q	=	r/s,	where	r	and	s	are	integers	with	1	≤	r	<	s.	..........	Let	A	=	{1,	2,	3,	4}	and	B	=	{a,	b,	c,	d,	e}.
..........................................	32	..	(a)	Either	x	<	−3	or	x	>	3.	Then	2a	+	3b	is	odd	if	and	only	if	a	is	even	and	b	is	odd.	The	implication	Q	⇒	P	can	be	expressed	as	“P	is	necessary	for	Q,”	while	P	⇒	Q	can	be	expressed	as	“P	is	sufficient	for	Q.”	Section	1.5	1.	If	A	and	B	are	disjoint	sets	such	that	A	is	countable	and	B	is	uncountable,	then	A	∪	B	is	uncountable.
(a)	a2	=	2,	a3	=	4,	a4	=	8	and	a5	=	16.	The	negation	of	the	quantified	statement	in	(b)	can	be	written	as	√	There	exists	no	integer	between	5	and	e.	The	objects	of	a	set	are	called	the	elements	of	the	set.	This	method	is	preferred	by	many	computer	scientists	and	mathematicians	and,	much	of	the	time,	this	is	the	method	we	will	use.	Construct	a	truth
table	for	P	∧	(Q	⇒	(∼	P	)).	(What	we	are	essentially	using	here	is	the	tautology	in	Example	1.64	in	Section	1.5	called	modus	ponens.)	This	may	simply	be	interesting	to	know	or	perhaps	it	has	other	consequences,	such	as	having	some	applications	or	may	be	useful	in	proving	some	other	statements.	(b)	If	x	=	−2,	then	x2	=	4.	A	relation	R	is	defined	on	Z
by	a	R	b	if	5a	−	b	is	even.	Since	6	≤	4	is	not	true,	the	while	loop	is	exited	and	we	proceed	to	Step	5.	,	bn	,	a1	,	a2	,	.	(d)	R	⇒	S.	Furthermore,	a	statement	can	be	formed	from	an	open	sentence	by	assigning	to	each	variable	in	the	open	sentence	a	value	from	its	domain.	SETS	Example	2.12	(a)	If	A1	=	{1}	and	A2	=	{{1}},	then	each	of	A1	and	A2	has	a
single	element.	Because	a1	6=	a4	,	we	move	to	Step	7	where	j	is	increased	to	5.	(a)	f	=	{(1,	1),	(2,	2),	(3,	3),	(4,	3)}.	(a)	Prove	that	if	n	∈	N	and	r	∈	I,	then	nr	is	irrational.	(a)	State	P	(n)	⇒	Q(n)	in	words.	Q:	I	do	not	have	class	today.	Observe	that	ak+1	=	2ak	−	ak−1	+	2	=	2k	2	−	(k	−	1)2	+	2	=	2k	2	−	(k	2	−	2k	+	1)	+	2	=	k	2	+	2k	+	1	=	(k	+	1)2	.	There
are	three	ways	that	the	six	squares	of	the	board	can	be	covered	by	three	dominos.	ALGORITHMS	AND	COMPLEXITY	Big-O	of	a	Function	Definition	6.13	A	function	f	:	N	→	R+	is	big-O	(or	big-oh)	of	a	function	g	:	N	→	R+	,	written	f	=	O(g)	or	f	(n)	=	O(g(n)),	if	there	exist	a	positive	constant	C	and	positive	integer	k	such	that	f	(n)	≤	Cg(n)	for	every	integer
n	≥	k.	(b)	Attempt	to	prove	the	following:	Let	k	∈	N.	Assume	1	1	that	f	(a)	=	f	(b),	where	a,	b	∈	R	−	{0}.	Use	a	proof	by	contradiction	to	prove	the	following:	Let	n	be	an	integer.	While	the	digraph	D1	of	Figure	15.8	is	strong,	the	digraph	D2	is	not	strong	as	there	is	no	directed	u	−	x	path	in	D	for	example.	The	order	is	10	and	the	size	is	34.	Let	a	=	2	and
b	=	0.	Since	a	+	b	+	1	is	an	integer,	m	+	n	is	even.	,	ui	,	uj	,	.	D	..	Definition	1.59	A	compound	statement	is	a	tautology	if	it	is	true	for	all	possible	combinations	of	truth	values	of	its	component	statements.	In	the	proof	of	Result	3.23,	we	saw	that	there	were	two	implications	to	verify.	The	elements	(a1	,	a2	,	.	(c)	{x,	{x}}	⊆	{{x},	{{x}}}.	The	following
statement	Q3	is	true:	Q3	:	Walt	Disney	World	is	located	in	Florida.	,	8}.	(d)	∅	⊆	{0}.	There	are	some	occasions	when	knowing	that	x	∈	S	doesn’t	seem	to	provide	enough	information	to	show	that	R(x)	is	true.	Thus,	at	the	beginning	of	Month	#4,	there	are	two	adult	pairs	of	rabbits	and	one	juvenile	pair,	or	three	pairs	in	all.	(f)	Yes.	The	graph	of	x	=	y	2	is
a	parabola,	which	is	drawn	in	Figure	5.15.	a	6	R	b:	a	is	not	related	to	b	by	the	relation	R	if	(a,	b)	∈	/	R.	1,	1	...............	Also,	⌈4⌉	=	⌊4⌋	=	4,	⌈−2⌉	=	⌊−2⌋	=	−2,	⌈−3.5⌉	=	−3	and	⌊−3.5⌋	=	−4.	One	sequence	of	pourings	that	results	in	two	bottles	containing	3	ounces	of	medicine	is	12,	23,	31,	23,	31.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES
653	Supplementary	Exercises	for	Chapter	14	1.	First,	we	show	that	f	=	O(g).	Since	1	≤	2	1,	the	inequality	holds	for	n	=	1.	The	transitive	tournaments	D1	and	T1	contain	no	directed	cycles.	The	number	of	terms	in	a	string	is	its	length.	In	Step	2,	i	and	n	are	compared	for	i	=	1,	2,	.	0.6.	≈	0.19.	Then	an	=	2n	−	1	for	every	positive	integer	n.	Assume	that
2k+1	<	1	+	(k	+	1)2k	for	an	arbitrary	positive	integer	k.	(b)	C	∪	D.	(a)	If	2	+	3	=	5,	then	4	+	6	=	10.	00,	0	.......	(c)	a	one-to-one	function	h	:	A	→	B	such	that	h(n)	>	n	for	every	n	∈	A.	y	...	r	.........	Two	squares	are	adjacent	if	they	are	in	the	same	row	or	same	column	and	there	are	no	squares	between	them.	(T)	This	can	be	verified	by	a	truth	table.
Therefore,	y	∈	(A	−	B)	∪	(A	−	C)	and	so	A	−	(B	∩	C)	⊆	(A	−	B)	∪	(A	−	C).	Hence	f	(ℓ)	<	ℓ,	a	contradiction.	(b)	We	begin	with	the	element	0	of	Z.	Then	this	is	unacceptable	and	all	of	our	effort	seems	to	have	been	wasted.	We	see	that	k	=	3	is	the	correct	choice	and	so	2n	an	=	(−1)n+1	.	We	may	assume	that	d(v,	x)	=	min{d(z,	z	′),	z	∈	{u,	v},	z	′	∈	{x,	y}}.
Verify	by	a	truth	table	that	for	two	statements	P	and	Q,	each	of	the	following	is	a	tautology.		L1	L6	G:	L5	...........	Assume,	to	the	contrary,	that	G	contains	at	least	three	components.	(h)	{x}	∈	{x,	{x,	{x}}}.	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	functions	defined	by	f	(n)	=	n2	+	4n	+	1	and	g(n)	=	n2	+	4	for	all	n	∈	N.	This	implies	that	the	image	of	a	under
the	function	g	◦	f	is	c.	H	......	(b)	Assume	that	(k	+	2)(k	+	3)/2	is	even	2	=	2x.	We	show	that	bi	=	0	for	some	integer	i	(1	≤	i	≤	k	+	1).	LOGIC	(b)	Give	an	example	of	an	integer	n	such	that	both	P	(n)	∨	Q(n)	and	P	(n)	⊕	Q(n)	are	true.	Then	(A	−	B)	∪	(B	−	A)	=	(A	∪	B)	−	(A	∩	B).	Result	4.5	For	every	positive	integer	n,	1	2	+	2	2	+	·	·	·	+	n2	=	n(n	+	1)(2n	+
1)	.	(2)	The	machine	can	accept	as	input	only	a	finite	number	of	input	values,	the	entire	collection	of	which	is	called	the	input	set	or	input	alphabet	(denoted	by	I).	Since	∆(T	)	=	k,	it	follows	that	nk	≥	1.	4,1,1	.	Prove	that	if	r	and	s	are	rational	numbers,	then	r	−	s	is	a	rational	number.	(c)	No	(since	∅	∈	P3	).	(b)	Yes	by	(a).	Theorem	14.35	(The	Five	Color
Theorem)	Every	planar	graph	is	5-colorable.	Therefore,	R	is	an	equivalence	relation	on	L.	t	t	z	t	t	t	q	Figure	14.12:	A	nonplanar	graph	and	a	subdivision	of	K5	Solution.	We	employ	the	Strong	Principle	of	Mathematical	Induction.	Let	A	=	{w,	x,	y}	and	B	=	{x,	y,	z}.	The	graphs	with	chromatic	number	2	are	also	easy	to	describe.	(c)	A	=	{1,	2},	B	=	{1,
{1,	2}}.	How	many	elements	are	in	P(A)	if	A	=	{1,	2,	3,	4,	5}?	In	Chapter	12	of	his	book,	he	stated	the	following	problem:	How	Many	Pairs	of	Rabbits	Are	Created	by	One	Pair	in	One	Year?	if	ai	=	aj	then	output	ai	“appears	twice	in	the	sequence”	and	i	:=	n	+	1	and	j	:=	n	7.	(c)	I	do	well	on	an	exam	only	if	I	studied	for	it.	What	this	means	is	that	if	you
sign	your	name	on	the	sheet,	then	you	plan	to	take	the	course.	b	...................................................................	We	conjecture	that	an	=	(−1)n+1	.	First,	we	show	that	if	m	and	n	are	odd,	then	mn2	is	odd.	qq	..........	(a)	See	Figure	9.	,	an	is	a	list	of	the	n	elements	of	S	and	s′	:	e1	,	e2	,	.	Therefore,	[a]	6=	∅	for	every	element	a	∈	A.	Prove	that	if	od	vi	>	id	vi	for
1	≤	i	≤	n	−	1,	then	T	is	not	strong.	What	Result	3.45	says	is	that	for	any	even	integer	n	under	consideration,	we	cannot	express	n	as	the	sum	of	an	even	integer	and	an	odd	integer.	(c)	The	even	number	n	is	the	sum	of	three	odd	integers.	i	:=	0	2.		Example	5.56	Suppose	that	in	a	computer	science	class	with	25	students,	the	instructor	gives	a	20-point
quiz	periodically.	The	crucial	step	in	the	solution	of	Example	5.53	was	to	consider	f	r+9	4	come	from?	(a)-(c)	T.	See	Figure	26.	Thus	cb	=	da,	which	implies	that	(c,	d)	R	(a,	b)	and	so	R	is	symmetric.	Since	x	∈	/	B	and	x	∈	/	C,	we	have	x	∈	/	B	∪	C.	.....	u	.......................................................	Key	Results	•	For	statements	P	,	Q	and	R,	the	following	hold:
Commutative	Laws:	P	∨	Q	≡	Q	∨	P	and	P	∧	Q	≡	Q	∧	P	.	Theorem	5.79	The	closed	interval	[0,	1]	of	real	numbers	is	not	denumerable.	n	2n+1	=	1	(3n−2)(3n+1)	=	for	every	positive	integer	n.	(c)	C	=	{x	∈	Q	:	x(x	−	2)	=	0}.	(c)	(i).	Logical	Equivalences:	P	≡	∼	(∼	P	).	The	result	is	true	if	G	contains	no	bridges.	Prove	or	disprove:	If	G	is	a	graph	with	an	odd
cycle	for	which	there	exists	no	3-coloring,	then	χ(G)	=	4.	,	10}.	(h)	{1,	2,	5,	6,	7}.	Let	A	=	∅	and	B	=	{1}.	0,	.0	..		When	giving	a	proof	by	the	Principle	of	Mathematical	Induction,	it	is	customary	for	the	writer	of	the	proof	to	inform	the	reader	that	a	proof	will	be	given	using	the	Principle	of	Mathematical	Induction,	which	is	typically	expressed	by	saying
that	mathematical	induction	(or,	more	simply,	induction)	is	being	used	or	employed.	Consider	G	=	P5	.	Figure	4.2(i)	shows	a	2	×	3	board	and	Figure	4.2(ii)	shows	a	standard	domino.	19	1.2.	NEGATION,	CONJUNCTION	AND	DISJUNCTION	Example	1.23	According	to	the	commutative	law	of	disjunction,	there	is	no	difference	(in	terms	of	logic)	between
saying	(or	writing)	n3	+	2n	is	even	or	n2	−	4	<	0	and	saying	(or	writing)	n2	−	4	<	0	or	n3	+	2n	is	even.	Because	f	(s4	,	1)	=	s0	and	g(s4	,	1)	=	0,	there	is	an	arc	labeled	1,	0	from	s4	to	s0	.	Show	that	f	:	R	→	R	defined	by	f	(x)	=	2x	+	1	for	x	∈	R	is	onto.	ai	=	i	for	3	≤	i	≤	6.	However,	since	C	is	false	and	(∼	R)	⇒	C	is	true,	it	follows	(by	the	truth	table	for
implication)	that	∼	R	is	false	and	so	R	is	true,	which	is	the	desired	outcome.	By	De	Morgan’s	law,	if	A	and	B	are	any	two	sets,	then	A	∪	B	=	A	∩	B.	The	subsets	of	a	1-element	set	{a}	are	∅	and	{a},	so	s1	=	2.	We	proceed	by	the	Strong	Principle	of	Mathematical	Induction.	Determine	the	power	set	P(A)	for	A	=	{1,	3,	5}.	while	i	<	n	do	begin	3.	Unlike
the	situation	in	Figure	2,	where	there	are	only	8	colorings	of	the	graph,	it	is	not	practical	to	list	all	colorings	of	the	graph	and	to	check	out	each	one	individually	to	see	that	it	has	the	desired	property.	Then	G	contains	a	component	G1	of	order	at	most	n/3.	Use	induction	to	prove	that	2n	>	n	for	every	nonnegative	integer	n.	By	Theorem	5.66,	f	has	an
inverse	function	f	−1	from	B	to	A,	which	is	also	bijective.	Hence	at	least	one	of	the	1	+	∆	colors	is	available	for	v.	r	r	r	r	r	r	r	r	r	r	A	(a)	B	f	........	√	√	√	√	15.	Let	p1	,	p2	,	.	if	i	=	n	then	output	“there	is	no	negative	number	in	s”.	The	inverse	function	(or	the	inverse)	f	−1	of	f	is	obtained	from	f	by	replacing	each	ordered	pair	(r,	s)	of	f	by	(s,	r).	(b)	7	times.
They	are	all	paths	of	order	4:	(x,	u,	v,	w),	(u,	x,	w,	v),	(u,	x,	v,	w),	(u,	v,	x,	w).	The	union	A	∪	B	of	A	and	B	is	the	set	of	elements	belonging	to	at	least	one	of	A	and	B;	that	is,	A	∪	B	=	{x	:	x	∈	A	or	x	∈	B}.	Since	ad	=	bc	and	cf	=	de,	it	follows	that	a	=	bc/d	and	f	=	de/c.	(2)	bn	=	n2	−n+2	.	(a)	The	statement	is	false.	Next	assume	that	a	R−1	b	and	b	R−1	c,
where	a,	b,	c	∈	S.	In	the	proof	of	Result	4.30,	we	wanted	to	show	that	ak+1	=	k	+	2.	When	a	stone	is	dropped	into	water,	the	circumference	of	water	ripples	created	by	this	expands	continuously.	brrb	is	a	synchronized	sequence	for	some	vertex	of	D.	(f)	The	set	A	∩	B	consists	of	those	members	of	the	department	with	whom	you	have	never	had	a
conversation	or	you	have	never	had	as	an	instructor.	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	coloring	(of	a	graph	G):	an	assignment	of	colors	to	the	vertices	of	G,	one	color	to	each	vertex	of	G,	such	that	adjacent	vertices	of	G	are	colored	differently.	Q	:	Maria	did	well	on	the	interview.	Figure	6.10	describes	this	in	its	entirety.	(d)	f	(n)	=	n	log	n.
Since	02	+	0	+	1	=	1	is	odd,	the	statement	is	true	for	n	=	0.	Graph	G.	For	each	f	described	below,	determine	whether	f	is	a	function	from	A	to	B.	6	2	..................	.}	of	integers	is	often	denoted	by	Z.	By	definition,	g(f	(a1	))	=	g(f	(a2	)).	Let	n	≥	2	be	an	integer.	Is	f	a	function	from	R	to	R?	(f)	F	=	{{2},	{2,	3,	4}}.	(b)	(P	∧	Q)	⇒	(P	⇒	Q).	Furthermore,	even	if
he	could	make	arrangements	to	purchase	all	tickets	in	the	appropriate	amount	of	time,	he	would	have	to	locate	the	winning	ticket	among	the	120,526,770	tickets	he	bought.	Let	f	:	R+	→	R,	g	:	R+	→	R	and	h	√	:	R+	→	R	be	defined	by	f	(x)	=	⌈x⌉,	g(x)	=	⌊x⌋	and	1	+	h(x)	=	log2	x	for	x	∈	R	.	3,	0,	1	....	,	an	of	n	Numbers	Contains	a	Negative	Number.	(d)	P(A).
D	...	(a)	A1	=	{1,	2,	3}	and	A2	=	{2,	3,	1}.	Observe	that	1	+	3	+	5	+	·	·	·	+	(2k	+	1)	=	=	[1	+	3	+	5	+	·	·	·	+	(2k	−	1)]	+	(2k	+	1)	k	2	+	(2k	+	1)	=	(k	+	1)2	.	q	..	A	matrix	D	=	[dij	]	is	given	where	dij	represents	the	distance	between	cities	ci	and	cj	.	′	....	xy	......	,	vb	},	where	deg	ui	=	4ki	for	1	≤	i	≤	a	while	deg	vj	=	≤	j	≤	b.	(e)	A	∩	B	∩	C.	R(6):	35	is	even.
Determine,	with	explanation,	whether	each	of	the	following	is	true	or	false.	Consider	the	following:	Result	Let	n	∈	Z.	,	n,	the	average	number	of	comparisons	made	by	Algorithm	6.8	is	Pn	4	+	6	+	8	+	·	·	·	+	(2n	+	2)	t=1	(2t	+	2)	=	n	n	2[2	+	3	+	4	+	·	·	·	+	(n	+	1)]	.	,	uk−1	uk	,	uk	u1	are	added	and	the	vertex	v	is	deleted.	(b)	The	function	g	:	R+	→	R
defined	by	g(x)	=	log2	x	is	a	logarithmic	function.	(a)	For	each	a	∈	A,	what	does	(g	◦	f	)(a)	represent?	Since	7k	−	1	is	an	integer,	7n	−	2	is	even.	This	will	be	discussed	in	greater	detail	in	Chapter	7.	,	k},	there	are	adjacent	vertices	of	G	colored	i	and	j.	36.	A	........................	B	......	a	r	rx	b	r	c	r	ry	d	r	rz	B	Figure	6:	The	relation	R	in	Exercise	3	614
ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	7.	A	graph	G	of	order	n	≥	3	has	size	m	=	3n	−	6.	For	two	nonempty	sets	A	and	B,	define	fi	,	i	=	1,	2,	3,	4,	as	shown	in	Figure	5.14.	A∪B	A	B	....	Algorithm	6.6	Determine	the	Sum	of	the	Numbers	in	a	Sequence.	In	Step	1	of	Algorithm	6.36,	j	is	initially	assigned	the	value	1.	Let	w	be	any	other
vertex	of	T	.	Indeed,	the	chromatic	number	of	each	cycle	can	be	determined.	Consequently,	if	we	have	the	empty	relation	R	defined	on	a	nonempty	set	S,	then	R	is	symmetric	since	for	all	a,	b	∈	S	the	statement	“(a,	b)	∈	R”	is	false.	P	⊕	(Q	⊕	R)	≡	(P	⊕	Q)	⊕	R.	c6	.....	w	...	Although	a	proof	of	(4.2)	could	be	given	by	any	method,	a	direct	proof	is	often	used.
Next,	we	show	that	f	(A1	)	∪	f	(A2	)	⊆	615	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	f	(A1	∪	A2	).	Complexity	of	an	Algorithm	As	we	noted	earlier,	there	are	often	many	algorithms	for	solving	a	particular	problem.	strong	digraph	(or	strongly	connected	digraph):	a	digraph	D	with	the	property	that	if	for	every	two	vertices	u	and	v,	there
is	both	a	directed	u	−	v	path	and	a	directed	v	−	u	path	in	D.	,	vr	,	v1	).	Classify	each	of	the	following	declarative	sentences	as	(1)	an	open	sentence,	(2)	a	true	statement	or	(3)	a	false	statement.	Therefore,	g	◦	f	is	one-to-one.	Exercises	for	Section	1.3	1.	Thus	ℓ	R	ℓ	for	every	line	ℓ	and	R	is	therefore	reflexive.	We	use	the	Principle	of	Mathematical
Induction.		In	Examples	6.15	and	6.16,	f	is	a	polynomial	function	of	degree	2	and	g	is	a	polynomial	function	of	degree	3	and	we	showed	that	f	=	O(g)	but	g	6=	O(f	).	,	k,	for	every	integer	k	with	χ(G)	≤	k	≤	n.	That	is,	x	:=	a	means	that	x	is	initially	assigned	the	value	a.	The	neighbor	says:	If	you	pay	me	an	additional	$50,	then	I	will	also	paint	your	dining
room.	Suppose	that	A	is	a	set	in	P	that	contains	a	and	B	is	a	set	in	P	that	contains	b.	642	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	s	.........................	Show	for	every	complete	graph	Kn	(n	≥	3)	that	there	exists	an	orientation	of	Kn	for	which	there	are	no	directed	cycles	but	the	reversal	of	the	direction	of	one	of	the	edges	results	in	a
strong	tournament.	The	only	ordered	pair	(b,	c)	∈	R1	where	b	=	z	is	(b,	c)	=	(z,	z)	∈	R1	.	(c)	C	=	{0,	∅}.	Let’s	look	at	the	converses	of	the	implications	(1)	–	(4)	stated	at	the	beginning	of	this	section.	However	then	Q	⇒	P	is	true.	Example	4.26	For	every	integer	n	≥	2,	Fn−1	Fn+1	=	Fn2	+	(−1)n	.	The	converse	of	the	implication	If	a	triangle	is



equilateral,	then	it	is	equiangular.	A	relation	R	is	defined	on	the	set	Z	of	integers	by	a	R	b	if	11a	−	5b	is	even.	R	R	......	.....5	2	.......2	.	x2	x	w	...............	qqqqq	....	Thus	the	statement	is	true	for	n	=	2.	However,	it	is	not	true	that	3n2	−	n+	3	is	even	for	every	positive	integer	n.	Once	you	know	this,	then	give	your	friend	the	statement	P	.	485.	B	C	(f)	(A	∩	B)
∪	(A	∩	C)	Figure	2.6:	Illustrating	a	distributive	law	The	properties	of	sets	stated	in	Theorem	2.22	can	be	verified	with	the	aid	of	the	properties	of	logic	that	were	presented	in	Chapter	1.	RELATIONS	AND	FUNCTIONS	Bijective	Functions	There	are	functions	from	a	set	A	to	a	set	B	that	often	have	one	or	both	of	the	following	properties:	(1)	each	element
of	B	is	the	image	of	at	most	one	element	of	A;	(2)	each	element	of	B	is	the	image	of	at	least	one	element	of	A.		Exercises	for	Section	2.3	1.	Then	7	−	n	=	2k	+	1	for	some	integer	k	and	so	n	=	6	−	2k	=	2(3	−	k).	for	j	:=	1	to	m	do	if	ej	=	(y,	ai	)	then	y	:=	ai	and	j	:=	m	+	1.	Example	5.9	Of	the	five	relations	in	Example	5.7	only	R3	and	R5	are	reflexive.	In
order	to	give	an	induction	proof	of	this	result,	we	must	first	show	that	n!	>	2n	when	n	=	4.	For	an	integer	n	≥	3,	an	n-gon	is	an	n-sided	polygon.	In	a	direct	proof,	we	would	begin	by	assuming	that	(x	−	1)2	≤	0.	In	Step	3,	another	comparison	is	made	as	it	is	determined	whether	a1	=	k.	,	an	in	S,	their	product	a1	a2	·	·	·	an	∈	S.	r	r.............	Consequently,
the	set	B	must	contain	at	least	n	elements.	(b)	36.	50,	50	..............	The	relation	R	is	not	symmetric	since	(3,	1)	∈	R	but	(1,	3)	∈	/	R.	2	.	Q2	:	Broadway	is	a	street	in	New	York	City.	There	are	exercises	at	the	end	of	each	section	and	additional	exercises	at	the	end	of	each	chapter.	State	the	following	in	words.	..............................	(d)	(P	⇒	R)	∨	(Q	⇒	R)	≡	(P
∧	Q)	⇒	R.	To	show	that	R	is	transitive,	we	are	required	to	show	that	if	x	R	y	and	y	R	z,	then	x	R	z.	Hence	A	−	(B	∪	C)	⊆	(A	−	B)	∩	(A	−	C).	Then	5n	−	7	=	2k	for	some	integer	k.	According	to	the	truth	table	for	implication,	we	know	that	P	(x)	⇒	Q(x)	is	a	true	statement	for	each	element	x	∈	S	for	which	P	(x)	is	false.	conclusion	(of	P	⇒	Q):	the	statement	(or
sentence)	Q	in	the	implication	P	⇒	Q.	(8)	.	1	.....................	Consequently,	we	refer	to	it	as	a	theorem.		Exercises	for	Section	5.2	1.	s......................................................	q	v4	...	D	:	q	.	In	this	case,	n	=	4	and	a1	=	3,	a2	=	7,	a3	=	8,	a4	=	4.	Algorithm	6.8	Determine	Whether	a	Specified	Number	Appears	in	a	Sequence.	(a)	Do	you	know	who	teaches	this	class?
State	the	negation	of	each	of	the	following	statements.	(a)	((0,	0),	(0,	0)),((0,	1),	(1,	0)),	((0,	0),	(1,	1)),	((1,	1),	(0,	0)).	Result	5.49	Let	f	:	R	→	R	be	a	function	defined	by	f	(x)	=	5x−3	for	x	∈	R.	(2.4)	Combining	(2.3)	and	(2.4),	we	obtain	(A	−	B)	∩	(A	−	C)	=	A	−	(B	∪	C),	as	desired.	25.	The	first	of	these	laws	is	established	in	Figure	1.7.	The	entries	in	the
columns	headed	by	∼	(P	∨	Q)	and	(∼	P	)	∧	(∼	Q)	are	in	bold	to	call	attention	to	these	columns,	which	establish	the	logical	equivalence.	RELATIONS	AND	FUNCTIONS	Hence,	for	an	equivalence	relation	R	on	a	set	A	and	an	element	a	∈	A,	the	equivalence	class	[a]	is	the	set	of	all	elements	of	A	that	are	related	to	a	by	R.	Historically,	the	cardinality	of
infinite	sets	was	a	difficult	idea	to	understand.	Thus	for	every	integer	n	≥	k,		1	′	C	′′	g(n)	≤	f	(n)	≤	C	g(n)	and	so	f	=	Θ(g).	Let	B	=	{a1	,	a2	,	.	(b)	Claim:	an	=	n2	for	every	positive	integer	n.	(b)	Determine	g	◦	f	.	i	:=	1	2.	Consider	the	statement	S:	If	I	get	an	A	on	the	final	exam,	then	I’ll	get	an	A	for	my	final	grade.	For	functions	f	:	N	→	R+	and	g	:	N	→	R+	,
we	say	that	f	is	big-omega	of	g,	written	as	f	=	Ω(g)	or	f	(n)	=	Ω(g(n)),	if	there	exist	a	positive	constant	C	and	a	positive	integer	k	such	that	f	(n)	≥	Cg(n)	for	every	integer	n	≥	k.	(d)	A	×	C.	x2	6=	4.	For	1	≤	i	≤	n,	let	Sai	=	{ai	,	ai+1	,	.	(c)	C	=	P(B)	for	the	set	B	in	(b).	xy	z	......	Then	P	(x)	if	and	only	if	Q(x).	(a)	(	13	)(	−2	3	)	.		Example	5.31	For	each	real
number	x,	let	f	(x)	denote	any	real	number	y	such	that	(x,	y)	lies	on	the	circle	x2	+y	2	=	25.	Exercises	for	Section	3.4	1.	(f)	If	a	is	even	or	b	is	even,	then	ab	is	even.	Fibonacci	numbers	occur	often	and	sometimes	unexpectedly.	Prove	that	if	r	and	s	are	rational	numbers,	then	5r	+	7s	is	a	rational	number.	These	two	facts	are	especially	important	in	the
study	of	composition	of	functions.	21	...	..........2	...	(a)	For	the	graph	G	of	Figure	14.35,	what	is	the	largest	complete	graph	that	is	a	subgraph	of	G?	•	The	set	C	of	complex	numbers	is	uncountable.	(P	∨	Q)	⇔	R.	Example	5.50	Show	that	the	following	functions	are	not	one-to-one.	Thus	there	exists	a	∈	A1	such	that	f	(a)	=	b.	Two	common	examples	of	loops
are	the	for	loop	and	the	conditional	while	loop.	In	this	case,	a	contradiction	would	be	produced	if	we	can	find	a	positive	real	number	that	is	smaller	than	r.	r	r	r	r	Exercise	5	Figure	22:	The	graphs	in	Exercise	1,	3,	5	7.	01,	1	........	A	one-to-one	function	is	also	referred	to	as	an	injective	function	or	an	injection.	2	3	x	q	q	q	........	Examples	of	k-colorings	of	G
for	3	≤	k	≤	7	are	shown	in	Figures	34(a)-(e).	METHODS	OF	PROOF	Proof	Analysis.	t	v	..............	Maria	does	not	prepare	for	the	interview	but	does	well	on	the	interview	and	gets	the	job.	Prove	or	disprove	the	following.	(b)	∃x	∈	R,	P	(x).	Therefore,	no	real	number	less	than	4	can	be	an	image	and	so	f	is	not	onto.	In	Step	3,	i	is	increased	to	1	and	j	is
defined	to	be	2	in	Step	4.	Next,	we	verify	the	converse.	Certainly,	it	is	not	practical	to	verify	the	truth	of	the	statements	P	(1),	P	(2),	P	(3),	.	Determine	whether	the	following	statements	are	true	or	false.	...5	......	The	matrix	Q	with	these	orthonormal	columns	has	Q	T	Q	=	I.	(c)	The	people	of	China	ordinarily	speak	Chinese.	Since	a	R	a,	it	follows	that	a
R−1	a.	The	proof	is	then	divided	into	cases,	according	to	which	subset	in	P	the	element	x	belongs.	Let	f	(n)	=	2n2	+	7n	−	1.	That	is,	if	f	is	both	one-to-one	and	onto,	then	every	element	of	B	is	the	image	of	exactly	one	element	of	A.	[Hint:	Consider	x2	−	4x	+	1	=	a	and	use	the	quadratic	formula.]	15.	Observe	that	(k	+	1)!	=	(k	+	1)k!	>	(k	+	1)	·	2k	≥	(4	+
1)2k	=	5	·	2k	>	2	·	2k	=	2k+1	.	Since	14k	2	+	12k	+	10	is	an	integer,	7n2	−	2n	+	15	is	even.	h	.......	Before	doing	this,	however,	we	mention	that	there	are	several	variations	and	generalizations	of	the	Principle	of	Mathematical	Induction.	~	v)	=	k	≥	2,	then	T	contains	18.	This	is	acceptable	as	these	two	regions	share	only	a	common	point,	not	a	common
boundary.	In	addition,	R	is	said	to	be	a	relation	on	A	×	B.	We	show	that	2k+1	>	(k	+	1)3	.	Then	r	=	a/b	and	s	=	c/d,	where	a,	b,	c,	d	∈	Z	and	7c	5ad+7bc	.	For	n	=	1,	2,	3,	determine	whether	the	implication	P	(n)	⇒	Q(n)	is	true	or	false.	Draw	G	as	a	plane	graph.	x	=	y2	p	pp	p	p	p	pp	p	p	pppppp	p	p	p	p	p	pp	ppp	p	ppppp	pp	pp	p	p	p	pp	pp	p	pp	p	p	pp	p	p
p	p	p	p	p	p	p	......	Then	v2	and	v4	belong	to	different	components	of	F	.	Let	T	be	a	tournament	of	even	order	n.	Furthermore,	the	outdegrees	(and	indegrees)	of	the	vertices	of	two	isomorphic	digraphs	are	the	same.	•	There	is	no	set	of	largest	cardinality.	Although	there	is	certainly	no	particular	approach	to	accomplish	this,	there	is	little	doubt	that
reading	and	understanding	the	proofs	of	others	is	a	good	way	to	begin.	After	dividing	a	collection	of	coins	into	two	groups,	it	is	observed	that	75	times	the	difference	between	the	number	of	coins	in	each	group	equals	the	difference	of	the	squares	of	these	two	numbers.	This	important	theorem	is	known	as	Kuratowski’s	theorem.	Therefore,	x2	+	(y	2	−
4)2	=	0	only	when	x	=	0	and	either	y	=	2	or	y	=	−2.	Chapter	15	Directed	Graphs	One	of	the	most	common	applications	of	graphs	is	their	use	in	modeling	some	locations	in	a	city,	some	pairs	of	which	are	connected	by	streets.	(b)	G	=	K2,3	.	However,	statement	P2	is	true.	Example	1.56	A	triangle	is	equilateral	if	its	three	sides	have	the	same	length;
while	a	triangle	is	equiangular	if	its	three	angles	have	the	same	measure	(namely	60o	or	π/3	radians).	(b)	Let	G	be	the	graph	obtained	from	K5	by	adding	a	new	vertex	v	and	joining	v	to	a	vertex	u	of	K5	.	There	are	8	=	23	different	ways	that	the	edges	of	this	graph	can	be	colored	(see	Figure	2).	Since	5k	+	3	is	an	integer,	5n	+	1	is	even.	We	now	define
a	subset	B	of	A	as	follows:	B	=	{x	∈	A	:	x	∈	/	Ax	}.	32	23	............		The	standard	and	most	appropriate	way	to	draw	a	Venn	diagram	for	two	general	sets	A	and	B	is	shown	in	Figure	2.2	as	it	allows	for	the	four	possibilities:	•	•	•	•	some	some	some	some	elements	elements	elements	elements	may	may	may	may	belong	belong	belong	belong	to	to	to	to	both
A	and	B,	A	but	not	to	B,	B	but	not	to	A	and	neither	A	nor	B.	What	this	says	is	that	the	machine	is	at	the	state	s1	and	that	10	has	been	input.	(b)	In	D2	,	(v1	,	v2	,	v3	,	v1	).	(c)	No.	(d)	No.	Section	3.3	1.	vr1	vr1	D1	:	.........	Hence	5n	+	7	=	5(2b)	+	7	=	10b	+	7	=	2(5b	+	3)	+	1.	Use	a	proof	by	cases	(as	in	the	proof	of	Result	3.29)	to	prove	the	following
distributive	law	for	sets:	Let	A,	B	and	C	be	sets.	Note	that	there	are	two	real	numbers	x	for	which	|x|	=	1,	namely,	x	=	1	and	x	=	−1.	Only	when	an	exercise	is	assigned	that	they	don’t	know	how	to	do	(and	no	classmate	or	the	instructor	is	available	for	help)	do	such	students	search	through	the	book,	looking	primarily	for	examples	that	are	similar	to	the
exercise	assigned.	Hence	3	2	=	x/y,	where	x,	y	∈	Z	and	y	6=	0.	Q	:	21	is	even.	We	begin	by	discussing	some	techniques	that	are	used	to	prove	quantified	statements	of	the	type	∀x	∈	S,	R(x)	(3.10)	are	true,	where	R(x)	is	an	open	sentence	over	a	domain	S.	Drive	to	Main	Street	and	then	turn	right.	Consequently,	it	is	not	surprising	that	verifying	(1)	and
(2)	in	the	Principle	of	Mathematical	Induction	establishes	the	truth	of	all	of	the	statements	P	(1),	P	(2),	P	(3),	.	The	properties	of	intersection	and	union	of	sets	stated	in	Theorem	2.22	are	probably	not	surprising	and	are	even	suggested	by	Venn	diagrams;	however,	none	of	these	diagrams	constitutes	a	proof	of	a	property.	Then	x	R	a.	If	5n	+	1	is	odd,
then	n	is	even.	2.1	Sets	and	Subsets	For	our	purposes,	a	set	is	a	collection	of	objects.	Since	B1	⊆	B1	∪	B2	,	it	follows	that	f	(a)	∈	B1	∪B2	and	so	a	∈	f	−1	(B1	∪B2	).		Result	5.53	The	function	f	:	R	→	R	defined	by	f	(x)	=	4x	−	9	for	x	∈	R	is	onto.	We	now	visit	this	example	again.	T	:	........	Then	(g	◦	f	)(1)	=	g(f	(1))	=	g(c)	=	x.	(b)	True.	A	button	labeled	LD
(laundry	detergent)	is	then	pushed.	Since	there	are	no	0s	and	no	9s	in	the	decimal	expansion	of	b,	it	follows	that	0.b1	b2	b3	·	·	·	is	not	the	alternative	decimal	expansion	of	any	rational	number.	Prove	that	1	1·3	+	1	3·5	+	1	5·7	3.	Since	x	+	y	is	an	integer,	m	+	n	is	odd.	Since	1	=	1(2	−	1),	the	formula	holds	for	n	=	1.	Therefore,	n	=	x	+	y	=	(2a)	+	(2b	+
1)	=	2(a	+	b)	+	1.	Let	A	be	the	set	of	even	integers	and	B	the	set	of	odd	integers.	5	.............................................................	Hence	we	may	assume	that	A	∩	B	=	∅	and	so	|A|	=	|B|	=	2r	−	1.	Since	we	were	asked	to	disprove	Let	n	be	an	integer.	x	..	We	prove	that	P	(n)	is	true	for	every	integer	n	with	1	≤	n	≤	210	by	applying	the	Principle	of	Finite
Induction.	(a)	P	T	T	F	F	Q	T	F	T	F	P	∧Q	T	F	F	F	P	∨	(P	∧	Q)	T	T	F	F	(b)	is	similar.	A	k-coloring	is	a	coloring	that	uses	k	colors.	Then	x4	−	x2	=	x2	(x2	−	1)	=	x2	·	0	=	0.	To	show	that	χ(Cn	)	≤	3,	let	Cn	=	(v1	,	v2	,	.	3	√	√	√	3	√	√	√	√	√	3	3	3	Subcase	2.2.	3	2	9	is	irrational.	When	one	of	the	light	switches	is	moved	to	the	up	position,	one	of	the	light	bulbs	is
lit;	however,	we	don’t	know	which	light	switch	operates	which	light	bulb	since	the	room	cannot	be	seen	from	this	location.	x−2	.	Therefore,	m	=	2a	+	1	and	n	=	2b	+	1	for	integers	a	and	b.	Then	mn	=	(2k	+	1)(2ℓ	+	1)	=	4kℓ	+	2k	+	2ℓ	+	1	=	2(2kℓ	+	k	+	ℓ)	+	1.	Definition	15.7	A	tournament	is	an	oriented	complete	graph.	Then	X	deg	v	≥	6n.	(f)	(∼	P	)	⇒
(∼	Q).	Certainly,	every	positive	rational	number	can	be	expressed	as	the	ratio	a/b	of	two	positive	integers	a	and	b.	.,	(vr−1	,	vr	),	(vr	,	v)	and	direct	any	other	edge	joining	two	vertices	of	C	arbitrarily.	That	is,	if	A	=	B,	then	A	and	B	are	simply	different	names	for	the	same	set.	...................................................................................................................	(a)
True.	So	2	is	inserted	before	5.	.},	[1]	=	{±1,	±3,	±5,	.	(e)	Being	invited	to	the	awards	luncheon	implies	that	I	did	well	on	the	competition.	Rather	than	consider	two	different	programs	that	have	been	written	to	solve	a	particular	problem,	it	makes	more	sense	to	study	instead	what	led	to	the	programs,	namely,	their	respective	algorithms.	f	00	01	10	11
s0	s0	s0	s1	s0	s1	s1	s1	s0	s1	g	00	01	10	11	0	1	1	0	1	0	0	1	From	this	table,	we	see	that	f	(s1	,	10)	=	s1	and	g(s1	,	10)	=	0.	balanced	6	B	is	lighter	{1,	3},	{5,	6}	B	is	lighter	5	B	is	lighter	4	.......	(a)	Let	a	∈	Z.	This	gives	a	user	of	the	algorithm	a	better	estimate	of	how	many	comparisons	are	likely	to	be	needed	if	the	algorithm	is	used	(and	if	the	number	k	is
in	the	sequence).	Had	we	selected	n	=	−1	or	n	=	0,	this	too	would	have	resulted	in	a	successful	proof.	P8	=	{{a,	b},	{c,	d}}.	ˆ	Every	tournament	contains	a	Hamiltonian	path.	(e)	R.	Since	a∨b	is	the	least	upper	bound	of	a	and	b,	it	follows	that	a∨b		b.	If	R	is	expressed	in	terms	of	an	implication,	say	R	:	∀x	∈	S,	P	(x)	⇒	Q(x),	then	we	begin	a	proof	by
contradiction	by	assuming	that	R	is	false,	that	is,	by	assuming	that	∀x	∈	S,	P	(x)	⇒	Q(x)	is	false.	,	Sk	.	First,	if	A	=	∅,	then	P(A)	=	{∅}.	v1	r	G:	...........	Theorem	15.17	Every	tournament	contains	a	Hamiltonian	path.	bit:	0	or	1.	1/12.	(d)	Please	give	me	a	copy	of	the	syllabus.	Next	we	show	that	A	∩	B	⊆	A	−	B.	,	8},	let	A	=	{2,	3,	7},	B	=	{1,	3,	4,	7}	and	C
=	{1,	5,	7,	8}.	1.2	Negation,	Conjunction	and	Disjunction	Much	of	our	interest	in	numbers	comes	not	only	from	the	numbers	themselves	but	from	properties	they	possess	through	performing	certain	operations	on	them,	such	as	addition,	subtraction	and	multiplication.	(c)	C	=	P({a}).	(4.7)	One	would	certainly	think	that	n!	=	n(n	−	1)(n	−	2)	·	·	·	3	·	2	·	1
is	greater	than	2	·	2	·	2	·	·	·	2	(n	factors	2)	if	n	is	large	enough,	that	is,	n!	>	2n	.	49	CHAPTER	1	HIGHLIGHTS	(a)	Give	an	example	of	an	integer	a	such	that	P	(a)	⇒	Q(a)	is	true.	(a)	E(G)	=	{A1	A3	,	A3	A2	,	A2	A4	,	A4	A1	}.	u	v	z	G1	:	G2	:	u	y	w	y	t	z	v	x	x	w	Figure	14.45:	The	graphs	G1	and	G2	in	Exercise	24	25.	•	Let	G	be	a	nonempty	graph.	9.........	a
.....................................................	By	Theorem	5.78,	B	is	denumerable.	Because	i	=	3	≤	4,	Steps	3	and	4	are	executed	again.	(c)	Determine	χ(C	2n+1	).	defined	by		1	if	n	=	0	pn	=	a	·	a	·	·	·	a	(n	factors	a)	if	n	∈	N.	T	A	S	U	R	C	B	Figure	14.32:	The	map	in	Exercise	3	4.	Give	an	example	of	(a)	a	set	A	such	that	A	⊆	P(S)	with	|A|	=	2.	18.	Despite	having	the
same	order,	same	size	and	the	same	indegrees	and	outdegrees	of	their	vertices,	the	digraphs	D2	and	D3	are	not	isomorphic.	Since	bijective	functions	are	both	one-to-one	and	onto,	we	have	an	immediate	corollary	of	Theorem	5.64.	This	is	not	even	2	2	2	when	k	=	2,	say.	No.	((1,	1)	and	(1,	−1)	both	lie	on	the	parabola.)	13.	,	4}.	...........4.....	Thus	y	2	=	3z
2	.	If	we	think	about	this	observation	a	bit,	we	should	be	able	to	convince	ourselves	that	if	P	and	Q	are	two	statements	for	which	P	⇒	Q	and	Q	⇒	P	have	the	same	truth	value,	then	this	truth	value	must	be	true	(see	Exercise	9).	(c)	1,	8,	27,	64,	.	Figure	14.38	shows	eight	traffic	lanes	L1	,	L1	,	.	For	example,	S	=	{x,	y,	z}	=	{y,	x,	z}	=	{z,	y,	x}.	Section	6.4
1.	On	the	other	hand	g	6=	O(f	),	for	suppose,	to	the	contrary,	that	g	=	O(f	).	(a)	x	6=	−2.	Hamiltonian	cycle	(in	a	digraph	D):	a	directed	cycle	containing	every	vertex	of	D.	In	Step	2,	we	see	whether	b	>	x,	that	is,	whether	5	>	3.	We	denote	the	largest	of	these	four	numbers	by	max(a,	b,	c,	d).	For	example,	an	integer	a	can	be	related	to	an	integer	b	if	a	+
b	is	even	or	if	a	and	b	have	the	same	remainder	when	divided	by	3.	Algorithm:	This	algorithm	sorts	the	terms	of	a	sequence	s	:	a1	,	a2	,	.	5040.	17.	Consider	the	function	f	:	N	→	A	defined	by	f	(n)	=	2n	for	n	∈	N.	Of	course,	one	would	expect	that	the	larger	the	size	of	the	data,	the	longer	it	would	take	to	run	the	program.	By	the	properties	in	(3.14),	5k	+
4	is	an	integer.	,	10	and	the	infinite	sequence	{bn	}	where	bn	=		n−10		3	for	n	∈	N	are	explicitly	defined.		5	n	3	for	every	9.	Observe	that	xk+1	where	k	is	an	arbitrary	=	i	d	h	d	(k)	(−1)k+1	(k	−	1)!x−k	f	(x)	=	dx	dx	=	(−1)k+1	(k	−	1)!(−k)x−(k+1)	=	(−1)k+2	k(k	−	1)!x−(k+1)	=	By	the	Principle	of	Mathematical	Induction,	f	(n)	(x)	=	for	every	positive
integer	n.		179	5.4.	BIJECTIVE	FUNCTIONS	f	−1	f	.	4,2,0	...	However,	n	≤	C	is	not	satisfied	if	we	choose	n	to	be	an	integer	that	is	both	greater	than	C	and	greater	than	k.	We	have	already	observed	that	the	strong	tournaments	of	orders	3	and	4	are	Hamiltonian.	Assume	for	an	arbitrary	integer	k	≥	2	that	Fk−1	Fk+1	=	Fk2	+	(−1)k	.	We	show	that	ak+1
=	2k	.	Hence	if	we	were	to	start	at	the	location	s5	and	take	the	blue	road,	this	would	lead	us	to	s6	.	That	may	be	less	obvious	in	Result	3.46	but	that	result	deals	with	irrational	numbers,	which	are	real	numbers	that	are	not	rational.	........1	...	Then	an	=	n	for	every	positive	integer	n.	v1	.........	(b)	The	vertex	set	of	a	digraph	D	is	S	and	(i,	j)	is	an	arc	of	D	if
i	|	j.	Let	a	=	3	and	b	=	32	.	(c)	a	bit	string	of	length	n	for	some	n	∈	N	such	that	the	sum	of	its	terms	is	⌈n/2⌉.	(c)	C	=	{−3,	−2,	−1}.	Therefore,	P3	(3)	is	true	but	P3	(n)	is	false	for	every	positive	integer	n	different	from	3.	s	s	.............	Since	a2	6=	11,	we	proceed	to	Step	4,	where	i	is	increased	to	3.	x	(b)	Figure	6.1:	The	graphs	of	functions	f	,	g	and	Cg	If	f
(n)	=	O(g(n)),	then	for	large	values	of	n,	f	grows	no	faster	than	a	constant	times	g.	C3	×	C3	is	Hamiltonian.	On	the	other	hand,	both	P	(3)	∧	Q(3)	and	P	(3)∨Q(3)	are	false	statements.	,	ak	are	any	k	≥	2	real	numbers	whose	product	is	0,	then	ai	=	0	for	some	integer	i	with	1	≤	i	≤	k.	Los	Angeles	is	the	capital	of	California.	4	.........	Show	that	f	=	O(n3	).	T1
is	transitive,	T2	is	neither.	(c)	To	win	the	game,	it	is	necessary	that	we	score	a	touchdown.	Fk+1	=	Fk−1	+	Fk	>	1+2	5	25.	Q(n):	4n	+	3	is	even.	Since	a1	=	4	=	12	+	3,	the	formula	holds	for	n	=	1.	Suppose	that	two	radio	stations	cannot	broadcast	on	the	same	channel	if	the	distance	between	them	is	75	miles	or	less.	Then	the	implication	is	true	since	x
=	1	is	the	only	positive	real	number	such	that	|x|	=	1.	Step	(1)	is	often	called	the	base	or	basis	step	(or	the	anchor)	of	the	induction	proof,	while	step	(2)	is	often	called	the	inductive	step	of	the	induction	proof.	Then	5a	−	7	=	5b	−	7.	We	begin	with	functions	that	satisfy	property	(1).	(a)	If	A	and	B	are	nonempty	sets	with	A	⊆	B,	then	|A|	≤	|B|.	Therefore
rs	=	ab	·	dc	=	ac	bd	.	There	is	an	arc	from	state	s3	to	state	s0	labeled	FS,	softener.	See	Figure	8.	This	is	logically	equivalent	to	the	statement	For	every	real	number	x,	x4	+	2	6=	2x2	.	v9	..	Then	r3	∈	R	and	φ(r3	)	=	r3	=	r.	For	a	positive	integer	n,	let	sn	be	the	number	of	n-bit	strings	that	do	not	contain	a	1	immediately	followed	by	0.	Furthermore,			=	3
r−2	+	2	=	r,	f	r−2	3	3	and	so	f	is	onto.	In	the	definition	of	a	transitive	relation,	it	is	not	necessary	that	a,	b	and	c	be	distinct.	Other	times	I	have	to	sweat	and	almost	bleed	to	make	ideas	come.	Relations	possessing	all	three	of	these	properties	are	called	equivalence	relations.	Supplementary	Exercises	for	Chapter	1	1.	The	distance	is	not	given	in	the
table	if	this	distance	exceeds	75	miles.	(f)	F.	(c)	Neither	x	nor	y	is	an	odd	integer.	Hence	we	may	assume	that	k	<	n.	(d)	to	each	rational	number	two	times	that	number.	Suppose	that	A1	=	A2	.		60	CHAPTER	2.	575	15.3.	FINITE-STATE	MACHINES	Example	15.19	A	motel	has	a	laundry	room	where	guests	can	wash	and	dry	their	clothes.	
..............................	Since	a	≤	b,	it	follows	that	2a	=	a	+	a	≤	a	+	b	≤	b	+	b	=	2b	and	so	2a	≤	a	+	b	≤	2b.	Hence	the	statement	in	(b)	is	false,	which	is	the	induction	step	in	an	induction	proof	which	attempts	to	prove	that	(n	+	2)(n	+	3)/2	is	even	for	every	positive	integer	n.	Since	the	only	integers	whose	squares	are	at	most	4	are	0,	±1,	±2,	it	follows	that
A	=	{0,	±1,	±2}.	The	same	can	be	said	for	P	∨	Q	and	Q	∨	P	.	s	s	11,	0	Figure	15.27:	The	state	digraph	of	the	finite-state	machine	in	Example	15.23	Since	computing	a	and	b	deals	with	adding	a0	+	b0	,	a1	+	b1	,	.	Care	has	been	taken	to	give	clear	proofs.	......	For	the	set	A	=	{1,	2,	3},	let	U	=	A2	=	A	×	A	be	the	universal	set.	relation	(on	a	set	S):	a
relation	from	S	to	S	or	a	subset	of	S	×	S.	For	which	of	the	following	is	f	(n)	=	O(n)?	The	way	this	“proof”	is	written,	there	is	one	equality	after	another,	each	supposedly	following	from	the	equality	immediately	preceding	it.	(a)	If,	for	every	two	nonempty	subsets	A1	and	A2	of	A,	f	(A1	)	=	f	(A2	)	implies	that	A1	=	A2	,	then	f	is	one-to-one.	Hamiltonian
path	(in	a	digraph	D):	a	directed	path	containing	every	vertex	of	D.	Thus	11a	−	5b	=	2k	for	some	integer	k.	Give	the	state	tables	for	the	finite-state	machines	whose	state	digraphs	are	given	in	Figures	15.34(a)-(c).	Applying	this	to	g(f	(a1	))	=	g(f	(a2	))	gives	us	f	(a1	)	=	f	(a2	).	There	exists	an	integer	a	such	that	for	every	integer	b,	|	2a+1	2	Section	3.2
1.	Section	5.2	1.	Then	there	is	a	synchronized	sequence	s	for	u.	Example	6.16	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions	defined	by	f	(n)	=	3n2	+	6	and	g(n)	=	n3	+	n	for	all	n	∈	N.	Prove	that	there	exist	a	rational	number	a	and	an	irrational	number	b	such	that	ab	is	rational.	(a)	Prove	the	following:	Result	If	a	and	b	are	even	integers,	then	a	+	b	is
even.	38	CHAPTER	1.	T	F	F	T	F	F	T	T	Figure	1.14:	A	truth	table	for	a	tautology	and	a	contradiction	Example	1.61	Since	P	∨	(∼	P	)	is	a	tautology	and	P	∧	(∼	P	)	is	a	contradiction	for	every	statement	P	,	if	we	let	P	(n):	n	is	even.	are	true;	while	Q(5,	4):	3	·	5	+	5	·	4	=	35	is	even	is	a	false	statement.	(b)	open	sentence.	In	any	case,	the	contract	is	not	broken
as	nothing	was	promised	if	the	man	did	not	pay	the	neighbor	an	additional	$50.	(d)	Q4	(n)	:	n	+	4	n	≤	4.	Because	f	(s1	,	r)	=	s2	,	f	(s2	,	b)	=	s7	and	so	on,	we	arrive	at	the	following	directed	walk:	(s5	,	s6	,	s1	,	s2	,	s7	,	s3	,	s8	,	s7	,	s3	,	s8	).	(i)	The	jury	in	the	trial	should	find	the	defendant	guilty.	(c)	3.		For	two	functions	f	:	N	→	R+	and	g	:	N	→	R+	,	the
function	f	is	not	big-O	of	g	and	we	write	f	6=	O(g)	or	f	(n)	6=	O(g(n))	if	there	exist	no	positive	constant	C	and	positive	integer	k	for	which	207	6.2.	GROWTH	OF	FUNCTIONS	f	(n)	≤	Cg(n)	for	every	integer	n	≥	k.	For	an	integer	n,	consider	the	open	sentences	P	(n):	n	is	odd.	State	in	words	the	converse	and	the	contrapositive	of	the	implication	P	(x)	⇒
Q(x),	where	P	(x):	x	=	2.	To	show	that	R	is	symmetric,	we	need	to	show	that	whenever	x	R	y,	we	also	have	y	R	x.	DIRECTED	GRAPHS	D1	,	D2	and	a	graph	G.	When	using	a	direct	proof	to	prove	the	inductive	step	in	the	Strong	Principle	of	Mathematical	Induction,	we	are	permitted	to	assume	that	all	of	the	statements	P	(1),	P	(2),	.	(b)	There	exists	a	set	A
such	that	A	⊆	A.	What	is	Discrete	Mathematics?	If	f	(si	,	a)	=	sj	and	g(si	,	a)	=	b,	then	this	is	represented	in	the	digraph	by	drawing	a	directed	edge	(arc)	labeled	a,	b	from	vertex	si	to	vertex	sj	(see	Figure	15.24).	,	6},	give	an	example	of	a	partition	P	of	S	such	that	|P|	=	3.	Let	H	be	a	subgraph	of	maximum	order	k	in	G	having	a	strong	orientation.
Therefore,	∼	(P	⇒	Q)	≡	P	∧	(∼	Q).	x	=	−5	is	sufficient	for	x2	=	25.		Example	5.19	In	Example	5.15,	a	relation	R	is	defined	on	the	set	L	of	straight	lines	in	the	Euclidean	plane	by	ℓ1	R	ℓ2	if	ℓ1	and	ℓ2	coincide	or	ℓ1	and	ℓ2	are	parallel,	which	was	shown	to	be	an	equivalence	relation.	2	2	v∈V	(G)	Since	19	=	m	>	3n	−	6	=	3	·	8	−	6	=	18,	it	follows	by
Corollary	14.7	that	G	is	nonplanar.	Find	a	sequence	of	pourings	that	will	result	in	two	bottles	that	each	contains	3	ounces	of	medicine.	By	the	Principle	of	Mathematical	Induction,	(1	+	x)n	≥	1	+	nx	for	every	positive	integer	n.	List	all	partitions	of	the	set	A	=	{a,	b,	c,	d}.	(f)	P6	(n)	:	|n|	+	|n	−	1|	+	|n	−	2|	=	3.	(b)	g	=	{(a,	a),	(b,	a),	(c,	b),	(d,	c)}.	T	T	F	F	T
F	T	F	T	F	F	F	Figure	1.3:	The	truth	table	for	conjunction	Example	1.16	For	the	two	statements	Q1	and	Q2	in	(1.1),	the	conjunction	of	Q1	and	Q2	is	the	statement	Q1	∧	Q2	:	Los	Angeles	is	the	capital	of	California	and	Broadway	is	a	street	in	New	York	City.	For	example,	if	A	=	{a,	b,	c},	then	any	set	B	having	the	same	cardinality	as	A	must	have	three
elements.	(c)	The	number	7	is	not	a	root	of	the	equation	x2	−	7	=	0.	Calculus	deals	with	the	rate	at	which	certain	variables	change.	1	12	13.	For	n	=	4,	list	all	elements	of	Rn	.	37.	For	example,	since	L1	,	L5	and	L6	are	colored	the	same,	cars	in	those	three	lanes	may	proceed	safely	through	the	intersection	at	the	same	time.	If	qn	denotes	the	image	of	n
under	f	,	then	Q+	=	{q1	,	q2	,	q3	,	.	a	r	A	b	r	c	r	rw	rx	ry	rz	.................	[Problems	of	this	nature	will	also	be	explored	in	more	detail	in	Section	13.2,	Chapter	13.]	4.	(d)	The	statement	is	true.	(a)	The	function	f	is	not	onto.	The	elements	of	A	related	to	the	elements	of	B	can	also	be	described	by	writing	√	√	R	=	{(	2,	1),	(	2,	2),	(e,	2),	(e,	3),	(3,	3),	(π,	3),	(π,
4)}.	1/10.	A	partition	of	a	nonempty	set	A	is	therefore	a	collection	of	pairwise	disjoint	nonempty	subsets	of	A	whose	union	is	A.	Then	n	=	2k	for	some	integer	k.	•	Kuratowski’s	Theorem:	A	graph	G	is	planar	if	and	only	if	G	does	not	contain	a	subdivision	of	K5	or	K3,3	as	a	subgraph.	We	will	be	introduced	to	several	methods	of	proof	that	can	be	used	to
establish	the	truth	of	theorems	as	well	as	ways	to	show	that	statements	are	false.	The	set	A	=	{1,	2,	.	(a)	0.5.	(b)	0.8.	(c)	0.36.	Consequently,	A	∩	B	=	A	∪	B.	inductive	step:	the	step	in	an	induction	proof	that	establishes	the	truth	of	a	certain	required	statement	expressed	as	an	implication.	or	as	1,	3	,	5	,	.	Consider	the	statements	P	:	−5	is	odd.	211	6.2.
GROWTH	OF	FUNCTIONS	Exercises	for	Section	6.2	1.	If	the	set	S	is	clear	or	understood,	then	A	may	also	be	written	as	A	=	{x	:	P	(x)}.	...................................................	Does	there	exist	a	transitive	tournament	of	order	2?	Thus,	there	are	two	cases,	namely	101	3.4.	PROOF	BY	CASES	Case	1:	m	is	even.	METHODS	OF	PROOF	Since	3a	+	5b	+	4	is	an
integer,	3m	+	5n	is	even.	(c)	Q3	(n)	:	n2	−	3n	=	4.	Prove	that	there	exists	a	real	number	x	such	that	x4	−	x2	−	2	=	0.	Let	D	be	a	connected	digraph	of	order	n	≥	3	with	V	(D)	=	{v1	,	v2	,	·	·	·	,	vn	}.	(a)	(1),	(2).	For	a	real	number	a,	consider	the	two	sentences	P	:	a	≤	2.	Therefore,	the	negation	of	“two	integers	m	and	n	are	of	the	same	parity”	is	“two
integers	m	and	n	are	of	opposite	parity.”	We	now	consider	an	example	dealing	with	these	ideas.	----------------------For	more	information	See:	---------------------------------For	more	information	See:	---------------------------------For	more	information	See:	----------------------For	more	information	See:	5	The	directed	graph	that	represents	this	situation	is	shown	in	Figure	4.
Since	a	+	b	is	an	integer,	m	+	n	is	even.	Theorem	3.49	The	real	number	√	2	is	irrational.	,	c11	},	where	two	vertices	ci	and	cj	(i	6=	j)	are	adjacent	if	they	cannot	be	shipped	in	the	same	container.	Since	2st	+	s	+	t	is	an	integer,	xk+1	is	odd.	There	is	certainly	no	intention	that	you	will	buy	both.	A	sequence	a0	,	a1	,	a2	,	.	110	CHAPTER	3.	T	is	transitive.
Thus	d(u,	13.	s2	...	The	first	several	proofs	that	you	write	on	your	own	will	no	doubt	mimic	those	you	have	seen.	(c)	B	−	C.	......2	...	Hence	f	(A1	)	∪	f	(A2	)	⊆	f	(A1	∪	A2	).	Show	that	a	R	c	and	R	is	transitive.	(e)	√	2.	rational	number	(fraction):	a	number	of	the	form	a/b,	where	a,	b	∈	Z	and	b	6=	0.	Q:	He	had	an	accomplice.	y	=	x2	−	4x	+	1	ppp	p	ppp	sppp
(x,	y)	ppp	p	p	ppp	ppp	pp	p	ppp	pp	ppp	p	s	p	(4,	1)	1	ppp	......	In	particular,	to	show	that	a	graph	G	has	chromatic	number	k,	say,	we	must	do	two	things:	(1)	Show	that	the	vertices	of	G	can	be	colored	with	k	colors,	say	1,	2,	.	Aaron....	Consider	any	coloring	whatsoever	of	the	six	edges	of	the	graph	and	consider	any	one	of	the	six	vertices,	say	vertex	1.
This	contradicts	our	assumption	that	3n	+	14	is	even.	The	average	number	of	comparisons	needed	to	determine	where	k	appears	in	the	sequence	if	k	is	any	one	of	the	n	terms	is	called	the	average	case	time	complexity	of	this	algorithm.	When	k	=	1	and	k	=	2,	we	have	ak+1	=	a2	=	21	=	2	and	ak+1	=	a3	=	22	=	4,	respectively.	Let	d	=	a∨c	and	e	=	b
∨c.	q.....q........	If	the	problem	does	have	a	solution,	how	many	solutions	are	there?	Following	the	driving	directions	(15.1),	we	can	drive	to	s8	,	regardless	of	where	we	begin	out	trip.	There	is	a	third	button	RD,	which	when	pushed	returns	any	money	currently	deposited.	Since	a5	=	12	>	20	is	false,	we	move	immediately	to	Step	6.	Let	G′	be	the	graph
obtained	by	inserting	a	vertex	of	degree	2	into	every	edge	of	G.	R	B.......	However,	we	might	think	of	this	truth	table	as	describing	conditions	under	which	the	contract	“If	P	,	then	Q”	holds.	Section	1.6	1.	As	expected,	it	is	crucial	that	these	statements	are	true.	(c)	Prove	that	the	conjecture	in	(b)	is	correct.	We	consider	two	cases,	according	to	whether	n
is	even	or	n	is	odd.	So	n	>	max(k,	14C).	For	a	certain	set	A,	the	power	set	of	A	is	P(A)	=	{∅,	{0},	B},	where	B	is	a	set.	(a)	Is	it	possible	to	place	coins	on	this	checkerboard	so	that	every	black	square	has	1	coin	on	its	adjacent	squares	and	every	red	square	has	no	coins	on	its	adjacent	squares?	Result	to	Prove:	There	exists	a	rational	number	r	such	that
for	every	irrational	number	s,	the	number	rs	is	rational.	In	fact,	the	following	holds:	If	f	and	g	are	two	polynomial	functions	of	the	same	degree,	then	f	=	Θ(g).	The	function	f	is	one-to-one	and	onto.	Suppose	we	now	change	x	to	3	x.	We	now	introduce	the	idea	of	inequalities	with	cardinal	numbers.	(or:	Either	a	or	b	is	odd.)	(2)	The	negation	of	P	∨	Q	is	∼
(P	∨	Q):	It	is	not	the	case	that	a	is	odd	or	b	is	odd.	A	directed	cycle	in	D	is	a	sequence	C	=	(v0	,	v1	,	.	These	are	called	finite-state	automata.	•	Concepts	and	Theorems	As	with	all	areas	of	mathematics,	discrete	mathematics	deals	with	the	understanding	of	concepts	and	theorems.	(b)	The	function	g	is	not	one-to-one	since	g(1)	=	g(2)	=	1	for	example.	0,
1	..	3x	+	1	=	7.	(b)	0.	It	is	convenient	here	to	analyze	the	statement	of	Result	3.19,	not	the	proof.	Although	we	can	write	ak	=	k	2	,	we	have	no	simplified	expression	for	ak−1	and	we	are	unable	to	give	a	proof.	Since	2	<	5,	the	integer	2	should	precede	5.	We	may	assume	that	the	vertices	adjacent	to	v	are	v1	,	v2	,	v3	,	v4	,	v5	located	in	clockwise	order
about	v.	We	have	also	observed	that	X	=	Y	if	and	only	if	X	⊆	Y	and	Y	⊆	X.	Moreover,	if	f	is	bijective,	then	so	is	f	−1	.	If	|x|	<	|y|,	then	x	<	y.	plane	graph:	a	graph	that	is	drawn	in	the	plane	so	that	no	two	of	its	edges	cross.	2	...........	Therefore,	for	n	6=	1,	both	implications	P	(n)	and	Q(n)	are	false	and	so	P	(n)	⇔	Q(n)	is	true.	By	the	end	of	the	19th	century,
it	was	known	that	every	planar	graph	is	5-colorable	but	no	one	knew	of	a	single	example	of	a	planar	graph	that	required	five	colors.	4	.............	Let	(S,	)	be	a	finite	nonempty	poset.	(a)	f	(x)	=	−2x	+	7.	WHAT	IS	DISCRETE	MATHEMATICS?	If	(a,	b)	=	(x,	z),	then	b	=	z.	Let’s	see	why	the	relation	R1	is	transitive.	I	.....	.....3	4	........4	..	23	................	This
algorithm	finds	the	sum	of	the	numbers	in	a	sequence	s	:	a1	,	a2	,	.	6.	If	k	=	1,	then	k	+	1	=	2	and	ak+1	=	a2	=	4	=	22	.	When	k	=	0	(which	is	a	possible	value	of	k),	the	only	nonnegative	integers	i	and	j	for	which	i	+	j	=	k	+	1	=	1	are	i	=	0	and	j	=	1	(or	i	=	1	and	j	=	0).	Result	3.36	There	exists	a	real	number	x	such	that	x2	−	8	=	0.	Let	S	=	{a,	b,	c,	d,	e,
f,	g}	and		=	{(a,	a),	(b,	b),	(c,	c),	(d,	a),	(d,	b),	(d,	c),	(d,	d),	(e,	a),	(e,	b),	(e,	c),	(e,	e),	(f,	a),	(f,	b),	(f,	c),	(f,	d),	(f,	e),	(f,	f	),	(g,	a),	(g,	b),	(g,	c),	(g,	d),	(g,	e),	(g,	g)}	15.	Hence	x	R	z	and	R	is	transitive.	Since	P	is	true	and	Q	is	false,	P	and	Q	have	different	truth	values	and	so	P	⇔	Q	is	false.	Key	Results	•	The	Principle	of	Mathematical	Induction	The	statement
∀n	∈	N,	P	(n)	:	for	every	positive	integer	n,	P	(n).	Therefore,	both	(v1	,	v)	and	(v,	vk	)	are	arcs	of	T	.	None	of	the	conclusions	in	Steps	6	–	8	are	performed.	(c)	“If	5	+	7	=	14,	then	6	+	9	=	15”	reduces	to:	If	F	,	then	T	.	Thus,	as	claimed,	vn	is	adjacent	to	vn−1	in	D.	(b)	Write	the	implication	Q	⇒	P	in	words	and	determine	whether	it	is	true	or	false.	It	is
natural	to	use	a	direct	proof	to	prove	this	implication.	v1	.....................	Result	3.17	If	n	is	an	even	integer,	then	n2	+	4n	−	3	is	odd.	For	the	purpose	of	showing	a	function	is	one-to-one,	it	is	often	helpful	to	consider	the	definition	of	a	one-to-one	function	from	another	perspective.	..................................................................................	(b)	one-to-one	but	not
onto.	(b)	x	=	−5	only	if	x2	=	25.	.}.	We	show	that	(k	+	1)!	>	2k+1	.	Thus	3n+4	=	3·2+4	=	10	is	even.	K.	For	statements	P	and	Q,	construct	a	truth	table	for	((∼	P	)	∨	Q)	⇒	P	.	Thus	s2	=	3.	(b)	If	a	+	b	is	odd,	then	a	is	even	and	b	is	odd.	(b)	If	4	+	6	=	10,	then	5	+	7	=	14.	P15	=	{A}.	L,	N	.....................	,	vi	=	u)	are	u	−	v	and	v	−	u	paths	and	so	T	is	strong.
Thus	we	now	have	produced	the	contradiction	P	∧	(∼	P	),	which	we	also	denote	by	C.	These	include	methods	for	solving	certain	kinds	of	problems	and	methods	for	proving	the	truth	of	statements.		We	are	now	prepared	to	give	a	more	concise	proof	of	this	result.	Therefore,	3k	2	−	k	+	3	=	2ℓ,	where	ℓ	∈	Z.	D:	4	8	...........	(a)-(b)	No.	(c)	This	provides	a
somewhat	different	solution	of	the	K¨onigsberg	Bridge	Problem.	Therefore,	Q+	is	denumerable.	contrapositive	(of	P	⇒	Q):	(∼	Q)	⇒	(∼	P	).	Therefore,	n2	−	3n	+	5	=	(2b	+	1)2	−	3(2b	+	1)	+	5	=	(4b2	+	4b	+	1)	−	6b	−	3	+	5	=	4b2	−	2b	+	3	=	2(2b2	−	b	+	1)	+	1.	(a)	{n	∈	Z	:	|n|	≤	3}.	Therefore,	we	know	that	f	grows	no	faster	than	a	constant	times	g	for
sufficiently	large	n,	but	this	provides	us	with	no	clear	indication	on	how	to	compare	the	growth	of	f	and	g.	Since	n2	+	3n	+	2	n2	+	3n2	+	2n2	≤	=	3n2	2	2	for	every	positive	integer	n,	it	follows	that	f	=	O(g).	Therefore,	f	=	O(g),	where	C	=	4	and	k	=	1	in	the	definition.	Prove	that	1	+	3	+	6	+	·	·	·	+	n(n+1)	2	=	n(n+1)(n+2)	6	for	every	positive	integer	n.
(b)	The	integer	0	is	odd.	Verify	by	a	truth	table	that	for	two	statements	P	and	Q,	the	statement	(P	∧	(∼	Q))	∧	(P	∧	Q)	is	a	contradiction.	(j)	5,	5,	5,	5,	.	In	each	case,	Al	is	required	to	take	one	pill	of	each	medication	per	day	for	10	days.	9	..........	f	(x)	=	∞	k=0	[(−1)	+	(k	+	1)]x	=	2	+	x	+	4x	+	3x	+	6x	+	5x	+	8x	+	·	·	·,	the	generating	function	of	the
sequence	2,	1,	4,	3,	6,	5,	8,	.	B	R.......	Next	show	that	1	+	5	+	9	+	·	·	·	+	(4k	+	1)	=	(k	+	1)(2k	+	1).	(b)	Show	that	there	exists	an	orientation	D	of	a	graph	with	chromatic	number	3	such	that	the	length	of	a	longest	directed	path	in	D	is	2.	Then	b		e	and	c		e.	,	An	that	A1	∩	A2	∩	·	·	·	∩	An	=	A1	∪	A2	∪	·	·	·	∪	An	.	21	.	Since	a1	=	21+1	−	1	=	3,	the	formula
holds	for	n	=	1.	The	number	of	vertices	from	which	v	is	adjacent	is	the	indegree	of	v	and	is	denoted	by	id	v	or	id(v).	...............	,	i}	for	1	≤	i	≤	10.	Observe	that	{[0],	[1]}	is	a	partition	of	Z,	which	implies	that	these	are	the	only	two	distinct	equivalence	classes	in	this	case.	After	taking	the	pills	on	the	fifth	day,	Al	accidentally	places	two	pills	from	one
bottle	on	a	table	containing	a	pill	from	the	other	bottle.	Since	f	(s6	,	r)	=	s1	,	the	state	s6	changes	to	s1	.	The	number	on	the	cage	for	four	animals	is	given	below.	3.3	Proof	by	Contrapositive	Recall,	for	two	statements	or	open	sentences	P	and	Q,	that	the	contrapositive	of	the	implication	P	⇒	Q	is	the	implication	(∼	Q)	⇒	(∼	P	).	w	u......	For	example,	to
establish	that	A	∩	B	=	B	∩	A	for	every	two	sets	A	and	B,	we	can	show	that	A	∩	B	and	B	∩	A	consist	of	exactly	the	same	elements,	that	is,	any	element	that	belongs	to	one	of	A	∩	B	and	B	∩	A	belongs	to	the	other.	4	..........................................	Therefore,	for	a	nonnegative	integer	n,	the	number	n	factorial	n!	is	defined	by		1	if	n	=	0	n!	=	n(n	−	1)	·	·	·	3	·	2	·
1	if	n	∈	N.	Consider	the	function	f	:	A	→	P(A)	defined	by	f	(a)	=	{a}	for	each	a	∈	A.	When	the	next	guest	chooses	to	use	this	vending	machine,	the	machine	is	at	time	t0	and	state	s0	and	the	process	repeats	itself.	Let	ℓ,	n	∈	N,	where	n	≥	3.	Even	if	all	of	these	vertices	have	been	assigned	distinct	colors,	there	is	at	least	one	color	among	1,	2,	.		Example
1.58	Suppose	that	P	and	Q	are	two	statements	such	that	P	⇒	Q	is	true	and	Q	⇒	P	is	false.	We	use	the	Strong	Principle	of	Mathematical	Induction.	Let	f	:	R	→	R	be	defined	by	f	(x)	=	5x	+	3.	Furthermore,	f	−1	(b)	=	a.	(d)	(2).	A	solution	of	the	puzzle	consists	of	assigning	each	blank	square	of	the	grid	an	element	of	S	so	that	no	element	of	S	appears	twice
in	any	row,	in	any	column	or	in	any	of	the	four	2	×	2	boxes	of	the	grid.	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	functions	defined	by	f	(n)	=	n2	+	3n	and	g(n)	=	n2	+	5	for	all	n	∈	N.	Define	a	relation	R	on	S	by	a	R	b	if	a,	b	∈	Si	for	some	i	with	1	≤	i	≤	k.	Then	x	=	2a	and	y	=	2b	for	integers	a	and	b.	Because	2	≤	4,	Steps	3	and	4	are	performed	again.	Example
6.19	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions	defined	by	f	(n)	=	2n2	+	6	and	g(n)	=	3n2	+	3n	for	all	n	∈	N.	If	Q	is	a	statement,	then	here	too	Q	can	either	be	true	or	false.	In	mathematics,	it	is	not	numbers	that	are	most	important	to	us,	however.	Express	each	of	the	implications	below	using	(1)	the	phrase	“only	if”	and	(2)	the	word	“sufficient.”
(a)	If	ab	is	odd,	then	a	is	odd.	√	(a)	3	>	1.7.	(b)	The	integer	0	is	even.	Then	R	is	(1)	reflexive	if	a	R	a	for	all	a	∈	S;	that	is,	if	a	∈	S,	then	(a,	a)	∈	R;	(2)	symmetric	if	whenever	a	R	b,	then	b	R	a	for	all	a,	b	∈	S;	that	is,	if	(a,	b)	∈	R,	then	(b,	a)	∈	R;	(3)	transitive	if	whenever	a	R	b	and	b	R	c,	then	a	R	c	for	all	a,	b,	c	∈	S;	that	is,	if	(a,	b)	∈	R	and	(b,	c)	∈	R,	then	(a,
c)	∈	R.	(a)	ab	is	odd	only	if	a	is	odd.	To	show	that	G	is	nonplanar,	we	basically	have	two	methods.	3.1	Quantified	Statements	We	have	seen	that	each	open	sentence	involves	a	variable	(or	variables)	whose	values	are	taken	from	a	set	called	the	domain	of	the	variable.	Then	P	and	Q	are	true	and	so	P	∨	Q	is	true.	(3)	If	this	jacket	is	on	sale,	then	I’ll	buy	it.
Use	induction	to	prove	that	n2	+	n	is	even	for	every	nonnegative	integer	n.	The	converse	of	this	implication	is	“3n+8	is	odd	only	if	n	is	odd”	(the	“only	if”	part	of	the	“if	and	only	if”),	which	can	also	be	expressed	as	If	3n	+	8	is	odd,	then	n	is	odd.	Directed	graphs	are	useful	in	the	study	of	finite-state	machines,	another	concept	discussed	in	Chapter	15.
Let	m	and	n	be	odd	integers.	v4	.	Because	some	pairs	of	chemicals	can	react	with	each	other,	it	is	not	a	good	idea	to	ship	such	pairs	of	chemicals	in	the	same	package.	If	any	two	of	2,	3	and	4	are	joined	by	a	red	edge,	a	red	triangle	is	produced;	while	if	this	does	not	occur,	then	there	is	a	blue	triangle	with	the	vertices	2,	3	and	4.	Disprove:	If	r	and	s	are
irrational	numbers,	then	rs	is	irrational.	This	means	that	if	we	deposit	25¢	at	state	s0	,	then	the	state	changes	to	s1	but	no	output	is	produced.	(e)	f	(S)	is	the	largest	element	in	S.	1	...............	Such	a	string	sv	is	called	a	synchronized	sequence	for	v.	(b)	P	⇔	Q	is	false.	The	reason	that	subdivision	is	important	in	this	subject	is	because	of	the	following
observation.	4	1	3	2	3	1	2	2	3	1	2	2	3	4	Puzzle	1	Puzzle	2	Puzzle	3	Figure	1.19:	Three	puzzles	in	Exercise	7	8.	(e)	35.	Now	select	a	number	less	than	4,	say	3.	(d)	I	didn’t	get	the	job	and	I	will	go	back	to	college.	(b)	f	(a,	b)	=	b.	(d)	If	T	is	a	triangle	that	is	not	equilateral,	do	we	know	that	T	is	not	isosceles?	Q:	Janet	received	an	A	on	the	exam.	While	the
function	f	tells	us	that	Stephen	received	a	gift	certificate,	for	example,	the	function	f	−1	tells	us	that	the	gift	certificate	was	awarded	to	Stephen.	By	(a),	m	and	n	are	of	the	same	parity.	Assume	that	x	R	y	and	y	R	z.	That	(P	∧	(P	⇒	Q))	⇒	Q	is	a	tautology	is	verified	in	the	truth	table	of	Figure	1.17.		So	f	=	O(g).	One	question	that	often	occurs	with	any
statement	we	wish	to	prove	is:	How	do	we	know	which	proof	technique	to	use	when	attempting	to	verify	the	truth	of	a	statement?	Thus	a	R−1	c	and	so	R−1	is	transitive.	....................................................................................................................	Then	x,	y	∈	Si	for	some	i	with	1	≤	i	≤	k.	Suppose	that	od(u)	=	k	and	that	u1	,	u2	,	.	(a)	The	vertex	set	of	a
graph	G	is	S	and	two	vertices	i	and	j	are	adjacent	if	either	i	|	j	or	j	|	i.	r	............	Since	t1	has	won	all	three	games	it	has	played,	od	t1	=	3.	For	two	statements	P	and	Q,	verify	that	P	⊕	Q	≡	Q	⊕	P	.	By	the	Principle	of	Mathematical	Induction,	2n	>	n	for	every	positive	integer	n.	In	Step	1,	i	is	assigned	the	value	1.	Over	the	years,	many	wrote	Q.E.D.	to
indicate	the	end	of	a	proof.	Algorithm:	Determine	Whether	a	Sequence	s	:	a1	,	a2	,	.	Let	C	=	(v1	,	v2	,	.	Section	1.2	1.	Hence	⌈x⌉	+	⌊x⌋	=	(n	+	1)	+	n	=	2n	+	1	=	2x.	Example	2.30	For	the	sets	A	=	{i	∈	Z	:	1	≤	i	≤	10}	and	B	=	{i	∈	Z	:	5	≤	i	≤	15},	A−B	=	B−A	=	{i	∈	Z	:	1	≤	i	≤	4}	=	{1,	2,	3,	4}	{i	∈	Z	:	11	≤	i	≤	15}	=	{11,	12,	13,	14,	15}	A∪B	A∩B	=	=	{i
∈	Z	:	1	≤	i	≤	15}	=	{1,	2,	.	(e)	Give	an	example	of	a	function	g	from	B	to	A.	Before	seeing	why	H	is	nonplanar,	we	consider	another	idea.	The	resulting	coloring	is	a	2-coloring,	contradicting	our	assumption	that	χ(G)	=	3.	551	CHAPTER	14	HIGHLIGHTS	18.	Each	input	string	also	produces	an	output	string.	Thus	ak+1	=	(k	+	1)2	when	k	=	1.	Typically,	P
is	a	partition	of	S.	212	6.3	CHAPTER	6.	0,	1	......		We	now	make	some	observations	about	the	tournaments	in	Figure	15.20.	Dividing	by	d,	we	obtain	af	=	be.	If	the	statement	is	true,	then	P	is	false.	Let	A	=	{1,	{1}}	and	B	=	{1,	2,	{2}}.	then	the	statement	in	(a)	can	be	expressed	as:	∀x	∈	R,	∃y	∈	R,	P	(x,	y).	Since	A1	=	A2	,	two	vertices	ui	and	uj	are
adjacent	in	G1	if	and	only	if	vi	and	vj	are	adjacent	in	G2	.	For	example,	432	=	102	+	102	+	102	+	102	+	101	+	101	+	101	+	100	+	100	=	28	+	27	+	25	+	24	.	Similar	discussions	can	be	made	about	implications	(2)–(4)	above.	Prove	or	disprove	the	following:	(a)	Let	S	=	{1,	4,	5,	8}.	Observe	that	P	′	6=	P	and	so	the	path	P	′	contains	at	least	three
vertices.	that	Fn+6	=	4Fn+3	+	Fn	.	Observing	that	the	equation	x4	+	2	=	2x2	can	be	written	as	x4	−	2x2	+	2	=	0	suggests	a	method	for	solving	this	problem.	Prove	that	mn	and	m	+	n	are	both	even	if	and	only	if	m	and	n	are	both	even.	(a)	The	function	f	is	one-to-one.	The	tournament	D1	is	transitive	and	D2	is	strong.	Therefore,	P	(x)	⇒	Q(x)	is	true	for
every	real	number	except	for	x	=	−3.	(e)	S	⇔	R.	Prove	that	the	nth	Fibonacci	number	is	Fn	=	√15	1+2	5	−	1−2	5	integer	n.	Since	T	contains	no	directed	cycles,	T	cannot	contain	the	arc	(w,	u).	Therefore,	∼	(∃x	∈	S,	R(x))	≡	∀x	∈	S,	∼	R(x).	Random	variables	and	expected	values	are	also	presented	in	this	chapter.	(a)	For	what	values	of	x	is	P	(x)	a	true
statement?	See	Figure	19.	This	is	the	only	situation	that	would	make	statement	(1)	false.	,	an	of	n	≥	3	Distinct	Numbers	That	is	Neither	the	Maximum	nor	the	Minimum	Number	in	the	List.	The	pivot	row	j	is	multiplied	by	eij	and	subtracted	from	row	i	to	eliminate	the	i,	j	entry:	eij	=	(entry	to	eliminate)	/	(jth	pivot).	(c)	3n	−	2n	.	Since	the	neighbor	did	as
he	promised,	the	(verbal)	contract	has	been	fulfilled	and	so	P	⇒	Q	is	true,	which	agrees	with	the	first	row	of	the	truth	table	in	Figure	1.9.	Second,	suppose	that	P	is	true	and	Q	is	false.	Suppose	that	a	finite-state	automaton	has	two	states	s0	and	s1	,	two	input	values	0	and	1	and	a	transition	function	f	defined	by	f	(s0	,	0)	=	s0	,	f	(s0	,	1)	=	s1	,	f	(s1	,	0)	=
s1	,	f	(s1	,	1)	=	s0	.	123	4.2.	ADDITIONAL	EXAMPLES	OF	INDUCTION	PROOFS	(c)	What	information	do	(a)	and	(b)	give	you?	45.	is	false,	we	leave	the	while	loop	and	go	to	Step	5.	(b)	(P	⇒	R)	∧	(Q	⇒	R)	≡	(P	∨	Q)	⇒	R.	Determine,	with	explanation,	whether	the	following	is	true	or	false.	Many	theorems	are	preceded	by	a	“Proof	Strategy,”	which	provides
a	discussion	of	a	plan	of	what	needs	to	be	proved	and	how	we	might	be	able	to	do	this.	If,	in	the	definition	of	digraph,	for	each	pair	u,	v	of	distinct	vertices,	at	most	one	of	(u,	v)	and	(v,	u)	is	a	directed	edge,	then	the	resulting	digraph	is	called	an	oriented	graph.	Exercises	for	Section	3.3	1.	46	CHAPTER	1.	Thus	a	string	of	length	n	can	be	expressed	as
a1	,	a2	,	.	(e)	{2,	5,	6}.	Input:	Two	positive	integers	n	and	m,	a	list	s	:	a1	,	a2	,	.	.......................................3	..	C	B	10	Figure	5:	Venn	diagram	for	Exercise	17	21.	Our	goal	is	to	show	that	3x	−	7z	is	even.	While	Holmes	used	logic	to	solve	difficut	cases,	our	goal	is	to	use	logic	to	solve	problems	and	to	understand	mathematical	explanations.	1,	0	......	The
result	of	these	three	steps	is	referred	to	as	the	swap	of	a	and	b,	which	we	denote	by	swap(a,	b).	(d)	{5,	6}.	Particularly	when	elements	belong	to	the	same	set,	there	are	numerous	occurrences	of	this	idea	in	mathematics.	Prove	or	disprove	each	of	the	following.	Since	13	=	1,	we	have	proved	that	the	statement	(3.18)	is	true.	In	fact,	there	will	be	many
occasions	when	we	will	want	to	consider	both	an	implication	and	its	converse.	(b)	.........	It’s	good	to	take	advantage	of	this.	,	Ak	such	that	the	sum	of	the	integers	belonging	to	each	subset	Ai	(1	≤	i	≤	k)	gives	the	same	answer.	We	know	that	x2	is	even	if	and	only	if	x	is	even	by	Theorem	3.23.	qqq	.......	s3	15	..	C,N	...	Figure	5.26:	A	table	of	positive
rational	numbers	Every	positive	rational	number	a/b,	where	a,	b	∈	N,	appears	in	this	table,	in	fact,	appears	infinitely	often	since	2a	3a	a	=	=	=	···.	Let	G1	and	G2	be	two	components	of	G−u	such	that	v	∈	V	(G1	).	Then	the	equivalence	classes	resulting	from	R′	are	B1	,	B2	,	B3	.	v	t	G:	z	s	w	x	y	Figure	14.21:	The	graph	G	in	Example	14.28	Solution.	These
laws	can	be	verified	quite	simply	by	means	of	truth	tables.	There	are	three	light	switches	on	a	wall,	each	of	which	operates	one	of	three	light	bulbs	in	a	room.	1	−	9/28	=	247/256.	Integers	7.1.	7.2.	7.3.	7.4.	7.5.	7.6.	7.7.	8.	Neither	empty	bottle	has	markings.	We	can	think	of	the	colors	here	as	being	red,	blue,	green	and	so	on	or	as	positive	integers	1,	2,
3,	.	Before	we	verify	the	next	theorem,	however,	let’s	recall	that	two	sets	C	and	D	can	be	shown	to	be	equal	if	we	can	establish	that	both	C	⊆	D	and	D	⊆	C.	The	domain	and	codomain	of	f	are	R.	r	r	r	s1	r1	.r......r	.....2	..	:	......	Let	A	be	the	set	of	students	in	a	discrete	mathematics	course	in	your	university	and	B	the	set	of	students	majoring	in	computer
science	in	your	university.	Since	a2	=	a4	,	the	following	is	output:	9	appears	twice	in	the	sequence	and	i	is	assigned	the	value	n	+	1	=	5	and	j	is	assigned	n	=	4.	Output:	x	=	n	X	ai	.	(e)	If	a	is	odd	and	b	is	odd,	then	ab	is	odd.	output	y	29.	Then	there	exist	a	positive	constant	C	and	a	positive	integer	k	such	that	n2	≤	Cn	for	all	n	≥	k.	(a)	The	player	would
expect	to	lose	about	$20.63.	Hence	there	are	two	known	irrational	numbers	a	and	b	such	that	ab	is	rational.)		Recall	that	a	statement	∃x	∈	S,	R(x)	is	false	only	when	R(x)	is	a	false	statement	for	every	x	∈	S.	0,	1	....	We	can	also	consider	P	⇔	Q	when	P	and	Q	are	open	sentences.	A	complete	graph	has	all	n(n	-	1)/2	edges	between	nodes.	Thus	y,	x	∈	Si	for
some	i	with	1	≤	i	≤	k.	(b)	Describe	the	equivalence	classes	[(3,	1)],	[(5,	5)],	and	[(4,	7)].	Determine	if	the	following	is	a	proof	of	the	Four	Color	Theorem.	The	digraph	D3	is	not	a	tournament	since	neither	(v3	,	w3	)	nor	(w3	,	v3	)	is	a	directed	edge	of	D3	;	while	the	digraph	D4	is	not	a	tournament	either	since	both	(u4	,	w4	)	and	(w4	,	u4	)	are	directed
edges.	The	state	digraph	for	this	machine	is	given	in	Figure	15.25.	L1	.	However,	since	i	<	k,	it	follows	that	(vi	,	vk	)	is	an	arc	of	T	and	so	(u,	w)	is	an	arc	of	T	.	(c)	S	⇒	R.	(a)	A	=	{x	∈	N	:	x	>	2}.	(a)	There	exists	some	set	A	such	that	A	∩	A	6=	∅.	Input:	An	integer	n	≥	3	and	a	sequence	s	:	a1	,	a2	,	.	0............	METHODS	OF	PROOF	10.	Theorem	15.14	A
tournament	T	is	transitive	if	and	only	if	T	has	no	directed	cycles.	Next,	we	verify	the	converse,	namely	if	n3	is	even,	then	n	is	even.	v	r	G:	r	u	v	r	v	r	v	r	x	r	rw	rw	ru	r	u	rw	rw	r	y	Figure	14.41:	The	graph	in	Exercise	15	16.	Because	5	=	j	≤	n	=	4	is	not	true,	the	while	loop	at	Step	5	is	completed.	The	directed	loop	at	s3	labeled	50,	50	indicates	that	if	we
deposit	50¢	at	state	s3	,	then	50¢	is	returned	and	the	machine	remains	at	state	s3	.	The	numbers	encountered	most	often	in	discrete	mathematics	are	the	integers.	A	⊕	B,	(A	−	B)	⊕	(B	−	A),	(A	∪	B)	⊕	(B	∩	A).	T2	:	..............	Let	G	be	a	plane	graph.	The	LD	button	is	then	pushed	and	a	bottle	of	detergent	is	released.	Suppose	that	a	tournament	T	contains
a	Hamiltonian	cycle	C	=	(v1	,	v2	,	.	Let’s	reflect	on	Example	3.30	and	the	solution	we	gave.	Who	would	you	expect	to	enter	next:	Robert,	Daniel	or	Patrick?	(c)	Prove	or	disprove:	If	G	is	a	planar	bipartite	graph,	then	G	has	a	vertex	of	degree	3	or	less.	Prove	that	√11	+	√12	+	·	·	·	+	√1n	>	n	+	1	for	every	integer	n	≥	3.	k	...	Notice	that	if	an	=	n3	−	6n2	+
12n	−	6,	then	a4	=	10.	Find	P	∗	(S)	for	each	of	the	following.	(a)	Give	an	example	of	two	positive	integers	that	are	related	by	R	and	two	positive	integers	that	are	not.	(c)	(∼	P	)	∨	(P	∧	(∼	Q)).	1,0	1	...........	Hence	the	total	number	of	subsets	of	A	is	2k	+	2k	=	2	·	2k	=	2k+1	.	Now	continue.	subdividing	an	edge:	inserting	vertices	of	degree	2	into	an	edge.
There	is	no	v1	−	v3	path	in	G	−	v,	all	of	whose	vertices	are	colored	1	or	3.	If	a	is	odd	or	b	is	even,	then	a	+	b	is	even.		Example	2.3	The	set	A	=	{1,	{1,	3},	∅,	a}	has	four	elements,	two	of	which	are	sets,	namely	{1,	3}	and	∅.	Consequently,	if	he	doesn’t	get	a	promotion,	then	whether	we	go	out	to	dinner	or	not,	statement	(1)	would	be	true.	The	number
77	is	the	product	of	two	different	primes	and	its	only	positive	integer	divisors	are	the	4	=	22	numbers	1,	7,	11,	77.	Thus	k	+5k+6	2	(k+3)(k+4)	2	=	k	+7k+12	=	(k	+5k+6)+(2k+6)	=	k	+5k+6	+	k	+	3	=	2x	+	k	+	3.	(2)	If	we	score	a	touchdown,	then	we’ll	win	the	game.	.....................................	Since	x2	−	x	−	6	=	(x	−	3)(x	+	2)	=	0,	it	follows	that	A	=
{−2,	3}.	•	Let	G	be	a	graph.	Since	the	closed	interval	[0,	1]	is	uncountable,	we	have	the	following	consequence	of	Theorem	5.81.	(a)	Determine	the	dual	graph	G	of	the	map	M	in	Figure	14.32.	As	before,	T	′	is	a	circuit	C	′	in	D′′	.	5C	Let	n	be	an	integer	greater	than	k	and	14C.	Since	3ℓ	+	4	is	an	integer,	3n	+	8	is	even.	Thus	b	=	f	(a)	∈	f	(A1	).	Example
2.41	For	A	=	{0,	1},	B	=	{1,	2}	and	C	=	{1,	2,	3},	determine	A	×	B	×	C.	w	8	(6)	(1)	..	It	follows	that	g	=	O(f	).	Since	r(vn	)	=	n,	there	is	a	directed	vn	−	vn−1	path	P	in	D	such	that	P	has	an	internal	vertex	x.	(d)	D	=	{−2,	0,	2,	4}.	The	negation	of	the	quantified	statement	in	(a)	is	There	is	someone	who	does	not	like	“The	Wizard	of	Oz.”	(Notice	that	the
negation	of	the	quantified	statement	in	(a)	is	not:	No	one	likes	“The	Wizard	of	Oz.”)	The	negation	of	the	statement	in	(b)	is	83	3.1.	QUANTIFIED	STATEMENTS	The	population	of	every	city	is	not	more	than	the	population	of	Mexico	City.	Thus	we	cannot	apply	Corollary	14.9	and	so	no	conclusion	can	be	reached.	Continuing	in	this	way,	we	obtain	the
successive	states	and	outputs	as	shown	in	the	table	below.	x	........	Since	a	and	b	are	of	opposite	parity,	we	may	assume	that	a	is	even	and	b	is	odd.	Express	the	implication	P	(x)	⇒	Q(x)	in	words	in	a	variety	of	ways.	logically	equivalent,	R	≡	S:	R	and	S	have	the	same	truth	value	for	each	combination	of	truth	values	of	the	component	statements	that	form
R	and	S.	25,	N	......	If	we	use	a	direct	proof,	then	we	begin	by	assuming	that	a	R	b	and	b	R	c,	with	the	goal	to	show	that	a	+	c	is	even.	v	...................	There	are	specific	methods	for	proving	that	mathematical	statements	are	true.	We	now	provide	another	example	of	a	denumerable	set.	Figure	5.7:	The	graph	of	the	function	y	=	f	(x)	=	x2	−	4x	+	1	in
Example	5.33	Analysis.	Chapter	12	introduces	the	fundamental	concepts	of	graph	theory	and	concepts	involving	paths	and	cycles.	Observe	that	4.1.	THE	PRINCIPLE	OF	MATHEMATICAL	INDUCTION	1	=	1	1+3	1+3+5	=	4	=	9	1+3+5+7	121	=	16.	If	A	6⊆	B,	then	there	is	some	element	of	A	that	does	not	belong	to	B.	w	y	v	.....	1.6	Some	Applications	of
Logic	The	Scottish-born	author	Sir	Arthur	Conan	Doyle	is	best	known	for	his	famous	fictional	detective	Sherlock	Holmes	who	would	often	use	his	skillful	reasoning	and	astute	observations	to	solve	a	criminal	case	he	was	investigating.	Recall	that	i=1	od	vi	=	i=1	id	vi	;	so	i=1	(od	vi	−	id	vi	)	=	0.	s	s	s	.	Thus	a	+	f	=	b	+	e	and	so	(a,	b)	R	(e,	f	).	0,	3,	1
...................................	Therefore,	for	the	set	S	=	{x,	y,	z},	x	∈	S	but	w	∈	/	S.	On	the	other	hand,	if	the	major	operations	are	arithmetic	(addition,	multiplication	and	so	on),	then	the	time	complexity	of	an	algorithm	is	the	number	of	these	operations.	Occasionally,	an	example	is	followed	by	an	“Analysis,”	which	serves	a	similar	purpose.	C,N	¢	¢	¢	Figure
36:	The	state	digraph	for	the	finite-state	machine	in	Exercise	1	3.		g	f	A	...............	With	the	assistance	of	Result	4.35,	an	upper	bound	for	Fibonacci	numbers	can	be	established	using	the	Principle	of	Mathematical	Induction.	Since	there	are	n	terms	in	this	sum,	each	equal	to	n	+	1,	we	have	2A	=	n(n	+	1)	and	so	A	=	n(n	+	1)/2,	that	is,	n(n	+	1)	.	The
truth	table	for	a	single	statement	P	is	shown	in	Figure	1.1.	This	table	has	two	rows,	giving	the	two	possible	truth	values	that	P	can	have,	namely	true	(T)	or	false	(F).	There	are	certainly	many	positive	rational	numbers	that	are	not	positive	integers,	so	we	probably	wouldn’t	expect	that	|Q+	|	=	|N|	but	this	is	exactly	what	happens.	Since	C	=	(c1	,	c2	,	c3	,
c4	,	c5	,	c1	)	is	a	5-cycle,	three	colors	are	required	to	color	the	vertices	of	C.	Sentence	1	is	interrogative,	sentence	2	is	imperative,	sentences	3	and	4	are	declarative,	sentence	5	is	exclamatory	and	sentence	6	is	declarative.	The	basic	principles	of	counting	are	introduced	in	Chapter	8:	multiplication,	addition,	pigeonhole,	inclusion-exclusion.	Let	A	be
the	set	of	all	nonempty	subsets	of	B	=	{1,	2,	3}.	Example	4.21	A	sequence	a1	,	a2	,	a3	,	.	92	CHAPTER	3.	During	that	period,	there	was	great	emphasis	on	real	numbers	and	continuous	mathematics.	i	...	Thus,	every	vertex	of	H	is	even	and	so	only	u	and	v	have	odd	degrees	in	G	=	H	−	x.	.,	C6	.	For	the	function	f	in	Example	5.58,	this	property	is
displayed	more	prominently	in	the	second	diagram	in	Figure	5.19.	An	element	a	∈	A	is	said	to	be	related	to	an	element	b	∈	B	if	|a	−	b|	<	1.	Exercises	for	Section	15.3	1.	(a)	∼	P	.	593	CHAPTER	15	HIGHLIGHTS	11.	Since	∅	is	not	an	element	of	C,	the	set	{∅}	is	not	a	subset	of	C.	Let	a,	b	and	c	be	nonnegative	integers.	Francis	mentioned	this	problem	to
his	younger	brother	Frederick,	who	at	the	time	was	a	student	of	the	famous	mathematician	Augustus	De	Morgan	(after	whom	De	Morgan’s	Laws	are	named).	is	defined	recursively	by	L1	=	2,	L2	=	1	and	Ln	=	Ln−2	+	Ln−1	for	n	≥	3.	T4	:	v	v	v3	v2	.......	Theorem	5.85	The	set	of	irrational	numbers	is	uncountable.	A	bottle	(without	markings)	contains	10
ounces	of	liquid.	Prove	or	disprove	the	following:	Let	a	and	b	be	two	integers.	Since	3	−	2ℓ	is	an	integer,	n	is	odd.	1	2	3	5	4	7	8	12	9	13	10	14	6	11	15	ACKNOWLEDGMENTS	The	authors	have	taught	discrete	mathematics	many	times	and	have	used	various	versions	of	notes	that	have	led	to	this	textbook.	L2	.....		We	have	previously	mentioned	in
Chapter	2	(Theorem	2.17	in	Section	2.1)	that	the	number	of	subsets	of	an	n-element	set	is	2n	.	Let	x	R	y,	where	x,	y	∈	Z.	Then	[a]	=	[b]	if	and	only	if	a	R	b.	Every	subset	of	A	either	contains	an	or	it	does	not.	Again,	we	write	A	⊆	B	to	mean	A	is	a	subset	of	B	and	A	⊂	B	to	mean	A	is	a	proper	subset	of	B.	Should	some	or	all	of	the	streets	be	one-way	streets,
however,	then	neither	a	graph	nor	a	multigraph	accurately	reflects	this	street	system.	Since	degG	v	=	degG	v	=	r	and	degG	v	+	degG	v	=	n	−	1,	it	follows	that	2r	=	n	−	1	and	so	n	=	2r	+	1	is	odd.	5	......5	......	In	a	similar	way,	there	is	a	logical	explanation	as	to	why	P	⇔	Q	can	be	expressed	as	“P	is	necessary	and	sufficient	for	Q”	(see	Exercise	11).	In
symbols:	∼	(∀x	∈	S,	R(x))	≡	∃x	∈	S,	∼	R(x).	Let	u′	be	colored	i	+	1	if	u	is	colored	i	(1	≤	i	≤	k	−	1)	and	color	u′	with	the	color	1	if	u	is	colored	k.	DIRECTED	GRAPHS	0,	1	........	(b)	(i)	is	not.	Then	(r	−	b)/a	∈	R.	1	ℓ2	ℓ	R	ℓ2	ℓ1	...	Assume,	to	the	contrary,	that	there	exist	edges	e	and	f	of	G	such	that	(1)	e	∈	E(G)	−	E(T	),	(2)	f	is	on	the	cycle	of	T	+	e	and	(3)	w(f	)
≥	w(e).	The	following	theorem	shows	that	for	every	set	A,	there	exists	a	set	B	such	that	|A|	<	|B|.	r	r	Figure	5.22:	Determining	the	inverse	of	a	function	Example	5.69	The	function	f	:	R	→	R	defined	by	f	(x)	=	x7	−	4	for	x	∈	R	is	known	to	be	bijective.	(b)	Describe	the	equivalence	classes	[0],	[1],	[−3]	and	[4].	Assume	that	Fk	≤	2k	for	an	arbitrary	positive
integer	k.	Assume	that	7	−	n	is	odd.	Let	u1	,	u2	,	.	Then	a	=	2x	+	1	and	b	=	2y	for	some	integers	x	and	y.	(a)	Prove	that	if	G	is	a	nontrivial	connected	graph	with	at	most	two	bridges,	then	there	exists	an	orientation	D	of	G	having	the	property	that	if	u	and	v	are	any	two	vertices	of	D,	there	is	either	a	directed	u	−	v	path	or	a	directed	v	−	u	path.	v	v4	..
Prove	or	disprove	the	following:	Let	a,	b	∈	Z.	(a)	See	Figure	25.	21	................	r	r	r	r	r	r	r	r	r	Figure	14.15:	The	Petersen	graph	in	Exercise	18	.........................	5	4	1........	P	(a)	v2	v......1	v2	vk−1	vk	q	q	q	..........	This	method	of	proof	is	called	a	proof	by	contradiction.	xii	Answers	or	hints	to	odd-numbered	exercises	(both	section	exercises	and	chapter
exercises)	are	given	at	the	end	of	the	textbook.	This	results	in	a	strong	orientation	D	of	G	(shown	in	Figure	15.9(c)).	So	P4	(1)	is	true	but	P4	(n)	is	false	when	n	is	an	integer	with	n	≥	2.	For	two	statements	P	and	Q,	show	that	if	P	⇒	Q	and	Q	⇒	P	have	the	same	truth	value,	then	this	truth	value	is	true.	First,	we	assume	that	3k	2	−	k	+	3	is	even	for	a
positive	integer	k.	We	need	to	show	that	3y	−	7x	is	even.	Then	0	<	s	<	r.	Example	1.38	Of	course,	if	I	obtained	all	A’s	last	semester	and	took	a	math	course	last	semester,	then	I	must	have	received	an	A	in	math	as	well.	These	represent	colors,	namely	red	and	blue,	while	the	states	s1	,	s2	,	.	But	what	if	we	run	the	program	and	find	that	it	is	taking	an
inordinately	long	time	to	obtain	a	solution?	For	each	statement,	indicate	what	P	and	Q	are.	Thus,	a2	=	(2c)2	=	4c2	=	2b2	and	so	b2	=	2c2	.	P	17.	When	k	≥	2,	we	have	k	+	1	≥	3	and	so	ak+1	=	=	3ak	−	2ak−1	−	2	=	3(2k	−	1)	−	2(2k	−	3)	−	2	6k	−	3	−	4k	+	6	−	2	=	2k	+	1.	If	uv	∈	E(G),	then	P	together	with	the	edge	uv	forms	a	5-cycle	in	G,	which	is
impossible	since	G	is	bipartite	and	contains	no	odd	cycle.	1	....5	........	Since	m	is	not	a	least	element,	there	exists	an	element	a	∈	S	such	that	m	6≺	a.	Among	all	5-regular	graphs,	let	G1	be	one	with	the	smallest	chromatic	number	and	let	G2	be	one	with	the	largest	chromatic	number.	.,	vk	vk+1	,	vk+1	v1	.	(b)	f	−1	(B1	∩	B2	)	=	f	−1	(B1	)	∩	f	−1	(B2	).
We	already	know	that	there	exists	a	coloring	(namely	the	third	coloring)	that	uses	two	colors.	Consider	the	following	two	statements	P	:	23	+	32	is	even.	(c)	{1,	5,	9}.	For	A	=	{1,	3,	5,	7,	9},	B	=	{2,	3,	4,	6,	7,	8}	and	the	universal	set	U	=	{1,	2,	.	If	I	obtained	all	A’s,	then	I	received	an	A	in	math.	Let	A	and	B	be	sets.	It	is	believed	that	the	first	person	to
develop	a	computer	algorithm	was	Augusta	Ada	Byron	(1815–1852),	the	Countess	of	Lovelace	and	daughter	of	the	illustrious	poet	Lord	Byron.	We	then	show	that	3(k	+	1)2	−	(k	+	1)	+	3	is	even	as	well.	Since	A	has	four	elements,	its	cardinality	|A|	equals	4.	Observe	that	ak+1	=	2ak	−	ak−1	+	2	=	2(k	2	+	3)	−	[(k	−	1)2	+	3]	+	2	=	2k	2	+	6	−	(k	2	−	2k
+	1	+	3)	+	2	=	2k	2	+	6	−	k	2	+	2k	−	4	+	2	=	k	2	+	2k	+	4	=	(k	+	1)2	+	3.		Example	4.16	Consider	the	sequence	a0	,	a1	,	a2	,	.	Exercises	for	Section	4.2	1.	Then	f	can	be	considered	as	a	function	both	of	whose	domain	and	codomain	is	the	set	R	of	real	numbers	that	associates	with	each	real	number	x	the	unique	real	number	f	(x)	=	x2	−	4x	+	1.	3	5	...
Consider	2r	∈	R	−	{0}.	As	we	mentioned,	there	are	two	buttons	that	can	be	pushed	and	the	machine	will	dispense	a	bottle	of	detergent	or	a	bottle	of	fabric	softener	provided	sufficient	money	has	been	deposited	but	does	nothing	otherwise.	(b)	The	least	expensive	trip	will	cost	$1254	if	it	is	taken	in	the	order	NYC,	HOU,	MIA,	LOS,	NYC	(or	NYC,	LOS,
MIA,	HOU,	NYC)	(c)	If	Minneapolis	is	simply	removed	from	the	trip	in	(a),	giving	NYC,	MIA,	HOU,	LOS,	NYC,	then	the	cost	of	this	trip	is	$1384,	which	is	identical	to	the	cost	with	Minneapolis	included.	(c)	2	is	a	rational	number.	536	CHAPTER	14.	...Ruth	p	p	p	p	p	p	p	p	p	p	p	p	p	p	p	p	..........	We	have	seen	that	the	Principle	of	Mathematical	Induction
can	be	used	to	prove	that	statements	of	the	form	∀n	∈	N,	P	(n)	are	true.	Lucas	numbers	Ln	=	2,J,	3,	4,	...	(b)	Write	∼	(P	(n)	⇒	Q(n))	in	words	using	the	phrase	“it	is	not	the	case	that.”	(c)	Use	Theorem	1.50	to	rewrite	∼	(P	(n)	⇒	Q(n))	in	words.	..................................	n(n+1)(n+2)(n+3)	4	for	every	positive	5.	(The	symbol	χ	is	the	Greek	letter	chi.)	The
procedure	we	used	to	show	that	the	graph	H	of	Figure	14.19	has	chromatic	number	2	is	typical	of	the	method	we	employ	to	show	that	any	graph	has	a	specific	chromatic	number.	Since	this	is	impossible,	u	=	v	and	T	is	a	circuit	C	in	D.	P	k	k	2	3	4	5	6	11.	In	this	section	we	present	a	few	examples	of	problems	to	see	how	logic	can	be	used	to	find
solutions.	Assume	that:	If	a1	,	a2	,	.	For	the	set	A	=	{0,	{1}},	determine	A2	=	A	×	A.	2	3.2	Direct	Proof	For	an	open	sentence	R(x)	over	a	domain	S,	we	have	seen	two	kinds	of	quantified	statements	that	can	be	constructed	from	R(x),	namely	one	by	means	of	the	universal	quantifier	(3.8)	∀x	∈	S,	R(x)	and	the	other	by	means	of	the	existential	quantifier
(3.9)	∃x	∈	S,	R(x).	Suppose	that	xy	is	replaced	by	two	edges	xz	and	zy	in	H.	As	we	mentioned,	when	giving	a	proof	by	contradiction,	it	is	often	difficult	to	know	where	a	contradiction	will	occur	and	what	this	contradiction	might	be.	x	...............................................................	Let	V	=	V1	∪	V2	such	that	each	vertex	v	in	V1	has	deg	v	≡	0	(mod	4)	while	each
vertex	v	in	V2	has	deg	v	≡	2	(mod	4).	C	G	S	...........	2	.........	t	..	output	y	(b)	The	time	complexity	of	this	algorithm	is	n	=	Θ(n).	Therefore,	χ(G)	≤	1	+	∆(G).	Prove	that	if	k	2	+	k	+	5	is	even,	then	(k	+	1)2	+	(k	+	1)	+	5	is	even.	By	De	Morgan’s	Law	(Theorem	1.24),	this	means	that	m	is	even	or	n	is	even.	First,	we	prove	that	if	n	is	an	even	integer,	then	n3	is
even.	(c)	19.	Example	4.3	Suppose	that	we	have	10	rolls	of	coins,	numbered	from	1	to	10.	LOGIC	Example	1.36	For	a	real	number	x,	consider	the	two	open	sentences	P	(x):	x	−	2	=	0.	See	Figure	23.	t	..............................		Result	3.40	For	every	irrational	number	s,	there	exists	a	rational	number	r	such	that	rs	is	irrational.	Then,	of	course,	we	know	that	P
(1)	is	a	true	statement	by	(1)	and	that	If	P	(1),	then	P	(2).	Therefore,	A	−	B	=	A	∩	B.	For	example,	f	(4)	=	1/3	but	f	(5)	is	not	2/2	=	1	since	f	(1)	has	already	been	defined	to	be	1.	(5.1)	must	be	true	for	all	a,	b,	c	∈	S.	Therefore,	the	only	positive	integer	n	for	which	n	+	n1	≤	2	is	n	=	1.	is	a	sequence	whose	nth	term	is	3n	+	1.	1	.....	From	time	to	time,	when
giving	a	proof	of	some	result	or	theorem,	we	may	precede	the	proof	with	a	discussion	of	an	idea	or	a	plan	we	may	have	to	construct	a	proof	or	we	may	follow	a	proof	with	a	discussion	of	some	ideas	that	were	used	in	the	proof	in	order	to	better	understand	the	proof.	,	vk	,	v1	)	571	15.2.	TOURNAMENTS	v2	v	D1	:	2	......	We	now	verify	the	converse.
Assume	first	that	f	=	Θ(g).	Next	show	that	12	+	22	+	1	+2	+···+k	=	6	(k+1)(k+2)(2k+3)	·	·	·	+	(k	+	1)2	=	.	Only	Puzzles	1	and	2	have	solutions.	P	Q	P	⊕Q	..........................................................................................	Because	a1	6=	a2	,	the	conclusion	of	Step	6	is	not	performed.	x	y	=	Cg(x)	y	=	f	(x)	......	(c)	(fb	◦	fb	)(ci	)	for	i	=	1,	2,	3,	4.	Example	5.42	Let	A
=	{1,	2,	3},	B	=	{a,	b,	c,	d}	and	C	=	{x,	y,	z}	and	let	f	:	A	→	B	and	g	:	B	→	C	be	functions,	where	f	=	{(1,	c),	(2,	b),	(3,	a)}	and	g	=	{(a,	y),	(b,	x),	(c,	x),	(d,	z)}.	By	the	Principle	of	Mathematical	Induction,	Fn−1	Fn+2	=	Fn	Fn+1	+	(−1)n	for	every	integer	n	≥	2.	(a)	Let	G	be	a	nonempty	graph	and	let	H	be	a	graph	obtained	from	G	by	subdividing	a	single
edge	xy	of	G.	Corollary	5.75	The	set	of	integers	is	denumerable.	When	the	chapter	has	been	completed,	it	is	probably	a	good	idea	to	review	the	concepts	and	theorems	covered	in	class	to	refresh	your	memory.	g	.........	Supplementary	Exercises	for	Chapter	14	1.	(a)	A	−	(B	−	C).	That	is,	A	=	{x	∈	S	|	P	(x)}	=	{x	∈	S	:	P	(x)}	or	A	=	{x	|	P	(x)}	=	{x	:	P	(x)}.
Many	proofs	of	theorems	are	followed	by	a	“Proof	Analysis,”	which	is	a	discussion	that	reflects	on	a	proof	just	given	and	emphasizes	certain	details	that	might	have	gone	unnoticed.	,	bk+1	be	k	+	1	real	numbers	such	that	b1	b2	·	·	·	bk+1	=	0.	.............................................................	Then	{a}	=	{b}.	set:	a	collection	of	objects.	A	sequence	{an	}	is	defined
recursively	with	recurrence	relation	an	=	2an−1	−	an−2	for	n	≥	3.	However,	if	x	=	−1,	then	x3	=	(−1)3	=	−1	6=	1.	Hence	f	(1)	=	f	(c)	−	f	(2x).	Output:	x	=	max(s)	6.3.	ANALYSIS	OF	ALGORITHMS	213	1.	∼	(P	∨	(∼	P	))	≡	(∼	P	)	∧	P	.	Next,	we	verify	the	converse,	that	is,	if	mn	+	m	is	odd,	then	m	is	odd	and	n	is	even.	Disprove	the	following	by	providing
a	counterexample	in	each	case.	b	........	,	An	,	the	intersection	of	these	sets	is	n	\	Ai	=	A1	∩	A2	∩	·	·	·	∩	An	=	{x	:	x	∈	Ai	for	every	i	with	1	≤	i	≤	n};	i=1	while	the	union	of	these	sets	is	n	[	Ai	=	A1	∪	A2	∪	·	·	·	∪	An	=	{x	:	x	∈	Ai	for	some	i	with	1	≤	i	≤	n}.	We	began	by	selecting	an	arbitrary	element	in	the	codomain	R+	of	positive	real	numbers.	Let	f	:	R	−
{0}	→	R	−	{0}	be	defined	by	f	(x)	=	is	(a)	one-to-one,	(b)	onto.	n	2	3	4	Thus	−1	is	the	first	term	of	the	sequence	and	1	2	is	the	second	term.	,	Ck+1	be	any	k	+	1	sets.	591	CHAPTER	15	HIGHLIGHTS	Road	Coloring	Problem:	the	problem	of	finding	a	synchronized	coloring	in	a	strong	aperiodic	digraph	with	uniform	outdegree.	Chapter	1	Logic	While
calculus	is	an	area	of	continuous	mathematics,	in	which	the	primary	numbers	of	interest	are	the	real	numbers,	discrete	mathematics	is	a	branch	of	mathematics	in	which	the	numbers	encountered	most	often	are	the	integers.	(b)	Is	there	yet	another	set	belonging	to	P(A)?	5,	N	.......................	(b)	650	≈	0.046.	(f)	No.	3.	We	verify	this	for	Example	6.15,
while	this	is	left	as	an	exercise	for	Example	6.14	(see	Exercise	2).	Next	show	that	F1	+	F2	+	·	·	·	+	Fk+1	=	Fk+3	−	1.	(d)	Determine	f	(X)	where	X	=	{a,	c,	d}.	Let	m	=	min(a,	b)	and	M	=	max(a,	b).	i=1	Therefore,	id	vn	−	od	vn	≥	n	−	1,	which	implies	that	id	vn	=	n	−	1	and	od	vn	=	0.	Here	we	are	concerned	with	digital	logic:	1	or	0,	true	or	false,	yes	or
no,	heads	or	tails,	red	or	blue.	0	.........	Let	P	and	Q	be	statements	such	that	P	∧	Q	is	true.	For	A	=	{1,	2,	.	13	...	What	can	you	say	about	r1	and	r2	?	The	subsequence	a6	,	a7	,	a8	,	a9	is	now	considered.	Determine	all	functions	from	A	to	B.	We	would	then	begin	the	proof	by	assuming	that	m	and	n	are	of	the	same	parity.	...u	....	C	A	−	(B	∪	C)	Figure	2.8:
Venn	diagrams	for	(A	−	B)	∩	(A	−	C)	and	A	−	(B	∪	C)	Example	2.31	Let	A,	B	and	C	be	sets.	(a)	{0,	1,	3}.	Result	3.20	Let	n	be	an	integer.	.................................................................................................................	By	Corollary	14.23,	we	can	show	that	the	chromatic	number	of	a	graph	is	at	least	3	if	it	contains	an	odd	cycle.	(b)	To	win	a	free	$20	gift
certificate,	I	must	spend	$100	at	the	store.	We	consider	two	subcases.	R	R	...	s	s	s	s	r	b	.........................................................................	,	an	of	n	numbers.	MATHEMATICAL	INDUCTION	When	giving	a	proof	using	the	Principle	of	Mathematical	Induction,	it	is	essential	that	we	establish	both	the	base	step	and	the	inductive	step,	despite	the	fact	that	in	the
examples	we	have	seen,	verifying	the	base	step	may	seem	quite	trivial	and	may	appear	to	add	little	to	the	proof.	Compares	the	index	i	to	the	size	n	of	the	sequence	and,	provided	i	≤	n,	determines	whether	the	first	(or	next)	number	in	the	sequence	is	the	number	of	interest	(and,	if	so,	outputs	this	information	and	increases	the	index	to	1	plus	the	size);
otherwise,	it	increases	the	index	by	1.	The	sets	A	=	{1,	2,	3},	B	=	{1},	C	=	{2}	form	a	counterexample.	It	is	known	√that	irrational	numbers	have	non-repeating√decimal	expansions.	Long	Grove,	Illinois	Chartrand-Zhang	FrontMatter.fm	Page	3	Monday,	February	14,	2011	1:27	PM	For	information	about	this	book,	contact:	Waveland	Press,	Inc.	w	y	x	v
u	...........................	If	od	v	=	0,	then	there	is	no	v	−	u	directed	path	in	D;	while	if	id	v	=	0,	then	there	is	no	u	−	v	directed	path	in	D.	First,	observe	that	if	a	=	0	or	b	=	0,	then	the	result	holds.	Assume	that	2k	>	k	3	where	k	≥	10	is	an	arbitrary	integer.	A	relation	R	is	defined	on	Z	×	Z	by	(a,	b)	R	(c,	d)	if	a	+	b	+	c	+	d	is	even.	Before	we	see	some	examples
of	relations	that	have	some,	none	or	all	of	the	properties	(1)–(3),	there	is	one	additional	fact	that	is	useful	for	us	to	recall.	(c)	Is	R	symmetric?	(a)	If	n	is	even,	then	n	is	not	the	sum	of	three	odd	integers.	Theorem	5.74	The	function	f	:	N	→	Z	defined	by	1	↓	0	2	3	4	↓	↓	↓	1	−1	2	5	···	n	↓	···	↓	−2	·	·	·	(−1)n	⌊n/2⌋	···	···	···	or	f	(n)	=	(−1)n	⌊n/2⌋	for	each	n	∈	N	is
bijective.	Yet	another	answer	is	that	once	we	have	proved	that	a	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true,	we	can	use	this	information.	For	each	of	the	following	sets,	indicate	whether	2	is	an	element	of	the	set.	That	is,	there	is	no	commutative	law	for	set	difference.	(4.9)	We	now	show	that	there	is	a	more	general	property	which	is	a	consequence	of	(4.9).
The	importance	of	set	theory	is	not	only	due	to	its	usefulness	in	the	foundation	of	discrete	mathematics	but	to	its	usefulness	in	all	of	modern	mathematics.	(a)	False.	Then	(u,	v)	∈	E(D).	LOGIC	(c)	Since	P	(−1)	and	Q(−1)	are	both	true,	so	is	P	(−1)	∧	Q(−1).	Therefore,	χ(G)	=	4.	lighter.	In	such	instances,	a	proof	by	induction	is	a	common	proof	technique.
The	following	result	is	a	consequence	of	Theorem	5.78.	In	Ax	=	b,	the	relative	change	Ilox	III	Ilx	II	is	less	than	cond(A)	times	the	relative	change	Ilob	III	lib	II·	Condition	numbers	measure	the	sensitivity	of	the	output	to	change	in	the	input.	Since	(1,	1),	(4,	1)	∈	R	but	(2,	1),	(3,	1),	(5,	1),	(6,	1)	∈	/	R,	it	follows	that	[1]	=	{1,	4}.	Classify	each	of	the
following	sentences	as	declarative,	interrogative,	imperative	or	exclamatory.	Assume,	to	the	contrary,	that	there	are	i,	j	∈	{1,	2,	.	(a)	For	every	real	number	x,	(x	−	1)2	>	0.	At	this	time,	a4	is	the	maximum	term	of	s,	namely	17.	.,	that	is,	there	is	an	infinite	sequence	{an	}	in	which	every	element	of	A	appears	exactly	once.	The	other	decimal	expansion	of
such	a	number	is	obtained	by	replacing	d	by	d	−	1	and	followed	only	by	9s.	5	........	Therefore,	3m	+	5n	=	3(2a)	+	5(2b	+	1)	=	6a	+	10b	+	5	=	2(3a	+	5b	+	2)	+	1.	Growth	rate	Al	=	(1	+	.J5)	12	is	the	largest	eigenvalue	of	the	Fibonacci	matrix	[	}	A].	Assume,	to	the	contrary,	that	3n	+	14	is	and	n	is	also	odd.	We	use	a	proof	by	contradiction	to	verify	this.
We	use	a	proof	by	contrapositive.	In	the	conclusion	of	the	inductive	step,	we	were	required	to	show	that	ak+1	=	(k	+	1)2	where	k	≥	1.	Next,	let	r	be	a	real	number.	Since	{L1	,	L2	,	L4	}	induces	a	triangle	χ(G)	≥	3.	(2)	I’m	not	eating	dinner	out	or	I’m	not	going	to	a	movie.	Since	R	is	transitive,	x	R	z.	Since	z	2	is	an	integer,	y	=	3w	for	some	integer	w.
There	exists	no	equivalence	relation	R	on	A	with	|R|	=	n	+	1.	Assume	that	1+	2+	3	+	···	+	k	=	k(k	+	1)	2	for	a	positive	integer	k.	(a)	Disprove:	The	product	of	a	rational	number	and	an	irrational	number	is	irrational.	Suppose	that	A	and	B	are	infinite	sets	having	the	same	cardinality.	(b)	g	=	{(1,	1),	(2,	2),	(3,	3),	(4,	4)}.		The	table	below	illustrates	how
Algorithm	6.8	is	applied	to	the	sequence	in	Example	6.9.	k	10	10	10	10	i	1	2	3	6	ai	8	14	10	9	output	10	is	in	the	sequence	We	next	see	what	Algorithm	6.8	does	if	the	specified	number	k	does	not	appear	in	the	sequence	under	consideration.	Little	Red	Riding	Hood	is	taking	her	customary	walk	through	the	woods	one	day	to	visit	her	grandmother.	(b)
The	set	of	1-element	subsets	of	A	is	countable.	qq	q	v3	v2	vk−1	vk	v	(b)	1	.......	Hence	ℓ1	R	ℓ3	and	R	is	transitive.	If	the	time	complexity	of	an	algorithm	can	be	expressed	as	Θ(f	(n))	for	some	polynomial	f	(n),	then	we	say	that	the	algorithm	has	polynomial	time	complexity.	(iii)	u2	.	Result	3.18	If	n	is	an	even	integer,	then	so	is	5n3	.	If	x	6=	4,	then	x	6=
−2.	x	∈	A	−	B.	R	3	...		Example	2.24	Let	A1	=	{1,	2},	A2	=	{2,	3},	.	First	we	show	that	f	is	one-to-one.	Then	6	=	a/b	for	nonzero	integers	a	and	b.	g	f	r	a	r	f	(a)	r	(g	◦	f	)(a)	A	B	C	Figure	5.13:	The	composition	g	◦	f	of	functions	f	and	g	We	now	consider	two	examples	of	composition	of	functions.	Thus	when	n	=	2,	Fn−1	Fn+2	=	Fn	Fn+1	+	(−1)n	is	a	true
statement.	Let	y	∈	A	−	(B	∩	C).	Then	a	+	a	=	2a	is	an	even	integer	and	so	a	R	a.	It	sounds	much	better,	however,	if	we	say	(1.1)	1.2.	NEGATION,	CONJUNCTION	AND	DISJUNCTION	15	∼	Q1	:	Los	Angeles	is	not	the	capital	of	California.	Since		is	antisymmetric,	it	follows	that	xn−1	6	xn	.	n	6C	n	2	So	1	1	1	3C	=	3C	·	<	3C	·	=	n	n	6C	2	and	6C	6C	1	1	6C
1	1	=	2	·	<	2	·	=	2	<	.	This	floor	is	divided	into	10	strips	denoted	by	s1	,	s2	,	.	One	of	these	relations	has	the	same	basic	properties	of	the	equality	of	numbers	and	is	called	an	equivalence	relation	(discussed	in	Chapter	5).	√	13.	Then	5n	−	7	=	5(2k)	−	7	=	10k	−	7	=	10k	−	8	+	1	=	2(5k	−	4)	+	1.	a	b,	Equivalence	Classes	If	R	is	an	equivalence	relation
that	is	defined	on	a	set	A,	then	with	each	element	of	A,	there	is	an	associated	subset	of	A	that	will	be	of	special	interest	to	us.	Above	one	sheet	lying	on	a	table	is	the	following	notice:	29	1.3.	IMPLICATIONS	You	should	sign	this	sheet	only	if	you	plan	to	take	discrete	mathematics	next	semester.	.....2	....2	.		Example	1.54	Consider	the	following	two
statements:	P	:	I	will	receive	an	A	on	the	exam.	....................................................................................	The	function	f	:	A	→	B	defined	by	f	(n)	=	2n	for	every	integer	n	is	one-to-one	for	if	a,	b	∈	Z	and	a	6=	b,	then	f	(a)	=	2a	6=	2b	=	f	(b).	................................................................	That	is,	the	underlying	graph	of	the	digraph	D	is	obtained	by	replacing	each	arc
(u,	v)	or	pair	(u,	v),	(v,	u)	of	arcs	by	the	edge	uv.	Thus	f0	=	1,	f1	=	1	·	f0	=	1	·	1	=	1,	f2	=	2	·	f1	=	2	·	1	=	2	and	f3	=	3	·	f2	=	3	·	2	=	6.	b	...............	We	show	that	B1	∪	B2	∪	·	·	·	∪	Bk+1	=	B	1	∩	B	2	∩	·	·	·	∩	B	k+1	.	Output:	A	nondecreasing	sequence	whose	terms	are	the	terms	of	s.	(e)	∅.	4	..........	v	v	T	:	v	v	v	Figure	15.19:	The	transitive	tournament	of
order	6	in	Example	15.12	Recall	that	a	digraph	D	is	strong	if	for	every	two	vertices	u	and	v,	there	is	both	a	directed	u	−	v	path	and	a	directed	v	−	u	path	in	D.	Prove	that	if	2n2	+	n	−	1	=	0,	then	n3	<	0.	So	5n	+	7	=	5(2k	+	1)	+	7	=	10k	+	12	=	2(5k	+	6).	A	=	{1},	B	=	{1,	2},	C	=	{1,	2}.	1	.............	{∅,	{(1,	1)},	{(2,	1)},	A	×	B}.	23.	We	now	give	an
example	of	a	direct	proof	of	a	result	dealing	with	even	and	odd	integers.	In	the	proof	that	was	given,	it	was	assumed,	without	loss	of	generality,	that	m	is	even.	5................	This	statement	would	be	false	if	he	got	a	promotion	but	we	didn’t	go	out	to	dinner.	(d)	1	−	(0.49)5	≈	0.972.	Although	this	simple	problem	can	be	looked	at	in	a	variety	of	ways,	one
of	these	ways	uses	an	area	of	discrete	mathematics	called	graph	theory,	which	we	will	visit	in	Chapters	12-15.	Therefore,	uv	∈	/	E(G).	(b)	The	integer	a	is	odd	and	the	integer	b	is	even.	Thus	∅	=	{	}.	Let	m	be	the	size	of	D.	Notice	that	in	the	proof,	each	of	these	integers	was	represented	by	a	symbol	(namely,	n,	x	and	y,	respectively).	224	CHAPTER	6.
For	every	subset	X	of	A,	f	(X)	⊆	B.	In	fact,	the	following	holds:	If	f	and	g	are	two	polynomial	functions	where	the	degree	of	g	is	greater	than	that	of	f	,	then	f	=	O(g)	but	g	6=	O(f	).	We	show	that	2k+2	<	1	+	(k	+	2)2k+1	.	,	em	is	a	list	of	the	m	elements	(a,	b)	of		for	which	a	6=	b.	Algorithm	6.2	Find	the	Maximum	Number	in	a	List	of	Four	Numbers.	For	A
=	{a,	c,	d},	B	=	{c,	d,	e,	f	}	and	the	universal	set	U	=	{a,	b,	c,	d,	e,	f	,	g,	h},	determine	the	following.	r	..	Then	a	.	From	the	information	given	above,	what	might	be	a	logical	number	on	the	cage	of	the	Giraffe?	Suppose	that	the	statement	is	false.	2	Observe	that	1	+	2	+	3	+	·	·	·	+	(k	+	1)	=	=	=	(1	+	2	+	3	+	·	·	·	+	k)	+	(k	+	1)	k(k	+	1)	k(k	+	1)	+	2(k	+	1)
+	(k	+	1)	=	2	2	(k	+	1)(k	+	2)	.	•	One	method	is	to	identify	a	subgraph	of	G	that	is	a	subdivision	of	K5	or	K3,3	.	178	CHAPTER	5.	Assume	that	f	is	not	injective.	(c)	a	is	odd	and	b	is	odd	is	necessary	for	ab	to	be	odd.	Since	g	is	one-to-one,	it	follows	that	f	(a1	)	=	f	(a2	).	Proof	Analysis.	Devices	such	as	these	can	be	modeled	by	an	abstract	structure	called	a
finite-state	machine	or	a	sequential	circuit.	105	3.6.	EXISTENCE	PROOFS	3.6	Existence	Proofs	We	have	been	investigating	the	truth	or	falseness	of	quantified	statements	of	the	type	∀x	∈	S,	R(x),	where	R(x)	is	an	open	sentence	over	a	domain	S.	Therefore,	it	must	be	possible	for	a	graph	of	order	n	≥	3	and	size	m	to	be	nonplanar	without	having	m	>	3n



−	6	and	without	containing	either	K5	or	K3,3	as	a	subgraph.	Since	F	′	contains	the	graph	F	as	a	subgraph	and	F	is	a	subdivision	of	K5	,	it	follows	by	Kuratowski’s	theorem	that	F	′	is	nonplanar.	He	continued	this	a	bit	further	and	then	stated	that	this	process	could	be	continued	indefinitely.	12	.....	(a)	(P	∧	Q)	⇒	P	.	.p.......	(1)	The	graph	G	is	planar.
Because	2	=	j	≤	n	=	4,	we	perform	Steps	6	and	7	within	the	while	loop	at	Step	5.	...........................................................................	oriented	graph:	a	digraph	such	that	for	each	pair	u,	v	of	distinct	vertices,	at	most	one	of	(u,	v)	and	(v,	u)	is	a	directed	edge.	Let	f	:	A	→	B	be	a	function	and	let	A1	and	A2	be	subsets	of	A.	5	......	,	Rr	be	the	r	regions	of	G.PSo	if
mi	is	the	number	of	edges	on	the	r	boundary	of	Ri	(1	≤	i	≤	r),	then	mi	≥	5.	Another	way	to	state	this	fact	is:	There	are	three	mutual	friends	or	three	mutual	strangers.	Hence	R−1	is	reflexive.	Assume	for	an	arbitrary	positive	integer	k	that	ai	=	i2	+	3	for	every	integer	i	with	1	≤	i	≤	k.	If	m	=	n	then	Q	T	=	Q	-1	and	q	1	'	...	Give	a	proof	of	Result	3.29
where	“without	loss	of	generality”	is	used	twice.	Let	C	′	=	max(C1	,	C2	,	.	f	f	r	a	r	b	r	a	A	B	A	Figure	5.23:	The	composition	of	a	function	and	its	inverse	Theorem	5.70	For	nonempty	sets	A	and	B,	let	f	:	A	→	B	be	a	bijective	function.	length	(of	a	directed	path):	the	number	of	directed	edges	in	the	path.	If	x	∈	S,	then	P	(x)	implies	Q(x).	35	1.3.
IMPLICATIONS	16.	In	the	algorithm	described	below,	a	“nested	while	loop”	appears.	Once	the	step	or	steps	are	executed,	the	value	of	i	is	increased	by	1	to	a	+	1	and	the	step	or	steps	are	executed	again.	For	1	≤	n	≤	5,	observe	that	1	=	1+2	=	1	3	1+2+3	=	1+2+3+4	=	6	10	1+2+3+4+5	=	15.	Since	G	is	connected,	there	is	a	vertex	v	of	G	not
belonging	to	H	that	is	adjacent	to	a	vertex	u	of	H.	The	graph	G	of	Figure	15.8	is	therefore	the	underlying	graph	of	the	digraph	D	of	that	figure.	m	and	n	are	odd.	So	7n	+	3	=	2a	+	1	for	some	integer	a.	Now	that	we	know	x	=	1,	we	are	able	to	conclude	that	3x	−	2x2	≥	0.	.,	s10	,	where	each	strip	sk	(1	≤	k	≤	10)	consists	of	2k	−	1	squares	(see	Figure	4.1,
where	s3	and	s4	are	also	shown).	Then	replacing	(u,	v)	by	(v,	u)	results	in	a	strong	digraph.	i	:=	i	+	1	4.	Direct	the	edges	of	C	′	cyclically	about	C	′	that	have	not	already	been	directed.	........	Similarly,	R	can	be	divided	into	the	set	Q	of	rational	numbers	and	the	set	of	irrational	numbers.	Then	χ(G)	≥	3	if	and	only	if	G	contains	an	odd	cycle.	Assume	that	x
R	y	and	y	R	z,	where	x,	y,	z	∈	A.	(h)	{{0}}	∪	A.	P	Q	P	⇒Q	T	T	F	F	T	F	T	F	T	F	T	T	∼P	F	F	T	T	(∼	P	)	∨	Q	T	F	T	T	Figure	1.12:	Verifying	P	⇒	Q	≡	(∼	P	)	∨	Q	Example	1.49	For	the	two	statements	P	:	You	don’t	love	me.	Prove	that	a	graph	G	has	an	Eulerian	orientation	(see	Exercise	15)	if	and	only	if	G	is	Eulerian.	(a)	(∼	P	)	⇒	(P	⇒	Q).	C	B	(a)	Sets	A,	B,	and	C
A	A	.......................	,	p2s−1	be	2s	−	1	distinct	primes.	(b)	{(x,	y)}	⊆	{x,	y}.	1	6	.	Let	A	be	a	denumerable	set.	Therefore,	5n3	=	5(2k)3	=	5(8k	3	)	=	40k	3	=	2(20k	3	).	if	d	>	x	then	x	:=	d	[if	d	>	x,	then	x	is	assigned	the	value	d]	5.	{(a,	a),	(a,	b),	(b,	a),	(b,	b),	(c,	a),	(c,	b)}.	r	..................	A	relation	R	is	defined	on	the	set	R	of	real	numbers	by	x	R	y	if	x	−	y	≥
0,	that	is,	x	R	y	if	the	point	(x,	y)	in	the	plane	lies	on	or	to	the	right	of	the	line	y	=	x.	Let	p	be	the	maximum	number	of	vertices	of	G	that	can	be	colored	with	1	+	∆	colors	so	that	adjacent	vertices	are	colored	differently.	Assume	that	(x2	−	1)2	=	0.	Therefore,	x	∈	A	−	B	and	so	x	∈	(A	−	B)	∪	(B	−	A).	In	particular,	p0	=	1,	p1	=	a	·	p0	=	a	·	1	=	a,	p2	=	a	·	p1
=	a	·	a	=	a2	and	p3	=	a	·	p2	=	a	·	a2	=	a3	.	integer.	Some	individuals	denote	the	set	A	−	B	by	A	r	B.	r	.......	Let’s	look	at	some	that	do.	1	u	y1	F	:	y	v	x	x	v1	w	w	Figure	14.20:	The	graph	F	in	Example	14.27	Solution.	(b)	No	(since	g	belongs	to	no	element	of	P2	).	s	s	D:	s	s	s	s	s	s	Figure	15.32:	The	state	digraph	for	a	finite-state	automaton:	A	strong
aperiodic	digraph	with	uniform	outdegree	Suppose	that	we	were	to	consider	the	input	string	brrbrrbrr	(15.1)	and	we	apply	this	with	s5	,	say,	chosen	as	the	initial	state.	,	an	)	:	ai	∈	Ai	for	1	≤	i	≤	n}.	mathematical	induction:	a	proof	technique	that	is	a	consequence	of	the	Principle	of	Mathematical	Induction	or	the	Strong	Principle	of	Mathematical
Induction.	What	this	proves	is	that	the	sum	of	an	even	integer	and	an	odd	integer	is	odd.	2	r	r	r	r	r	(b)	(a)	....................................	How	many	coins	are	in	the	collection?	Theorem	1.48	For	every	two	statements	P	and	Q,	P	⇒	Q	≡	(∼	P	)	∨	Q.	the	implication	P	⇒	Q	is	P	⇒	Q:	If	you	don’t	love	me,	then	you	must	leave	me.	(a)	A1	=	A2	.	Let	R	be	the	relation
defined	on	Z	by	a	R	b	if	a	=	b	or	a	=	2b.	(b)	270.	(c)	f	(S)	=	1/|S|.	(b)	There	exists	an	integer	a	such	that	for	every	integer	b,	ab	=	0.	(e)	(5).	(a)	h1	=	rad(T	)	and	h2	=	diam(T	).	2	............................	First,	observe	that	there	are	six	pairs	of	integers	of	S,	namely,	{a,	b},	{a,	c},	{a,	d},	{b,	c},	{b,	d}	and	{c,	d}.	1	0	0	0	.	Next	show	that	(k	+	1)2	+	(k	+	1)	+	1
is	odd.	(b)	Here	the	domain	of	both	a	and	b	is	the	set	Z	of	integers.	(b)	∼	(P	∧	Q)	≡	(∼	P	)	∨	(∼	Q).	Because	a3	=	11	>	11	is	not	true,	the	conclusion	of	Step	3	is	not	executed.	3	1	1	3	3	2	2	1	...............	Section	5.3	1.	11	1.1.	STATEMENTS	(b)	Since	n2	−	4	≤	0	can	be	written	as	n2	≤	4	and	this	inequality	holds	when	−2	≤	n	≤	2,	the	only	positive	integers	n
for	which	n2	−	4	≤	0	is	true	are	therefore	n	=	1	and	n	=	2.	Then	m	=	a	and	M	=	b.	Consider	the	following	statements	P	:	23	+	1	is	odd.	Only	these	input	values	are	recognized	by	the	machine	at	each	internal	state.	Now	x	is	assigned	the	number	10	+	a3	=	10	+	8	=	18	in	Step	3.	Therefore,	y	R	x	and	R	is	symmetric.	1	5	2..........	In	Step	4,	p	is	assigned
the	value	⌊(1	+	4)/2⌋	=	2.	Then	G	−	e	−	f	has	exactly	three	components	G1	,	G2	and	G3	,	each	of	which	has	a	strong	orientation.	v∈V	(D)	The	digraph	D	of	Figure	15.5	has	order	n	=	4	and	size	m	=	5.	Therefore,	9	−	x2	=	9	−	22	=	5	≥	0.	1	r	2	r	A	3	r	4	r	ra	rb	rc	rd	re	B	Figure	5.6:	The	function	f	:	A	→	B	in	Example	5.30	For	the	sets	A	=	{1,	2,	3,	4}	and	B
=	{a,	b,	c,	d,	e}	above,	if	g	=	{(1,	c),	(2,	e),	(3,	a)}	and	h	=	{(1,	a),	(2,	b),	(3,	c),	(3,	e),	(4,	b)},	then	neither	g	nor	h	is	a	function	from	A	to	B.	Indeed,	it	is	not	unusual	for	A	×	B	6=	B	×	A.	The	degrees	of	the	vertices	of	a	certain	graph	G	are	2,	2,	2,	3,	5,	5,	6,	7.	Here	LD	represents	the	laundry	detergent	button,	FS	the	fabric	softener	button	and	N
indicates	no	output.	(c)	reflexive.	Consider	the	following	quantified	statement:	For	every	real	number	x,	there	exists	a	positive	real	number	y	such	that	y	<	x2	.	By	the	Pigeonhole	Principle,	at	least	one	of	the	subsets	A1	,	A2	,	.	Although	this	function	g	is	one-to-one	(the	same	argument	used	in√the	proof	of	Result	5.59	to	show	that	f	is	one-to-one	can	be
used	here),	g	is	not	onto.	s0	s1	s2	s3	s4	f	0	1	s1	s2	s3	s1	s2	s4	s4	s2	s2	s0	g	0	0	1	1	0	0	1	0	0	1	0	0	Solution.	Determine	which	of	the	following	functions	are	bijective	functions	from	R	to	R.	We	can’t	write	this	as	we	don’t	know	that	these	two	quantities	are	equal.	Then	|2n	−	1|	=	2n	−	1	>	5.	Example	1.43	For	a	real	number	x,	consider	the	two	open
sentences:	P	(x):	(x	−	1)(x	−	2)	=	0.	(b)	Show	that	rrbbrb	is	a	synchronized	sequence	for	some	vertex	of	D.	Choosing	s0	as	the	initial	state,	the	resulting	sequence	of	states	is	s0	,	s1	,	s1	,	s1	,	s0	,	s1	,	s1	.	Thus	a		b.	We	now	consider	two	functions,	one	of	which	is	onto	and	the	other	is	not.	Let	D	be	the	digraph	with	V	(D)	=	V	(T	)	such	that	(u,	v)	is	a
directed	edge	of	D	if	the	r	−	v	path	in	T	contains	u	or	the	s	−	v	path	in	T	contains	u.	g	.....	The	Chain	Rule	from	differential	calculus	also	involves	composition	of	functions.	A	diagram	of	f	−1	can	therefore	be	obtained	by	reversing	the	directions	of	the	arrows	in	Figure	5.20(b).	This	brings	us	to	the	concept	of	a	relation	in	mathematics.	55	2.1.	SETS	AND
SUBSETS	In	the	description	of	the	set	A,	the	colon	is	considered	to	mean	“such	that”,	although	some	use	a	vertical	line	for	this	purpose.	(a)	See	Figure	21.	This	is	not	what	Result	3.45	says.	Theorem	2.22	For	every	three	sets	A,	B	and	C,	(a)	(Commutative	Laws)	A	∩	B	=	B	∩	A	and	A	∪	B	=	B	∪	A.		Just	as	Q1	⇒	Q2	is	a	true	statement,	so	too	is	(∼	Q2	)	⇒
(∼	Q1	).	(That	is,	x	R	y	if	(x,	y)	is	a	point	in	the	Euclidean	plane	that	lies	on	or	to	the	right	of	the	line	y	=	−2x.	If	a	clock	has	hour,	minute	and	second	hands,	then	these	hands	(often)	revolve	continuously.	Because	the	first	digit	in	the	decimal	expansions	of	b	and	a1	are	different,	b	6=	a1	.	n	=	−1.	Show	that	if	D	is	periodic,	then	D	does	not	have	a
synchronized	coloring.	r	A	(domain)	r	B	(codomain)	Figure	5.5:	A	function	f	:	A	→	B	Example	5.30	For	the	sets	A	=	{1,	2,	3,	4}	and	B	=	{a,	b,	c,	d,	e},	the	diagram	in	Figure	5.6	describes	a	function	f	:	A	→	B.	Assume	that	(x	−	1)2	≤	0.	x=	2	√	√	Since	neither	1	+	−1	nor	1	−	−1	is	a	real	number,	it	follows	that	3	is	not	an	image	of	any	real	number	and	so	f
is	not	onto.	(c)	For	the	coloring	of	the	arcs	of	D	given	in	Figure	15.38(c),	determine	if	any	of	the	following	sequences	are	synchronized	sequences	for	some	vertex	of	D.	As	we	indicated,	our	goal	is	to	find	the	largest	of	these	numbers,	which	we	denote	by	x	=	max(a,	b,	c,	d).	(a)	If	g	◦	f	is	one-to-one,	then	g	is	one-to-one.	orientation	(of	a	graph):	an
oriented	graph	obtained	by	assigning	a	direction	to	each	edge	of	the	graph.	Suppose	that	the	degrees	of	10	of	the	vertices	are	5,	4,	4,	3,	3,	3,	3,	3,	2,	2	and	the	two	remaining	vertices	have	the	same	degree	k.	After	returning	to	the	motel	at	the	end	of	the	day,	Kevin	decides	to	wash	a	load	of	T	-shirts.	(b)	Prove	that	if	an−1	an+1	=	1	where	n	≥	2,	then
an	=	2.	Thus	x	∈	A	∪	B	and	x	∈	/	A	∩	B.	E(G)	=	{v1	v2	,	v1	v3	,	v1	v4	,	v1	v5	,	v2	v4	,	v4	v5	,	v5	v3	}.	So	od	v1	≥	od	v2	≥	·	·	·	≥	od	vn	≥	od	v1	.	(b)	For	example,	no	orientation	of	G	=	K1,3	has	the	desired	property.	sequence,	which	can	be	where	an	=	(−1)n+1	n	for	n+1	is	also	an	infinite	sequence,	which	can	be	(b)	The	function	f	:	N∪{0}	→	R	defined	by	f
(n)	=	2n+1	2	3	n+1	expressed	as	f	(0),	f	(1),	f	(2),	.	So	let	x	∈	Z.	(F)	(d)	15	is	even	or	21	is	even.	Algorithm	6.40	(Insertion	Sort	Algorithm)	This	algorithm	sorts	the	terms	in	a	sequence	s	:	a1	,	a2	,	.	Thus	its	negation	is:	This	summer,	she	is	either	buying	an	iPhone	or	an	iPad.	Because	an	element	belongs	to	A	∪	B	if	it	belongs	to	A	∩	B,	it	follows	that	A	∩
B	⊆	A	∪	B.	,	Sk	},	k	≥	1,	is	a	partition	of	a	nonempty	set	A,	then	(1)	every	subset	Si	is	nonempty,	(2)	every	two	different	subsets	Si	and	Sj	are	disjoint	and	(3)	the	union	of	all	subsets	in	P	is	A.	Determine	whether	the	25	squares	can	be	listed	in	some	order	so	that	it	is	possible	to	move	the	coin	from	each	square	on	the	list	to	the	next	square	on	the	list
and	then	move	the	coin	from	the	last	square	on	the	list	back	to	the	first	square	on	the	list.	Assume	for	an	integer	k	≥	3	that	Fi	>	1+2	5		√	2		√	k−1	.	(b)	..	Thus	Fk+1	≤	2Fk	when	k	=	2.	(g)	I.	To	show	that	χ(G	×	K2	)	≤	χ(G),	suppose	that	χ(G)	=	k	and	let	c	be	a	k-coloring	of	G,	using	the	colors	1,	2,	.	Example	3.11	Let	S	=	{3,	4,	5}	and	let	R(x)	:	x2	+	5x	+
4	2	is	even.		Example	1.20	For	an	integer	n,	consider	the	two	open	sentences	P	(n):	n3	−	n	=	0.	g	.................	The	solution	of	Example	5.68	suggests	how	to	determine	f	−1	(x)	more	quickly	in	this	case.	Assume	that	x	<	1	and	y	<	1.	43.	While	there	are	instances	when	we	might	simply	agree	to	accept	the	truth	of	certain	statements,	more	often	than	not
such	statements	must	be	shown	to	be	true.	We	are	required	to	prove	such	properties	of	even	and	odd	integers.	Al’s	doctor	has	prescribed	two	medicines.	Because	A	is	infinite	and	countable,	A	is	denumerable.	Since	a	∈	A1	∪	A2	,	it	follows	that	a	∈	A1	or	a	∈	A2	,	say	the	former.	while	j	≤	n	do	begin	6.	However,	since	1	has	been	carried	over,	we	are
actually	adding	1	+	1	+	0,	which	is	2	in	decimal	or	10	in	binary.	The	strategy	is	very	bad.	If	v	is	a	cut-vertex	of	G,	then	G	−	v	is	disconnected.	We	stated	that	a	function	f	:	A	→	B	is	called	bijective	if	it	is	both	one-to-one	and	onto.	Direct	the	edges	of	C	′	cyclically	about	C	′	,	except	for	the	edge	v4	v3	,	which	has	already	been	directed	as	(v3	,	v4	).	Assume
that	x	R	y	and	y	R	z,	where	x,	y,	z	∈	Z.	Chapter	7	is	devoted	to	the	study	of	integers,	particularly	their	divisibility	properties.	Determine	each	of	the	following:	(a)	(g	◦	f	)(x).	See	Figure	28.	Because	a	R	b	and	b	R	c,	it	follows	that	both	a	+	b	and	b	+	c	are	even.	165	5.3.	FUNCTIONS	(c)	For	n	∈	N,	the	function	f	:	{1,	2,	.	(d)	For	every	positive	even	integer
n,	2n−2	is	not	an	even	integer.	So	x	=	2a	and	y	=	2b	+	1,	where	a,	b	∈	Z.	0,	0.................	Discrete	mathematics	is	the	mathematics	underlying	computer	science.	If	X	=	{a2	,	a3	}	in	Example	5.27,	then	f	(X)	=	{b3	};	while	if	Y	=	{a3	,	a4	},	then	f	(Y	)	=	{b2	,	b3	}.	Of	course,	such	an	interpretation	is	necessarily	quite	subjective.		Example	5.16	A	relation
R	is	defined	on	N	×	N	by	(a,	b)	R	(c,	d)	if	ad	=	bc.	This	implication	is	true	according	to	the	fourth	row	of	the	truth	table	in	Figure	1.9.	We	could	have	also	determined	the	truth	of	(a),	(c)	and	(d)	above	more	quickly.	Figure	15.36	shows	the	state	digraph	D	of	a	finite-state	machine	with	initial	state	s0	.	ALGORITHMS	AND	COMPLEXITY	Because	g	=	O(f	),
there	exists	positive	constant	C	′′	and	a	positive	integer	k	′′	such	that	g(n)	≤	C	′′	f	(n)	for	every	integer	n	≥	k	′′	.	of	sets	is	defined	recursively	by	A1	=	{1}	and	An	=	((A1	∪	A2	∪	·	·	·	∪	An−1	)	−	An−1	)	∪	{n}	for	n	≥	2.	or	For	every	integer	n,	n	does	not	lie	between	√	5	and	e.	It	is	always	a	good	idea	to	try	out	this	procedure	on	a	small	data	set	to	convince
ourselves	that	the	algorithm	is	doing	as	we	planned.	Let	a,	b	∈	R.	4.2.	ADDITIONAL	EXAMPLES	OF	INDUCTION	PROOFS	125	We	need	to	recall	that	our	goal	is	to	show	that	(k	+	1)!	>	2k+1	.	SETS	C	−	D	=	{2,	4},	D	−	C	=	{3},	C	⊕	D	=	{2,	3,	4},	C	=	{3},	D	=	{2,	4},	C	∪	D	=	{2,	3,	4},	C	∩	D	=	{1,	5},	C	∩	D	=	{2,	3,	4}.	This	says	that:	There	exists	x
∈	S	such	that	not	R(x).	(b)	a	bit	string	of	length	6.	We	already	observed	that	each	equivalence	class	is	nonempty	and	every	element	of	A	belongs	to	at	least	one	equivalence	class.	If	we	then	take	the	red	road	(from	s6	),	then	we	would	be	led	to	the	location	s1	.	Let	G	be	the	star	K1,3	with	V	(G)	=	{u,	v,	w,	x},	where	deg	x	=	3	and	W	=	(u,	x,	v,	x,	w,	x,	v).
(e)	{∅,	{1},	{2},	{{2}},	{1,	2},	{1,	{2}},	{2,	{2}},	B}.	Assume	that	ak	=	2k−1	+	1	for	a	positive	integer	k.	{x,	y}	6=	{u,	v},	say	u	∈	/	{x,	y}.	Show	for	every	two	graphs	G	and	H	that	χ(G	+	H)	=	χ(G)	+	χ(H).	for	j	:=	1	to	n	−	1	do	2.	This	contradicts	the	assumption	that	n	is	even.	Case	2:	n	is	even.	First,	observe	that	R(x,	y,	z)	can	only	be	true	if	(i)	x	=	0
or	x	=	1,	(ii)	y	=	0	or	y	=	−1	and	(iii)	z	=	0	or	z	=	1.	That	is,	f	(3)	=	4	and	f	(3)	=	−4	both	satisfy	the	requirement.	Furthermore,	g	◦	f	is	onto	whenever	f	and	g	are	onto.	.,	vn	},	A	=	[aij	],	where	aij	=	1	if	(vi	,	vj	)	∈	E(D)	and	aij	=	0	if	(vi	,	vj	)	∈	/	E(D).	1	r	2	r	A	3r	4	r	r	ra	rb	B	rc	rd	Figure	5.17:	The	functions	f	and	g	in	Example	5.52	According	to	the
definition,	a	function	f	:	A	→	B	is	onto	if	every	element	in	B	is	an	image	of	some	element	of	A.	For	the	converse,	suppose	that	a		b.	Therefore,	φ	is	bijective.	1,1	...............	Q:	I	will	also	paint	your	dining	room.	However,	the	question	of	greatest	interest	here	is	the	following:	What	is	the	smallest	number	of	colors	in	a	coloring	of	H?	86	CHAPTER	3.	.,	(Ak+1
,	k+1	)	be	k	+	1	totally	ordered	sets.	The	answer	is	yes	as	K2,5	is	planar.	A=	v6	v5	.....	One	element	of	B	is	the	set	{1,	2},	which	contains	1	and	2,	while	the	other	element	of	B	is	the	set	{2,	3}	containing	2	and	3.	Prove	that	if	a	and	b	are	positive	integers,	then	a	b	+	b	a	≥	2.	Assume,	for	an	integer	k	with	1	≤	k	<	210,	that	there	exists	a	subset	T	of	S,
the	sum	of	whose	elements	is	k.	Functions	that	are	both	injective	and	surjective	are	especially	important	in	mathematics.	If	we	begin	with	(k	+	1)!	and	use	(4.7),	then	we	have	(k	+	1)!	=	(k	+	1)k!.	We	therefore	assume	that	k	≥	1.	The	vertex	set	of	this	digraph	is	then	the	set	S.	C	C	A	∪	(B	∩	C)	B∩C	B	A	A	................................B	.	if	a3	<	x	then	y	:=	x	6.
The	contrapositive	of	the	implication	If	7n	+	3	is	an	odd	integer,	then	n	is	an	even	integer.	Assume	that	the	result	is	true	for	k	≥	2	totally	ordered	sets	and	let	(A1	,	1	),	(A2	,	2	),	.	By	the	Principle	of	Mathematical	Induction,	1(1!)	+	2(2!)	+	·	·	·	+	n(n!)	=	(n	+	1)!	−	1	for	every	positive	integer	n.	By	Theorem	3.24,	a	is	even	as	well	and	so	a	=	2c	for	some
integer	c.	(a)	Write	an	algorithm	to	determine	the	minimum	number	in	a	sequence	s	:	a1	,	a2	,	.	Determine	with	explanation	whether	f	is	(a)	one-to-one,	(b)	onto.	Verify	your	answer.	Since	m	is	a	minimal	element,	it	is	impossible	for	a	≺	m.	(b)	B	×	A.	Since	C1	g(n)	≤	f	(n)	for	every	1	integer	n	≥	k	and	C1	>	0,	it	follows	that	g(n)	≤	C1	f	(n)	for	every
integer	n	≥	k.	Z:	the	set	of	integers.	Suppose	that	a	and	b	are	positive	integers	such	that	a	R	b.	Then	there	are	100−x	vertices	of	degree	5.	Then,	for	each	state	s,	applying	one	of	the	d	input	values	to	s	leads	us	to	a	new	state	s′	.	v	u	w	......	Thus	A	∩	B	=	{x	:	x	∈	A	and	x	∈	B}.	The	sum	of	the	four	numbers	inside	such	a	rhombus	whose	lower	left	number
is	C(n,	1),	n	≥	3,	is	n2	.	This	can	be	accomplished	by	comparing	the	first	terms	of	the	two	lists.	At	state	s2	,	the	machine	remembers	that	50¢	has	already	been	deposited.	Since	2	·	1	−	1	=	12	,	the	formula	holds	for	n	=	1.	Since	4	=	j	≤	n	=	3	is	false,	this	completes	Step	5	and	we	return	to	Step	2.	The	sets	A	=	{1},	B	=	{1,	2},	C	=	{1,	3}	form	a
counterexample.	....1	.	If	|x|	=	6	2,	then	x	6=	2.	Assume	that	f	=	Θ(g).	What	are	a4	,	a5	and	a6	in	this	case?	For	a	∈	A,	define	f	(a)	=	b,	where	|b|	=	a.	(2.2)	Although	methods	of	proof	will	not	be	discussed	until	Chapter	3,	we	can	describe	now	how	we	would	attempt	to	verify	that	two	sets	X	and	Y	are	equal	by	means	of	(2.2).	1,5,0	...	If	1	∈	/	T	,	then	T	∪
{1}	has	the	desired	property.	•	Brooks’	Theorem:	If	G	is	a	connected	graph	that	is	neither	a	complete	graph	nor	an	odd	cycle,	then	χ(G)	≤	∆(G).	(e)	2,	4,	12,	48,	.	Let	P	(a,	b):	ab	≥	0.	Each	such	state	is	called	an	accepting	state.	On	the	other	hand,			2	n	+	3n	+	2	n2	≤	n2	+	3n	+	2	=	2	2	for	all	n	∈	N.	Moreover,	this	graph	G	does	not	even	contain	K3	as	a
subgraph.	We	now	determine	the	time	complexity	of	some	algorithms,	beginning	with	Algorithm	6.4,	where	the	maximum	number	in	a	sequence	of	n	numbers	is	found.	Let	T	be	a	strong	tournament	of	order	3	or	more.	is	a	sequence	whose	nth	term	is	n2	.	Even	though	statement	(3.17)	is	true,	statement	(3.16)	is	false.	Thus	75¢	has	been	deposited.	This
is	best	accomplished	if	we	can	understand	proofs	of	theorems	and	are	able	to	write	some	proofs	of	our	own.	SETS	(c)	a	partition	P	of	S	with	|P|	=	4.	Example	3.42	Disprove	the	following	statement:	For	every	positive	integer	n,	there	exists	a	negative	integer	m	such	that	n	+	m	=	1.	There	are	several	ways	to	proceed.	.............	Algorithm:	Compute	|a1	−
a2	|	+	|a1	−	a3	|	+	·	·	·	+	|a1	−	an	|	+	|a2	−	a3	|	+	·	·	·	+	|an−1	−	an	|	for	the	Sequence	s	:	a1	,	a2	,	.	184	CHAPTER	5.	synchronized	sequence:	for	a	given	vertex	v	of	a	digraph	D,	a	string	of	colors	in	a	synchronized	coloring	of	D	such	that	applying	this	string	to	each	vertex	u	of	D	results	in	a	directed	u	−	v	walk.	P	Q	P	∨	Q	∼	(P	∨	Q)	∼	P	∼	Q	F	F	F	T	T	F
T	F	F	T	F	F	T	T	T	F	T	F	T	T	(∼	P	)	∧	(∼	Q)	F	F	F	T	......................................................................................................................................................................................................................................................................................................................................	First,	as	suggested	above,	the	symbol	:=	represents	assignment.	output	s	Example	6.41	Determine
the	worst	case	time	complexity	of	the	Insertion	Sort	Algorithm.	v2	............	Since	od	v2	=	n	−	2	and	v2	is	adjacent	from	v1	,	it	follows	that	v2	is	adjacent	to	vi	for	i	=	3,	4,	.	p	.........	A	similar	remark	holds	for	P	(n)	∨	Q(n)	and	Q(n)	∨	P	(n).	Suppose	that	k	=	0.	If	it	was	felt	that	these	inequalities	needed	to	be	justified,	then	we	could	write	(for	the	positive
real	number	r)	that	0	<	r	<	r	+	r	=	2r	and	so	0	<	r	<	2r.	Prove	that	if	a	+	b,	a	+	c	and	b	+	c	are	all	rational,	then	a,	b	and	c	are	all	rational.	DIRECTED	GRAPHS	By	the	proof	of	Theorem	15.11,	a	transitive	tournament	T	with	vertex	set	V	(T	)	=	{v1	,	v2	,	.	Key	Results	•	Let	R	be	an	equivalence	relation	on	a	nonempty	set	A	and	let	a	and	b	be	elements	of
A.	((a	·	b)	·	a)	+	((a	·	b)	·	b)	=	(a	·	(a	·	b))	+	(a	·	(b	·	b))	=	((a	·	a)	·	b)	+	(a	·	0)	=	(0	·	b)	+	0	=	0	+	0	=	0.	(a)	(∼	P	)	∨	Q.	Is	this	statement	true	or	false?	(b)	There	exist	functions	f	:	A	→	B	and	g	:	B	→	C	such	that	f	is	not	onto	and	g	◦	f	:	A	→	C	is	onto.	5	(13	5	)·4	=	52	(5)	1,317,888	2,598,960	.	a	r	.......	Proceeding	as	in	Example	15.23,	use	the	binary	adder	to
add	a	=	55	and	b	=	21	(expressed	in	their	decimal	expansions)	to	compute	c	=	a	+	b	in	base	2.	If	[a]	and	[b]	are	equivalence	classes	of	A	resulting	from	R,	then	either	[a]	=	[b]	or	[a]	∩	[b]	=	∅.	b	.............................................................................	A	bijective	function	f	:	A	→	B	pairs	off	the	elements	of	A	and	B.	Definition	2.29	The	symmetric	difference	A	⊕
B	of	two	sets	A	and	B	is	defined	by	A	⊕	B	=	(A	−	B)	∪	(B	−	A).	Since	a1	6=	a3	,	the	conclusion	of	Step	6	is	not	executed.	22	5.		Converse	of	an	Implication	For	two	given	statements	P	and	Q,	we	can	construct	not	only	the	implication	P	⇒	Q	but	the	implication	Q	⇒	P	as	well.	A	relation	R	on	S	has	the	following	four	properties:	(1)	(2)	(3)	(4)	z	is	related	to
at	least	one	element	of	S,	y	is	related	every	element	to	which	z	is	related,	x	is	related	to	every	element	to	which	either	z	or	y	is	related,	R	is	symmetric.	By	Steps	1	and	2,	a	and	b	are	assigned	the	numbers	1	and	10,	respectively.	The	steps	performed	on	the	lists	are	given	in	the	following	table.	(b)	|3|	=	−3	is	sufficient	for	|	−	3|	=	3.	Since	Q	∪	I	=	R,	it
follows	that	R	is	denumerable.	r	r	r	r	r	r	r	r	r	r	A	(b)	B	f	−1	....	32	.............	(T)	11.	Thus	Fk+1	≤	2k+1	.	However,	since	G	is	a	plane	graph,	there	is	no	v2	−	v4	path	in	G	−	v,	all	of	whose	vertices	are	colored	2	or	4.	(b)	B	=	{x	∈	S	:	x	≥	10}.	(b)	The	set	A1	does	not	have	a	least	upper	bound	or	a	greatest	lower	bound.	partition	(of	a	nonempty	set	A):	a
collection	of	nonempty	subsets	of	A	such	that	every	element	of	A	belongs	to	exactly	one	of	these	subsets.	Prove	that	2n	>	n2	+	n	+	1	for	every	integer	n	≥	5.	There	is	a	v1	−	v3	path	in	G	−	v,	all	of	whose	vertices	are	colored	1	or	3.	(T)	9.	A	disadvantage	of	doing	this,	however,	is	that	the	algorithm	would	probably	be	difficult	to	understand	if	the
individual	reading	this	was	not	familiar	with	this	language.	Then	100	−	n2	=	100	−	(11)2	=	100	−	121	=	−21	<	0.	(b)	r1	is	a	central	vertex	of	T	.	Example	4.24	The	Fibonacci	sequence	F1	,	F2	,	F3	,	.	We	show	that	ak+1	=	(k	+	1)2	.	n	1	2	3	2n	2	4	8	After	comparing	n	and	2n	for	only	1	≤	n	≤	3	and	observing	that	2n	>	n	for	these	values	of	n,	it	seems	as
if	2n	>	n	for	every	positive	integer	n.	(c)	If	T0	is	an	isosceles	triangle,	do	we	know	that	T0	is	equilateral?	(g)	{0}	∪	A.	We	now	illustrate	this.	(a)	.......	(c)	State	∃x	∈	S,	R(x)	and	determine	its	truth	value.	Necessarily,	k	<	n.	Truth	Tables	A	table	that	gives	all	possible	assignments	of	truth	values	for	a	statement	or	statements	under	consideration	is	called
a	truth	table.	(d)	State	the	contrapositive	of	the	implication.	(b)	n	is	one	of	the	integers	−1,	0,	1,	2,	3.	Then	there	is	a	3-coloring	of	G	using	the	colors	1,	2,	3,	say.	Then	there	exist	a	positive	constant	C	and	a	positive	integer	k	such	that	n3	+	n	≤	C(3n2	+	6)	for	n	≥	k.	(e)	E	=	{x	∈	Z	:	x2	−	2x	−	8	≤	0}.	(3’)	If	I	buy	this	jacket,	then	it	is	on	sale.	We	show
that	T	is	transitive.	(a)	I’m	going	to	my	class	reunion	only	if	I	lose	weight.	(c)	1,	5,	19,	65.	Thus	n	=	1	and	n	=	2	are	the	only	positive	integers	for	which	P2	(n)	is	a	true	statement.	,	an	or	(a1	,	a2	,	.	(e)	If	I	had	a	good	semester,	then	I	did	well	in	math.	(i)		r	x	=	1	−	3x	+	6x2	−	10x3	+	·	·	·.	n=1	15.	Next	show	that	1	+	3	+	32	+	k+2	·	·	·	+	3k+1	=	3	2	−1	.	1
t	2	t	R	t3	2	.	25	1.3.	IMPLICATIONS	(c)	P	∨	(Q	∧	R)	≡	(P	∨	Q)	∧	(P	∨	R).	If	b	∈	R	and	ab	=	c,	then	this	equality	can	also	be	expressed	by	writing	loga	c	=	b.	Thus,	we	may	assume	that	f	(a)	=	f	(b)	6=	0.	(a)	If	I	didn’t	get	the	job,	then	I	will	go	back	to	college.	De	Morgan	was	intrigued	by	this	problem	and	wrote	about	it	that	very	same	day	to	William
Rowan	Hamilton	(after	whom	Hamiltonian	graphs	are	named).	,	Vk	},	k	≥	2,	of	the	vertex	set	V	(D)	such	that	for	every	arc	(u,	v)	of	D,	it	follows	that	u	∈	Vi	and	v	∈	Vi+1	for	some	i	with	1	≤	i	≤	k,	where	Vk+1	=	V1	.	So	φ	is	onto.	G	...	For	an	open	sentence	Q(x)	over	a	domain	S,	the	sentence	∃x	∈	S,	Q(x)	is	a	quantified	statement	that	can	be	expressed	in
any	of	the	following	ways:	•	There	exists	x	∈	S	such	that	Q(x).	This	algorithm	finds	the	largest	number	in	a	list	s	:	a1	,	a2	,	.	(b)	(A	−	B)	−	C.	Then	n	X	n	X			n	n(n	−	1)	od	vi	=	id	vi	=	=	.	Then	(S,	|)	is	a	poset	with	|S|	=	2s.	Therefore,	(k	+	1)!	>	2k+1	.	.................8	.........	Determine	the	chromatic	number	of	the	wheel	Wn	=	Cn	+	K1	for	every	integer	n	≥	3.
Since	7k	+	5	is	an	integer,	7n	+	3	is	even.	Since	(x	−	1)2	≥	0,	it	follows	that	f	(x)	=	(x	−	1)2	+	4	≥	4.	..............................................		Since	two	sets	A	and	B	are	equal	if	they	have	precisely	the	same	elements,	this	means	that	every	element	of	A	belongs	to	B	and	every	element	of	B	belongs	to	A.	Indicate	which	of	the	following	is	true.	The	function	f	:	N	→
A	∪	B	defined	by	1	↓	a1	2	↓	b1	3	↓	a2	4	↓	b2	5	↓	a3	6	↓	b3	···	···	···	is	bijective.	(b)	Which	of	the	properties	reflexive,	symmetric	and	transitive	does	R	possess?	Assume	that	1	1	k	1	+	+	·	·	·	+	=	where	k	is	an	arbitrary	positive	integer.		There	are	occasions	when	a	quantified	statement	may	contain	both	types	of	quantifiers.	f3	=	{(a,	0),	(b,	2)}.	The
elements	of	B	are	rearranged	in	Figure	5.20(b)	to	illustrate	the	bijective	character	of	f	more	clearly.	We	show	that	(k	+	1)!	>	(k	+	1)2	.	Then	s	=	a/b,	where	a,	b	∈	Z	and	b	6=	0.	17/24.	MATHEMATICAL	INDUCTION	hypothesis,	ai	=	i2	for	each	integer	i	with	1	≤	i	≤	k	(where	now	k	≥	2).	Since	1	=	1·(1+1)(1+2)	6	k(k+1)	k(k+1)(k+2)	1	+	3	+	6	+	···	+	2
=	for	an	arbitrary	positive	integer	k.	{a}	r	{a,	c}	r	{a,	b}	r	6	rA	∅	r	{b}	r	7	7r	....................	(b)	Yes.	Squaring	both	sides,	we	obtain	a	=	b.	(b)	fg	(fr	(fg	(c2	)))	and	fr	(c2	).	Prove	that	if	a	is	an	odd	integer	and	b	is	an	even	integer,	then	3a	+	5b	−	4	is	odd.	Since	4!	=	24	>	16	=	42	,	the	inequality	holds	for	n	=	4.	(c)	P3	=	{{1,	2,	4},	{3,	6,	8},	∅,	{5,	7}}.
Consider	the	functions	f	:	A	→	B	and	g	:	A	→	B	defined	by	f	=	{(a,	x),	(b,	z),	(c,	w)}	and	g	=	{(a,	w),	(b,	y),	(c,	w)}.	But	perhaps	these	meetings	could	be	scheduled	in	less	than	six	time	periods.	Prove	that	if	n	is	an	even	integer,	then	5n	−	7	is	an	odd	integer	using	(a)	a	direct	proof.	,	bk+1	are	k	+	1	real	numbers	such	that	b1	b2	·	·	·	bk+1	=	0,	then	bi	=	0
for	some	integer	i	(1	≤	i	≤	k	+	1).	Then	3m	+	5n	is	even	if	and	only	if	m	and	n	are	of	the	same	parity.	Also,	since	2	·	2	+	(−4)	≥	0,	it	follows	that	2	R	(−4).	If	it	is	someone	else	who	has	verified	the	truth	of	a	statement,	then	the	method	used	to	do	this	must	be	convincing.	s	s	s	s	1,	0	Figure	15.35:	The	state	digraph	for	the	finite-state	machine	in	Exercise
8	(a)	11111	(b)	00100	(c)	101010	(d)	000111.	The	actions	of	this	vending	machine	can	be	modeled	by	a	finite-state	machine.	(or:	Both	a	and	b	are	odd.)	(5)	The	negation	of	P	∧	Q	is	∼	(P	∧	Q):	It	is	not	the	case	that	both	a	and	b	are	odd.	By	Theorem	2.17,	the	number	of	elements	in	P(A)	is	|P(A)|	=	27	=	128.	r	......	Thus	ℓ2	R	ℓ1	and	R	is	symmetric.	(c)	C	=
{x	∈	S	:	|x	−	5|	∈	S}.	q	...	Also	|Z|	<	|R|.	The	following	example	of	a	denumerable	set	may	be	unexpected,	however.	The	equation	x2	=	0	has	only	one	solution,	namely	x	=	0;	while	(y	2	−	4)2	=	0	has	two	solutions,	namely	y	=	2	and	y	=	−2.	To	show	that	|A|	<	|P(A)|,	it	remains	to	prove	that	there	is	no	bijective	function	from	A	to	P(A).	(e)	to	each	positive
2-digit	integer	the	first	digit	of	that	integer.	Output:	ai	“appears	twice	in	the	sequence”	or	“no	term	appears	twice	in	the	sequence”	as	appropriate.	The	only	way	this	can	occur	is	if	P	is	true	and	Q	is	false.	Revolutionary.	Show	that	if	od	v	>	od	u,	then	(u,	v)	lies	on	a	directed	triangle	of	T	.	If	we	can	show	that	(k	+	1)	·	2k	>	2k+1	,	then	we	will	have	what
we	want.	Of	course,	this	number	is	either	rational	or	irrational.	Here	too	nothing	was	promised	if	no	additional	money	was	paid.	Introduction	to	Graphs	12.1.	12.2.	12.3.	12.4.	12.5.	13.	Let	m	∈	Z.	Then	there	exist	a1	,	a2	∈	A	such	that	a1	6=	a2	and	f	(a1	)	=	f	(a2	).	(a)	{x}	∈	{{x}}.	Suppose	that	f	is	a	function	from	A	to	B.	Let	n	=	1.	We	now	consider
two	additional	examples	where	the	Strong	Principle	of	Mathematical	Induction	is	an	appropriate	technique.	x	0	Figure	5.10:	The	graph	of	the	absolute	value	function	on	R	example,	f	(5)	=	|5|	=	5,	f	(0)	=	|0|	=	0	and	f	(−2.5)	=	|	−	2.5|	=	−(−2.5)	=	2.5.	The	graph	of	the	absolute	value	function	on	R	is	shown	in	Figure	5.10.		Strictly	speaking,	when
dealing	with	the	composition	g	◦	f	of	two	functions	f	and	g,	it	is	not	necessary	that	the	domain	of	g	be	the	same	as	the	codomain	of	f	.	r	r	...	s	s	s	s	s	s	s	(b)	complete	subdivision	graph	of	G	Figure	14.39:	The	graphs	in	Exercise	3	Prove	or	disprove:	(a)	A	graph	G	is	Hamiltonian	if	and	only	if	its	cyclic	subdivision	graph	is	Hamiltonian.	Hence	od	w	≥	1	and
id	w	≥	1.		For	two	nonempty	finite	sets	A	and	B,	suppose	that	f	:	A	→	B	is	a	one-to-one	function.	1	2	3	4	5	..	.,	vk	have	been	assigned	colors,	the	vertex	vk+1	is	assigned	the	smallest	color	such	that	vk+1	and	any	of	its	neighbors	in	{v1	,	v2	,	.	We	proceed	by	induction.	Then	for	each	irrational	number	s,	it	follows	that	rs	=	0	·	s	=	0	is	rational.	For	an
integer	n	≥	2,	let	Sn	=	{1,	2,	.	(2)	.	(a)	638	1024	.	For	example,	some	authors	refer	to	statements	as	propositions.)	Every	statement	has	a	truth	value.	(a)	C	∩	D.	Within	the	rectangle,	a	closed	curve	(often	a	circle	or	ellipse)	is	drawn	for	each	set	being	discussed.	(b)	{1,	2,	4}.	Since	i	=	1,	the	current	terms	a1	and	a2	(8	and	5)	are	swapped.	(a)	z	s	y
..........	151	5.1.	RELATIONS	y	....	Let’s	look	at	some	examples	of	this.		Analyzing	Algorithm	6.8,	which	determines	whether	some	number	k	appears	in	a	sequence	of	n	numbers,	introduces	something	we	have	not	yet	seen.	It	would	also	be	helpful	if	the	student	had	taken	a	course	or	two	in	calculus.	For	the	converse,	let	u	and	v	be	two	vertices	of	G	such
that	d(u,	v)	=	diam(G).	(a)	Show	that	rrrbbb	is	a	synchronized	sequence	for	some	vertex	of	D.	No.	41.	In	the	next	chapter,	we	will	see	an	algorithm	due	to	the	famous	geometer	Euclid	(325	BC–265	BC)	for	finding	the	greatest	common	divisor	of	two	positive	integers.	(b)	Give	an	example	of	a	partition	of	the	power	set	P(A)	of	A.	82	CHAPTER	3.	We	use	a
proof	by	contradiction	to	verify	the	converse:	If	T	is	a	transitive	tournament,	then	T	has	no	directed	cycles.	Both	the	ceiling	and	the	floor	produce	a	function.	6	8.	(a)	f	is	not	one-to-one	f	................	(a)	Explain	why	there	exists	a	synchronized	coloring	for	the	digraph	D	of	Figure	15.38(a).	(c)	F.	Assume	that	f	(a)	=	f	(b),	where	a,	b	∈	N.	State	and	solve	the
Five	Houses	and	Two	Utilities	Problem.		Bijective	Functions	If	f	is	a	function	from	a	set	A	to	a	set	B	that	is	both	one-to-one	and	onto,	then	every	element	of	B	is	the	image	of	at	most	one	element	of	A	and	the	image	of	at	least	one	element	of	A.	r	r	r	r	r	G:	r	f	r	r	r	r	rc	r	r	r	e	d	Figure	14.35:	Graphs	in	Exercise	12	13.	Some	rational	numbers	have	two
decimal	expansions.		104	CHAPTER	3.	Example	6.3	Use	Algorithm	6.2	to	find	the	largest	of	the	four	numbers	3,	5,	2,	7.	Then	x4	−	x2	−	2	=	(	2)4	−	(	2)2	−	2	=	4	−	2	−	2	=	0.	Therefore,	to	show	that	the	quantified	statement	∀x	∈	S,	∃y	∈	T,	R(x,	y)	is	false,	we	must	show	that	there	exists	some	x	∈	S	such	that	for	every	y	∈	T	,	R(x,	y)	is	false.	Prove	that	m
+	n	is	even	if	and	only	if	m	and	n	are	of	the	same	parity.	If	G	and	H	are	not	Eulerian,	then	G	+	H	is	not	Eulerian.	6	6	3.	For	appropriate	sets	A	and	B,	determine	the	range	of	a	function	f	:	A	→	B	that	assigns	(a)	to	each	integer	the	sum	of	that	integer	and	its	negative.	(d)	P	⇒	Q.	Determine,	with	explanation,	whether	the	following	functions	are	onto.	v	od
v	=	3	id	v	=	2	Figure	15.4:	The	outdegree	and	indegree	of	a	vertex	As	with	graphs,	the	number	of	vertices	in	a	digraph	D	is	called	the	order	of	D	and	the	number	of	directed	edges	in	D	is	the	size	of	D.	Since	3a	+	5b	+	1	is	an	integer,	3m	+	5n	is	odd.	4	.	0,	0	.......................	Assume	that	x	−	2	=	0.	Then	n	=	2k	+	1	for	some	integer	k.	We	consider	these
possibilities	separately.	Thus	d	is	a	lower	bound	of	{b,	c}.	Suppose	that	T	contains	the	Hamiltonian	cycle	C	=	(v1	,	v2	,	.	x8	+	8x7	y	+	28x6	y	2	+	56x5	y	3	+	70x4	y	4	+	56x3	y	5	+	28x2	y	6	+	8xy	7	+	y	8	.	23	.	(a)	the	set	of	students	who	have	neither	been	your	classmate	nor	with	whom	you	have	studied,	(b)	the	set	of	students	with	whom	you	have
studied	but	who	have	never	been	your	classmate,	(c)	the	set	of	your	classmates	with	whom	you	have	never	studied,	(d)	the	set	of	students	with	whom	you	have	either	studied	or	have	been	your	classmate	but	not	both,	(e)	the	set	of	your	classmates	with	whom	you	have	studied.	Again	nothing	is	dispensed.	1	........................................................	6............
584	vertex	389,	432,	559	trail	445,	483	set	432	transition	void	set	54	digraph	576,	591	function	576,	580,	590-591	table	576,	591	W	transitive	walk(s)	444,	483	relation	149,	192,	388	closed	445,	481	tournament	568,	591	equal	446	Traveling	Salesman	Problem	477,	483	length	of	444,	482	tree	491,	520	open	445,	482	binary	search	499,	520	trivial	444
weight	breadth-first	search	508,	520	INDEX	of	an	edge	471	of	a	subgraph	512,	520	weighted	averages	321-322	graph	472,	483	Weiss,	Benjamin	584	well-ordered	set	146	Well-Ordering	Principle	146,	255	wheel	461,	483	while	loop	199	Whitworth,	William	Allen	281	without	loss	of	generality	100	word	of	length	n	393	worst	case	time	complexity	214,
228	Z	zero	of	a	Boolean	algebra	413	of	a	lattice	407,	426	zero-one	matrix	434,	483	669	….	If	P	and	Q	are	statements,	then	P	∨	Q	is	true	only	when	at	least	one	of	P	and	Q	is	true.	Since	we	need	to	show	that	every	real	number	is	the	image	of	some	real	number,	we	begin	with	an	arbitrary	real	number,	say	r.	3............	By	the	Strong	Principle	of
Mathematical	Induction,	an	=	2n	−	1	for	every	positive	integer	n.	Each	of	the	following	is	a	function	from	N	×	N	to	N.	CHAPTER	5	HIGHLIGHTS	193	Supplementary	Exercises	for	Chapter	5	1.	To	compute	A2	,	observe	that	deg	v1	=	deg	v4	=	2	and	deg	v2	=	deg	v3	=	3.2	For	i	6=	j,	the	3	(i,	j)-entry	of	A2	is	the	number	of	different	vi	−vj	paths	of	length
2.	However,	K3,3	is	a	3-regular	graph	and	since	each	vertex	of	degree	3	in	H	is	adjacent	only	to	one	other	vertex	of	degree	3,	it	is	impossible	for	H	to	contain	K3,3	as	a	subgraph.	Example	6.34	Use	the	Binary	Search	Algorithm	to	determine	whether	the	number	10	appears	in	the	sequence	s	:	3,	7,	8,	11,	12,	15,	16,	18,	20,	22.	(b)	P	(x)	⇒	Q(x)	and	Q(x)	⇒
P	(x).	In	this	case,	we	obtain	the	directed	walk	(s5	,	s6	,	s2	,	s3	,	s4	,	s1	,	s2	,	s7	,	s6	,	s1	).	By	the	recurrence	relation,	a2	=	21	a1	=	2	·	1	=	2,	a3	=	23	a2	=	4	3	a3	a4	=	=	4	3	·	3	=	4	and	a5	=	5	4	a4	3	2	=	·	2	=	3,	5	4	·	4	=	5.	The	number	x	=	2	is	a	counterexample	since	√	2	(x2	−	2)2	=	(	2)2	−	2	=	(2	−	2)2	=	0.	c	...	Since	v1	is	adjacent	to	v2	and	adjacent
from	vk	,	there	is	a	vertex	vi	(1	≤	i	≤	k	−	1)	such	that	v1	is	adjacent	to	vi	but	adjacent	from	vi+1	(see	Figure	15.21(b)).	,	an	},	where	a1	≺	a2	≺	·	·	·	≺	an	.	We	can	construct	a	bijective	function	from	A	to	B,	say	f	=	{(a,	x),	(b,	y),	(c,	z)}.	Thus	e	is	an	upper	bound	of	{a,	c}.	D	.............	deposited	........	Because	R	is	symmetric,	a	R	x.	Example	5.46	Let	A	=	{a,
b,	c}	and	B	=	{w,	x,	y,	z}.	(b)	A.	Figure	15.2	shows	two	digraphs	559	560	CHAPTER	15.	Since	this	is	true,	x	is	assigned	7.	2	........................................................................................................................	The	final	arc	of	C	enters	v.	Since	m	=	10	>	3n	−	6	=	9,	it	follows	by	Corollary	14.9	that	K5	is	nonplanar.	So	we	can	think	of	[a]	as	the	set	consisting	of
all	of	the	relatives	of	a.	The	while	loop	at	Step	5	is	still	in	progress.		Actually,	the	identity	function	on	every	nonempty	set	A	is	a	permutation	on	A.	n2	n	n	(6.3)	Let	n	be	an	integer	that	is	greater	than	all	of	k,	6C	and	2,	that	is,	n	>	max(k,	6C,	2).	Assume	that	1	+	2	+	22	+	·	·	·	+	2k	=	2k+1	−	1	for	a	positive	integer	k.	√	√	√	√	3	35.	é	ê	ê	ê	ê	D=ê	ê	ê	ê	ë	0	45	50
60	70	85	50	45	65	85	90	45	0	60	50	35	55	45	80	105	105	90	50	60	0	40	65	105	90	75	60	55	45	60	50	40	0	45	90	95	95	100	75	50	70	35	65	45	0	50	70	120	115	110	95	85	55	105	90	50	0	45	115	135	150	135	50	45	90	95	70	45	0	70	105	125	120	45	80	75	95	120	115	70	0	45	88	105	65	105	60	100	115	135	105	45	0	45	80	85	105	55	75	110	150	125	85	45
0	45	90	90	45	50	95	135	120	105	80	45	0	ù	ú	ú	ú	ú	ú.	Let’s	summarize	what	is	done	in	a	proof	by	contrapositive.	Consider	the	following	two	statements	P	:	It	is	Friday.	A	sequence	a1	,	a2	,	a3	,	.	Then	G	−	u	has	two	or	more	components.	(b)	Find	a	Hamiltonian	cycle	in	each	strong	tournament	in	Figure	15.20.	u	.............	This	function	can	also	be	described
by	the	diagram	in	Figure	5.8(a)	and	the	graph	in	Figure	5.8(b),	which	in	this	case	is	a	set	of	four	points.	1.1	Statements	We	are	about	to	embark	on	a	study	of	discrete	mathematics.	Let	S	=	{0,	1,	4,	5}	and	let	P	(n)	:	n2	−5n+6	2	is	odd.	Since	H	contains	edges,	we	certainly	need	at	least	two	colors.	A	unique	minimum	spanning	tree.	Example	5.10	Let	S
=	{1,	2,	3,	4}.	Assume	that	1	+	3	+	·	·	·	+	(2k	−	1)	=	,	where	k	is	an	arbitrary	positive	3	(k+1)(2k+1)(2k+3)	2	2	2	.	Let	a	∈	R+	such	that	a	6=	1,	where,	recall,	R+	is	the	set	of	positive	real	numbers.	Let	f	:	R	→	[1,	∞)	and	g	:	[1,	∞)	→	R	be	defined	by	f	(x)	=	|x|	+	1	and	g	=	x	−	1.	2	2	(c)	If	x	6=	−2,	then	x	6=	4.	A	triangle	is	equilateral	if	its	three	sides
have	the	same	length	and	a	triangle	is	isosceles	if	at	least	two	of	its	sides	have	the	same	length.	Find	a	compound	statement	constructed	from	two	component	statements	P	and	Q	that	is	true	for	50%	of	the	combinations	of	truth	values	of	P	and	Q.	Consider	these	possibilities.	(e)	{a,	b,	c}.	13	....	(b)	S	∧	R.	Show	that	f	=	Θ(g).	Assume	first	that	T	is	a
tournament	of	order	n	in	which	no	two	vertices	of	T	have	the	same	outdegree.	Prove	that	if	f	(c)	is	even	for	some	odd	integer	c,	then	f	(c)	is	even	for	every	integer	c.		Subsets	Definition	2.6	A	set	A	is	called	a	subset	of	a	set	B,	written	A	⊆	B,	if	every	element	of	A	also	belongs	to	B.		Suppose	that	A	and	B	are	finite	nonempty	sets.	Hence	we	assume	that
there	exists	a	smallest	positive	real	number.	Then	state	∀x	∈	S,	R(x)	and	∃x	∈	S,	R(x)	in	words.	There	are	often	known	properties	of	two	objects	of	a	certain	type	that	hold	for	more	than	two	objects	of	this	type.	(g)	A	∪	B.	Thus	(u,	w)	is	an	arc	of	T	and	so	T	is	transitive.	(c)	If	I	get	the	job,	then	I	will	not	go	back	to	college.		There	are	several	properties
that	a	relation	defined	on	a	set	can	have	that	will	be	of	particular	interest	to	us.	Let	A	=	{1,	2,	3},	B	=	{1,	2,	3,	4,	5}	and	C	=	{1,	2,	3,	4}.	To	determine	the	image	of	an	element	a	∈	A	by	the	function	g	◦	f	,	the	definition	in	(5.2)	tells	us	to	first	determine	the	image	f	(a)	∈	B	of	a	under	f	and	then	determine	the	image	g(f	(a))	∈	C	of	f	(a)	under	g.	s	.........
Section	11.3	1.		Complement	of	a	Set	Definition	2.32	For	a	set	A	(which	is	therefore	a	subset	of	the	universal	set	U	being	considered),	the	complement	A	of	A	is	the	set	of	elements	(in	the	universal	set)	not	belonging	to	A.	Therefore,	the	function	f	can	be	also	expressed	as	a	set	of	four	ordered	pairs,	namely	f	=	{(a,	w),	(b,	v),	(c,	w),	(d,	y)}.	For	S	=	{−2,
−1,	0,	1,	2},	determine	f	(S)	for	each	of	the	following.		Since	we	have	shown	an	interest	in	whether	K3,3	is	planar,	this	suggests	attempting	to	apply	Corollary	14.9	to	K3,3	.	s	..	5.2.	EQUIVALENCE	RELATIONS	157	Since	−2y	−	k	−	2x	is	an	integer,	3y	−	7x	is	even.	if	aj	≤	ai	then	insert(aj	→	ai	)	and	i	:=	j	−	1	4.		As	we	already	observed,	log	n	<	n	for
every	positive	integer	n	and	so	using	the	Binary	Search	Algorithm	is	more	efficient	than	using	the	the	Linear	Search	Algorithm.	Theorem	14.34	(Brooks’	Theorem)	If	G	is	a	connected	graph	that	is	neither	a	complete	graph	nor	an	odd	cycle,	then	χ(G)	≤	∆(G).	Therefore,	2−n	(n2	+3)	=	20	(02	+3)	=	3	is	odd.	It	is	impossible	to	assign	a	truth	value	to	it
without	knowing	the	value	of	x.	So	y	R	x	and	R	is	symmetric.	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	655	Section	15.2	1.	Then	m	=	−n	is	a	negative	integer	and	n	+	m	=	n	+	(−n)	=	0.	There	are	many	other	permutations	of	the	set	S.	To	verify	that	a	statement	R	is	true	using	a	proof	by	contradiction,	we	assume	that	R	is	false	and,
from	this,	obtain	a	contradiction.	Gary	Chartrand	and	Ping	Zhang	Chapter	0	What	is	Discrete	Mathematics?	r	r	r	r	r	r	r	r	r	r	A	B	(c)	Figure	5.20:	The	inverse	of	a	bijective	function	Suppose	that	f	:	A	→	B	is	a	function	that	is	not	bijective.	Columns	without	pivots;	these	are	combinations	of	earlier	columns.	(g)	{1,	2,	7}.	(c)	C	=	{35,	36,	37,	.	.....1	..	First,	5
R	(−2)	since	5	+	(−2)	=	3	∈	N.	1,	0	..............................	r	:=	0	8.	(b)	P(B)	=	{∅,	{∅},	{{a}},	B}.		y	......	0	...	Interchanging	the	colors	of	the	vertices	in	H1	produces	a	new	5-coloring	of	G	−	v	in	which	v1	is	colored	3.	Let	C	=	{a,	b,	c,	e}	and	g	=	{(a,	2),	(b,	3),	(c,	1),	(e,	4)}.	3	....	(a)	Show	that	G	does	not	contain	K3,3	as	a	subgraph.	Example	3.10	Express
the	following	statements	in	symbols	and	express	their	negations,	both	in	symbols	and	in	words.	{(a,	∅),	(a,	{a}),	(a,	{b}),	(a,	A),	(b,	∅),	(b,	{a}),	(b,	{b}),	(b,	A)}.	recurrence	relation:	a	relation	that	defines	an	(n	∈	N)	in	terms	of	a1	,	a2	,	.	On	the	other	hand,	since	f	is	onto,	it	follows	that	there	exists	a	∈	A	such	that	f	(a)	=	b.	y
.................................................................................	This	verifies	the	basis	step	of	induction.	(a)	f	(n)	=	2n	+	5.	The	subtle	aspect	of	this	proof	is	noticing	that	our	assumption	that	a/b	has	been	reduced	to	lowest	terms	has	resulted	in	a	contradiction.	1·2	2·3	3·4	n(n	+	1)	n+1	118	CHAPTER	4.	√	3.	Kevin	inserts	three	quarters	into	the	vending	machine.	for
i	:=	2	to	n	do	[i	is	sequentially	assigned	the	integers	from	2	to	n]	3.	That	is,	the	input	string	(15.1)	results	in	a	directed	s5	−	s8	walk.	Then	G′	is	planar	if	and	only	if	G	is	planar.	Assume,	to	the	contrary,	that	there	exists	an	even	integer	n	such	that	5n	−	7	is	even.	K3	×	K3	r	r	r	r	r	r	r	r	r	r	K2,3	×	K2	Figure	20:	The	graphs	in	Exercise	15	r	645	ANSWERS
AND	HINTS	TO	ODD-NUMBERED	EXERCISES	19.	13	1.2.	NEGATION,	CONJUNCTION	AND	DISJUNCTION	11.	r	4	Exercise	3	Exercise	1	r	.......	,	L8	at	the	intersection	of	two	streets.	Then	degG	u	+	degG	u	=	n	−	1.	Then	the	man	pays	the	neighbor	an	additional	$50	and	the	neighbor	paints	the	dining	room.	b	....	,	1	+	∆	that	has	not	been	used	to	color
the	vertices	adjacent	to	vk+1	.	Definition	4.18	A	sequence	a1	,	a2	,	a3	,	.	r	........	The	name	Fibonacci	is	a	shortening	of	“filius	Bonacci”,	which	means	“son	of	Bonaccio”.	(c)	s	=	4,	t	=	3	and	s+t−1	=	15.	The	only	element	of	A1	is	the	number	1,	while	the	only	element	of	A2	is	the	set	A1	=	{1},	that	is,	A2	=	{A1	}.	(a)	73	=	35.	110	dollars.	,	un	be	a	labeling
of	the	vertices	of	G1	that	gives	the	adjacency	matrix	A1	and	let	v1	,	v2	,	.	If	n	is	odd,	then	χ(Cn	)	≥	3	by	Corollary	14.23.	Since	x	is	even,	x	=	2a	for	some	integer	a.	Result	3.21	Let	n	be	an	integer.	Since	kn	is	an	integer,	mn	is	even.	(a)	For	every	even	integer	a,	both	a2	and	a	+	2	are	even.	Since	r	and	t	are	rational,	r	=	a/b	and	t	=	c/d,	where	a,	b,	c,	d	∈
Z	and	b,	d	6=	0.	Then	2k+1	=	2·2k	>	2k	=	k+k	≥	k+1.	Let	Gi	be	an	ri	-regular	graph	of	order	ni	(i	=	1,	2,	3).	For	i	=	1,	2,	.	Consequently,	(A	−	B)	∪	(A	−	C)	⊆	A	−	(B	∩	C).	Figure	15.10:	The	orientations	of	C3	and	C4	.............	Since	deg	v	≥	1,	it	follows	that	deg	u	−	deg	v	≤	n	−	2.	Also,	since	u2	is	a	least	upper	bound,	u2		u1	.	In	fact,	if	we	weren’t
already	informed	that	n	is	an	integer,	we	wouldn’t	know	that	n	is	an	integer,	much	less	an	even	integer.	What	is	the	smallest	number	of	time	periods	in	which	all	exams	can	be	given	if	two	different	exams	cannot	be	given	during	the	same	period	if	some	student	must	take	both	exams?	Then	−5	≤	2n	−	1	≤	5.	G	contains	exactly	two	bridges,	say	e	=	uv
and	f	=	xy.	Prove	that	there	is	no	smallest	positive	irrational	number.	(b)	{−2,	−1,	0,	1}	19.	What	do	we	now	know	that	we	didn’t	know	before?	Prove	that	if	A1	,	A2	⊆	A,	then	f	(A1	∪	A2	)	=	f	(A1	)	∪	f	(A2	).	s	s	Figure	15.24:	An	arc	(si	,	sj	)	in	a	state	digraph	Since	the	sets	S,	I	and	O	are	finite,	the	next-state	function	f	and	output	function	g	can	also	be
described	by	means	of	a	table,	commonly	called	the	state	table	or	transition	table	of	the	577	15.3.	FINITE-STATE	MACHINES	machine.	A	sequence	{an	}	is	defined	recursively	by	a1	=	5,	a2	=	7	and	an	=	3an−1	−	2an−2	−	2	for	n	≥	3.	Thus	f	(ai	)	=	n	−	i	+	1	and	so	f	is	bijective.	Now	let	Pk	be	the	k-gon	whose	vertices	are	v1	,	v2	,	.	over	the	domain	S
of	odd	integers,	the	quantified	statement	∀n	∈	S,	R(n)	can	be	expressed	as	For	every	odd	integer	n,	5n	+	3	is	even.	The	function	f	can	also	be	expressed	as	f	=	{(1,	b),	(2,	a),	(3,	b),	(4,	d)}	and	also	by	writing	f	(1)	=	b,	f	(2)	=	a,	f	(3)	=	b,	f	(4)	=	d.	vr	r	v5	v4	r	vr1	........................	(c)	16.	Then	the	following	hold:	If	f	and	g	are	one-to-one,	then	so	is	g	◦	f	.
(3.3)	In	other	words,	the	negation	of	a	quantified	statement	is	also	a	quantified	statement,	namely	the	one	with	the	opposite	quantifier	applied	to	the	negation	of	the	original	open	sentence.	We	might	color	vertex	u	with	color	1,	vertex	v	with	color	2,	vertex	w	with	color	3,	vertex	x	with	color	1	and	vertex	y	with	color	2.	In	many	instances,	it	would
probably	be	useful	if	there	were	an	explicit	formula	for	the	nth	term	of	the	sequence.	(a)	The	integer	23	is	even.	output	y	The	time	complexity	of	this	algorithm	is	5	=	O(1).	LOGIC	(c)	(P	⇒	Q)	∨	(P	⇒	R)	≡	P	⇒	(Q	∨	R).	.....................................................................................................................................................	Input:	Four	numbers	a,	b,	c,	d.	irrational
number:	a	real	number	that	is	not	rational.	b...................	RELATIONS	AND	FUNCTIONS	While	there	is	nothing	new	about	this	definition	if	A	and	B	are	finite,	for	infinite	sets	A	and	B,	we	now	have,	for	the	first	time,	a	definition	for	|A|	=	|B|.	outdegree	(of	a	vertex	v),	od	v:	the	number	of	vertices	to	which	v	is	adjacent.		199	6.1.	WHAT	IS	AN
ALGORITHM?	First,	recall	that	2	≈	1.414,	e	≈	2.718	and	π	≈	3.14.	Does	there	exist	a	round	robin	tournament	containing	2k	teams,	where	k	≥	3,	in	which	k	of	these	teams	win	r	games	and	the	remaining	k	teams	win	s	games,	where	r	6=	s?	Since	od	vn	=	0,	it	follows	that	T	is	not	strong.	The	same	is	true	for	A	∩	B	∩	C.	In	each	pool,	a	round	robin
tournament	takes	place,	in	which	the	top	two	teams	in	each	pool	advance	to	play	for	Olympic	medals.	(a)	13/25.	Sets	and	Subsets	Set	Operations	and	Their	Properties	Cartesian	Products	of	Sets	Partitions	Chapter	Highlights	and	Supplementary	Exercises	Quantified	Statements	Direct	Proof	Proof	by	Contrapositive	Proof	by	Cases	Counterexamples
Existence	Proofs	Proof	by	Contradiction	Chapter	Highlights	and	Supplementary	Exercises	Mathematical	Induction	4.1.	4.2.	4.3.	4.4.	The	Principle	of	Mathematical	Induction	Additional	Examples	of	Induction	Proofs	Sequences	The	Strong	Principle	of	Mathematical	Induction	Chapter	Highlights	and	Supplementary	Exercises	Relations	and	Functions	5.1.
5.2.	5.3.	5.4.	5.5.	7	13	25	36	40	43	47	53	Methods	of	Proof	3.1.	3.2.	3.3.	3.4.	3.5.	3.6.	3.7.	4.	Let	d	=	a	∧	c	and	e	=	b	∧	c.	The	vending	machine	accepts	nickels	and	dimes	only.	Prove	or	disprove	the	following:	Let	n	be	an	integer.	We	show	that	2k+1	>	k	+	1.	That	is,	after	Step	1	is	performed,	x	=	3.	....................................................	Then	x	∈	A	−	B	or	x	∈
B	−	A.	145	CHAPTER	4	HIGHLIGHTS	Supplementary	Exercises	for	Chapter	4	1.	,	bn	},	where	n	∈	N.	5.2	(b)	X	R2	Y	if	X	∩	Y	=	∅.	However,	if	we	know	beforehand	that	k	appears	somewhere	in	the	sequence,	then	it	is	equally	likely	that	k	is	any	one	of	the	n	numbers.	Recall	that	the	Cartesian	product	A	×	B	of	two	sets	A	and	B	is	the	set	of	all	ordered
pairs	(a,	b),	where	a	∈	A	and	b	∈	B.	................................................................................................................................................................................................................................	We	now	construct	a	new	connected	graph	H	from	G	by	adding	a	new	vertex	x	of	degree	2	and	joining	it	to	u	and	v.	Prove	that	Fn	≤	positive	integer	n.	(c)	The	statement	is	false.
ú	ú	ú	û	17.	For	a	function	f	:	Z	→	Z,	let	f	2	=	f	◦	f	.	However,	−1	is	not	a	positive	integer	and	so	there	is	no	positive	integer	n	for	which	P1	(n)	is	a	true	statement.	,	n−1}	to	the	remaining	n	−	2	vertices	of	G	produces	an	(n	−	1)-coloring	of	G.	Section	5.5	1.	Definition	5.1	A	relation	R	from	a	set	A	to	a	set	B	is	a	subset	of	A	×	B.	Prove	that	the	nth	n+1
derivative	of	f	(x)	is	given	by	f	(n)	(x)	=	(−1)	xn(n−1)!	for	every	positive	integer	n.	Consider	the	graph	consisting	of	the	two	components	C3	and	C4	.	(b)	f	(x)	=	x(x	−	5)	+	1.	METHODS	OF	PROOF	is	true	–	nothing	more	and	nothing	less.	..........................................................	Therefore,	y	=	loge	x	if	and	only	if	x	=	ey	,	where	loge	x	is	often	written	as	ln	x.
ppppppppppp	ppppp.p..............................................................	(b)	Determine,	with	explanation,	whether	the	following	is	true	or	false.	49.	Prove	for	every	integer	n	≥	2	that	xn	is	even	if	and	only	if	x	is	even.	0,	0	2	...	(a)	and	(d).	He	notices	that	the	sum	of	one	of	these	numbers	and	the	square	of	the	other	gives	the	same	result.	need	only	observe	that	1·2
1+1	Assume	that	1	1	1	k	+	+	···	+	=	,	1·2	2·3	k(k	+	1)	k+1	where	k	is	a	positive	integer.	Then	x	∈	A	−	B	and	x	∈	A	−	C.	0,	1	...	,	Pk	is	true.	Furthermore,	v	and	x	belong	to	the	same	component.	(a)	n	=	1.	Since	cos	2x	=	2	cos2	x	−	1	for	every	π	π	real	number	x,	it	follows	that	4	cos2	x	=	2	+	2	cos	2x	and	so	4	cos2	2k+2	=	2	+	2	cos	2k+1	.	The	result	then
follows	by	the	Principle	of	Mathematical	Induction.	s	y	sv	s	w	(a)	sv	s	s	x	s	x	u	s	y	.........	Let	P7	=	(v1	,	v2	,	.	We	have	seen	that	the	only	integers	n	for	which	Q(n)	is	false	are	n	=	0,	n	=	1	and	n	=	2.	Therefore,	f	is	one-to-one.	(a)	P	∨	(Q	∨	R)	≡	(P	∨	Q)	∨	R.	(b)	Determine	the	image	of	d.	.}	{x	∈	Z	:	x	R	4}	=	{x	∈	Z	:	x	+	4	is	even}	{x	∈	Z	:	x	is	even}	=	{.
Suppose	that	G	is	a	graph	containing	a	subgraph	H	whose	chromatic	number	is	known	to	us,	say	χ(H)	=	k.	Assume	first	that	G	contains	an	Eulerian	trail	T	.	Let	a	∈	S.	It	is	known	that	3	and	5	are	irrational.	ℓ	=	ℓ2	...	Let	x	be	a	real	number	such	that	(x−	1)2	=	0.	189	5.5.	CARDINALITIES	OF	SETS	There	are	many	other	results	involving	cardinalities	of
sets.	(a)	∃a	∈	Z,	∀b	∈	Z,	P	(a,	b).	177	5.4.	BIJECTIVE	FUNCTIONS	Inverse	Functions	For	nonempty	sets	A	and	B,	we	have	seen	that	a	bijective	function	f	:	A	→	B	pairs	off	the	elements	of	A	with	the	elements	of	B.	Since	2n	≥	n	for	every	positive	integer	n,	it	follows	that	log(2n	)	≥	log	n;	so	n	≥	log	n	for	n	≥	1.	For	an	integer	n,	consider	the	following	open
sentences	P	(n):	5n	+	3	is	even.	(c)	X	R3	Y	if	|X|	≤	|Y	|.	u1	r	..........	,	j	−	1),	there	is	a	possible	comparison	in	Step	3.	Such	a	sequence	is	referred	to	as	an	input	string.	a,	b	...	See	Figure	2.6(b)	–	(f)	for	the	first	of	the	two	distributive	laws	in	Theorem	2.22(c).	(g)	Can	you	believe	that	I	have	to	take	this	class?	However,	there	are	occasions	when	neither	of
these	techniques	may	be	successful.	This	means	that	we	must	show	that	the	basis	step	(1)	and	the	inductive	step	(2)	are	satisfied.	If	x	represents	an	object	in	a	collection	S	of	objects,	then	S	is	called	the	domain	of	x	and	P	(x)	is	referred	to	as	an	open	sentence	over	the	domain	S.	Let	sn	denote	the	number	of	ways	that	a	2	×	n	board	can	be	covered	by	n
dominos.	If	we	don’t	find	it,	then	the	natural	conclusion	is	that	we	don’t	have	a	correct	spelling	of	it.	112	CHAPTER	3.	Therefore,	x	−	1	=	0	and	so	x	=	1.	(a)	Let	A	=	{1,	2,	3}.	Even	worse,	it	is	quite	possible	that	there	are	other	winning	tickets,	in	which	case	the	grand	prize	would	be	shared	and	he	has	lost	more	than	$45,000,000.	(b)	If	x	=	−5,	then	x2
=	25.	However	then,	there	is	no	ordered	pair	(b,	c)	∈	R1	.	That	is,	each	has	been	caught	in	a	lie.	of	integers	is	defined	recursively	by	a1	=	0,	a2	=	2	and	an	=	2an−1	−	an−2	+	2	for	n	≥	3.	(b)	Use	induction	to	prove	that	for	every	integer	n	≥	8,	there	exist	nonnegative	integers	x	and	y	such	that	n	=	3x	+	5y.	If	a0	=	b0	=	1,	then	we	carry	1	over	to	the
second	addition;	otherwise	we	can	assume	that	we	are	carrying	0	over	to	the	next	addition.	Assume	that	2k	>	k,	where	k	is	a	nonnegative	integer.	30.	Illustrate	Algorithm	6.8	for	k	=	11	and	s	:	9,	10,	14,	11.	In	particular,	f	(1)	=	1,	f	(2)	=	1/2	and	f	(3)	=	2.	If	P	is	the	set	of	distinct	equivalence	classes	of	A	resulting	from	R,	then	P	is	a	partition	of	A.	Thus
|A|	≤	|P(A)|.	Express	each	of	the	following	implications	as	an	“If,	then”	sentence.	v	w	....	Linearly	dependent	VI,	...	v1	(a)	C:	.......	(3.13)	This	is	useful	in	the	proof	of	the	following	result.	An	algorithm	with	time	complexity	Θ(n)	has	linear	time	complexity	and	one	with	time	complexity	Θ(n2	)	has	quadratic	time	complexity.	Again,	by	Theorem	3.24,	b	is
even.	w	....	ALGORITHMS	AND	COMPLEXITY	Example	6.42	Sort	the	list	s	:	15,	11,	9,	12,	10	from	smallest	to	largest	using	the	Insertion	Sort	Algorithm.	s	s	s	s	s	s	s	(a)	.....		Example	1.40	Express	each	of	the	following	implications	as	an	“If,	then”	sentence.	Next,	we	show	that	[b]	⊆	[a].	Let	v	be	one	of	the	vertices	of	G	that	does	not	belong	to	H.	Each	of
the	following	is	an	open	sentence	over	the	domain	S	consisting	of	the	three	integers	1,	2	and	3.	Assume,	to	the	contrary,	that	there	exists	a	poset	(S,	)	containing	a	nonempty	subset	A	having	two	distinct	least	upper	bounds	u1	and	u2	.	x	:=	a1	[x	is	assigned	the	value	a1	]	2.	During	this	coming	summer,	the	Department	of	Mathematical	Sciences	at	a
university	plans	to	offer	courses	in	the	following	subjects:	discrete	mathematics	(dm),	vector	calculus	(vc),	linear	algebra	(la),	data	structures	(ds),	algorithms	(al),	statistics	(st).	Characteristic	equation	det(A	-	AI)	=	O.	b	2b	3b	We	use	this	table	to	show	that	there	is	a	bijective	function	f	:	N	→	Q+	.	However,	there	is	only	one	chance	out	of	10	that	we
will	select	the	roll	of	counterfeit	coins	to	weigh.	Example	2.43	For	the	set	A	=	{1,	2,	.	If	we	were	considering	the	polynomial	x2	−	4,	where	x	∈	R,	we	might	wish	to	divide	R	into	the	sets	A,	B	and	C,	where	A	=	B	=	{x	∈	R	:	x2	−	4	=	0}	{x	∈	R	:	x2	−	4	<	0}	=	{x	∈	R	:	x2	−	4	>	0}.	In	this	case,	let	P	(n)	denote	the	open	sentence	(4.3),	that	is,	n+1	P	(n)	:	1
1	1	1	n	+	+	+	···+	=	1·2	2·3	3·4	n(n	+	1)	n+1	4.1.	THE	PRINCIPLE	OF	MATHEMATICAL	INDUCTION	117	where	n	is	a	positive	integer.	Then	(f	◦	f	)(a)	=	f	(f	(a))	=	f	(c),	while	(f	◦	f	)(b)	=	f	(f	(b))	=	f	(c).	~	of	a	digraph	D	is	obtained	from	D	by	reversing	the	direction	of	every	arc	of	13.	(e)	Q	⊕	I.	(1)	Either	I	get	this	job	or	I	take	another	class.	Since	f	(a)	=
f	(b),	it	follows	that	x	=	y	and	so	a	=	2x	+	1	=	2y	+	1	=	b.	METHODS	OF	PROOF	Example	3.6	For	the	open	sentence	Q(x):	x4	+	2	=	2x2	.	We	have	seen	that	this	means	there	exists	some	element	x	∈	S	for	which	P	(x)	is	true	and	Q(x)	is	false.	Planar	Graphs	and	Graph	Colorings	14.1.	Planar	Graphs	14.2.	Coloring	Graphs	Chapter	Highlights	and
Supplementary	Exercises	15.	√	We	have	mentioned	a	few	times	that	2	is	an	irrational	number.	State	each	of	the	following	quantified	statements	in	words.	First,	if	a	set	A	is	denumerable,	then	it	is	infinite	and	there	is	a	bijective	function	f	:	N	→	A.	Observe	that	b	∧	(a	∨	b)	=	(b	∧	a)	∨	(b	∧	b)	=	(b	∧	a)	∨	b	=	b	and	that	b	∧	(a	∨	b)	=	b	∧	(a	∨	c)	=	(b	∧	a)	∨
(b	∧	c)	=	(a	∧	b)	∨	(b	∧	c)	=	(a	∧	c)	∨	(b	∧	c)	=	(c	∧	a)	∨	(c	∧	b)	=	c	∧	(a	∨	b)	=	c	∧	(a	∨	c)	=	(c	∧	a)	∨	(c	∧	c)	=	(c	∧	a)	∨	c	=	c.	x	.....	A	coloring	of	the	arcs	of	a	strong,	aperiodic	digraph	D	with	uniform	outdegree	2	is	shown	in	Figure	15.44.	However,	since	od	v	=	id	v,	there	is	an	arc	directed	away	from	v	that	does	not	belong	to	T	.	The	integers	m	=	1
and	n	=	1	are	not	both	even	(in	fact,	m	=	1	and	n	=	1	are	both	odd)	but	3m	+	7n	=	3	·	1	+	7	·	1	=	10	is	even.	222	CHAPTER	6.	Instead	of	being	concerned	with	real	numbers,	this	mathematics	was	more	involved	with	integers	and	other	“similar”	collections	of	objects,	as	well	as	with	finite	collections.		Exercises	for	Section	5.1	1.	We	seek	an	edge
joining	a	vertex	of	H	and	a	vertex	not	belonging	to	H.	Determine	whether	each	of	the	following	statements	is	true	or	false.	Draw	the	state	digraph	of	the	resulting	finitestate	automaton.	.,	an	of	n	distinct	integers.	Then	n	=	2a	for	some	integer	a.	Assume	that	ai	=	2i	−	1	for	every	integer	i	with	1	≤	i	≤	k,	where	k	is	an	arbitrary	positive	integer.	a=3	b=5
c=2	d=7	x	3	5	5	7	output	x=7	When	we	write	an	algorithm	using	pseudocode,	the	standard	arithmetic	operators	+,	−,	∗	or	juxtaposition	(for	multiplication)	and	/	(for	division)	are	used,	as	well	as	the	comparative	logical	operators	=,	6=,	and	≥.	x+y	Figure	11:	The	combinatorial	circuit	in	Exercise	13	x	y	z	.......................	Thus	a	∈	f	−1	(B1	)	∩	f	−1	(B2	),
implying	that	f	−1	(B1	∩	B2	)	⊆	f	−1	(B1	)	∩	f	−1	(B2	).	If	A	is	finite,	then	A	is	not	denumerable.	(d)	I	−	Q.	We	return	to	the	for	loop	in	Step	2	and	i	is	increased	to	3.	Each	of	the	tournaments	T3	and	T4	has	a	directed	3-cycle	but	no	directed	4-cycle.	Must	have	n	independent	eigenvectors	(in	the	columns	of	S;	automatic	with	n	different	eigenvalues).	(a)
Give	an	example	of	an	equivalence	relation	R	on	S	that	results	in	four	distinct	equivalence	classes.	The	function	f	−1	:	B	→	A	is	bijective	as	well.	Let	A	be	a	team	that	has	won	the	greatest	number	of	matches.	Then	(m	−	1)2	+	(n	−	4)2	=	(2	−	1)2	+	(4	−	4)2	=	1	+	0	≤	1,	as	desired.	(a)	Twice.	Equivalence	Relations	Probably	the	best	known	relation	on
the	set	of	integers	is	the	equals	relation,	that	is,	the	relation	R	defined	on	Z	by	a	R	b	if	a	=	b.	Adding	these,	we	get	(a	+	b)	+	(b	+	c)	=	2x	+	2y	and	so	a	+	c	=	2x	+	2y	−	2b.	(b)	is	similar	to	(a).	r	....	This,	however,	produces	a	contradiction.	j	:=	j	+	1	end	end	8.	,	un	=	v).	,	vn	be	a	labeling	of	the	vertices	of	G2	that	gives	the	adjacency	matrix	A2	.	(a)	The
function	f	is	not	one-to-one	since	f	(1)	=	f	(−1)	=	2	for	example.	Observe	that	if	a	and	b	are	both	integers,	then	a	R	b	can	only	occur	if	a	=	b.	Then	n2	+	n	is	even	if	and	only	if	n	is	even.	Before	writing	such	a	program,	however,	what	is	needed	is	a	plan	–	a	detailed	strategy	for	solving	the	problem.	LOGIC	(b)	Assuming	that	S	is	true	and	that	I	went	to	the
party	tonight,	does	this	mean	that	I	got	paid	today?	Let	A	=	{1,	2,	3}	and	B	=	{4,	5,	6}.	The	number	of	subsets	of	an	n-element	set	can	be	defined	recursively.	In	Example	4.21	(in	Section	4.3),	we	encountered	a	recursively	defined	sequence	in	which	there	are	two	initial	values.	If	n	is	not	a	power	of	2,	then	n	<	2j	<	2n	for	some	positive	integer	j	and
then	the	number	of	comparisons	in	the	algorithm	is	no	more	than	5j	+	6	<	5	log(2n)	+	6	=	5	log	n	+	5	log	2	+	6,	that	is,	the	worst	case	time	complexity	of	the	Binary	Search	Algorithm	in	any	case	is	O(log	n).	...............................................................................................	.....1.....	40.	For	an	integer	n,	consider	the	following	open	sentences:	P	(n):	(n	+	1)(n
+	3)	is	odd.	The	web	pages	that	are	listed	first	are,	in	a	certain	sense,	the	most	relevant.	(b)	If	you	don’t	receive	a	speeding	ticket,	then	you	are	not	driving	over	70	miles	per	hour.	Although	Example	1.1	presents	four	different	types	of	sentences,	it	is	the	declarative	sentences	that	will	be	of	greatest	interest	to	us.	Definition	5.72	A	set	A	is	called
denumerable	if	|A|	=	|N|.	(b)	Let	A	=	{a,	b},	B	=	{1,	2,	3},	C	=	{x,	y,	z},	f	=	{(a,	1),	(b,	2)}	and	g	=	{(1,	x),	(2,	y),	(3,	z)}.	Prove	that	if	a	and	b	are	of	the	same	parity,	then	5a	−	3b	is	even.	(e)	a	composition	of	functions	that	results	in	e3x	.	The	second	implication	is	“if	3m	+	5n	is	even,	then	m	and	n	are	of	the	same	parity.”	Here	the	reasonable	proof
technique	is	a	proof	by	contrapositive,	where	we	would	begin	by	assuming	that	m	and	n	are	of	opposite	parity	and	divide	the	proof	into	the	two	cases	(1)	m	is	even	and	n	is	odd	and	(2)	m	is	odd	and	n	is	even.	LOGIC	truth	value:	true	T	or	false	F	.	Observe	that	x2	>	2x	when	2	<	x	<	4.	Result	3.28	Let	m	and	n	be	integers.	Therefore,	to	show	that	the
quantified	statement	∃x	∈	S,	∀y	∈	T,	R(x,	y)	is	false,	we	must	show	that	for	every	element	x	∈	S,	there	exists	an	element	y	∈	T	such	that	R(x,	y)	is	false.	Thus,	√	there	is	a	bijection	f	from	N	to	Q	×	Q.	A	sequence	{an	}	is	defined	recursively	by	a1	=	2,	a2	=	6	and	an	=	2an−1	−	an−2	+	2	for	n	≥	3.	By	(b),	a	∧	b	=	a	if	and	only	if	a		b.	The	proof	of	this	fact	is
one	of	the	best	known	examples	of	a	proof	by	contradiction.	Since	y	∈	Si	and	y	∈	Sj	,	it	follows	that	i	=	j	because	P	is	a	partition	of	S.	He	would	announce	how	he	arrived	at	his	conclusion	by	uttering	“It’s	elementary,	my	dear	Watson.”	to	his	friend	and	associate	Dr.	John	Watson.	Because	R	is	antisymmetric,	b	=	a.	r	m	=	n2	y	=	x2	r	r	...........	Assume
that	|2n	−	1|	≤	5.	Pn	(c)	If	i=1	|	od	vi	−	id	vi	|	=	0,	then	D	is	Eulerian.	For	each	of	the	following	sets,	indicate	whether	a	is	an	element	of	the	set.	The	statement	P1	∧	P2	∧	·	·	·	∧	Pk	is	true	only	when	all	of	the	statements	P1	,	P2	,	.	This	algorithm	produces	a	4-coloring	c	of	G	defined	by	c(v1	)	=	1,	c(v2	)	=	1,	c(v3	)	=	2,	c(v4	)	=	3,	c(v5	)	=	2,	c(v6	)	=	4.
The	number	M	counts	an	edge	once	if	the	edge	is	a	bridge	and	counts	it	twice	if	the	edge	is	not	a	bridge.	q	........	Let	S	=	{1,	2,	3,	4}	and	let	f	be	defined	by	f	(1)	=	2,	f	(2)	=	3,	f	(3)	=	4	and	f	(4)	=	1.	See	Figure	15.	Result	to	Prove:	Let	m	and	n	be	two	integers.	Q:	b	is	odd.	..............................................................................................................	Let	x	∈	Z.
See	Figure	16	2	1	5	.	,	ak	and	then	a1	,	a2	,	.	A	=	{1,	2}	and	B	=	{1,	2,	4}.	deposited	.......	(c)	h	=	{(a,	b),	(b,	c),	(c,	a),	(d,	c)}.	complex	number:	a	+	bi	for	some	real	numbers	a	and	b	and	where	i	=	√	−1.	After	the	initial	comparison	is	made	in	Step	3	(namely	that	1	≤	n),	a	comparison	is	made	in	each	of	the	Steps	5	–	8.	How	many	elements	are	in	P(A)	if
A	=	{n	∈	Z	:	|n|	≤	5}?	proper	coloring	(in	a	digraph	D):	a	coloring	of	the	arcs	of	D	such	that	no	two	arcs	leaving	the	same	vertex	of	D	are	colored	the	same.	transitive	tournament:	a	tournament	T	with	the	property	that	if	whenever	(u,	v)	and	(v,	w)	are	arcs	of	T	,	then	(u,	w)	is	an	arc	of	T	.	(The	subsequence	under	consideration	now	consists	of	the	single
term	a4	.)	Because	4	=	a	≤	b	=	4,	we	proceed	through	the	while	loop	at	Step	3	yet	again.	state	the	biconditional	P	(n)	⇔	Q(n)	using	“if	and	only	if”	and	“necessary	and	sufficient.”	5.	adjacency	matrix	(of	a	digraph	D):	For	V	(D)	=	{v1	,	v2	,	.	By	the	induction	hypothesis,	the	sum	of	the	interior	angles	of	Pk	is	(k	−	2)	·	180o	and	the	sum	of	the	interior
angles	of	P3	is	180o	.	(a)	declarative	statement	(T).	(c)	R	·	C	where	C	⊆	R	with	|C|	=	2.	The	statement	is	false	(a	=	1	and	b	=	2	form	a	counterexample).	All	are	negative-sounding.	2,3,1	....	(d)	If	A	and	B	are	disjoint	nonempty	sets,	then	|A|	<	|A	∪	B|.	(d)	B.	i	:=	a	while	i	≤	b	do	begin	these	steps	i	:=	i	+	1	end	200	CHAPTER	6.	Chapter	10	gives	an
introduction	to	discrete	probability.	Then	the	statement	∀n	∈	S,	P	(n):	For	every	integer	n	≥	m,	P	(n).	Suppose	this	time	that	we	have	a	gathering	of	six	people	1,	2,	3,	4,	5,	6	where,	again,	every	two	people	are	either	friends	or	strangers.	1	+	2	·	3x	+	3	·	32	x2	+	4	·	33	x3	+	·	·	·	+	(n	+	1)	·	3n	xn	+	·	·	·.	8	..	On	the	other	hand,	there	are	instances	when	we
may	be	able	to	use	some	known	facts	to	verify	that	two	compound	statements	are	logically	equivalent.	The	function	f	:	N	→	A	defined	by	f	(n)	=	−n	is	bijective.	Thus	f	is	one-to-one.	The	number	of	1’s	in	row	i	is	the	degree	of	vi	.	There	is	another	set	that	can	be	created	from	A	and	B	but	whose	elements	are	of	an	entirely	different	nature.	Let	A	=	{a,	b,	c,
d}	and	B	=	{w,	x,	y,	z}.	Of	course,	we	know	that	every	real	number	is	either	rational	or	irrational.	The	graph	H	of	Figure	14.9	is	redrawn	in	Figure	14.11	so	that	it	is	clear	that	it	is	a	subdivision	of	K3,3	.	(a)	Let	r,	b	and	g	denote	the	number	of	red,	blue	and	green	balls	selected.	Exercises	for	Section	4.4	1.	Give	an	example	of	an	equivalence	relation	R
on	S	having	the	property	that	for	every	2-element	subset	A	of	S,	there	are	two	distinct	equivalence	classes,	both	of	which	have	a	nonempty	intersection	with	A.	(a)	No.	(b)	Yes.	h	√	n		√	n	i	for	every	positive	10.	Assigning	the	color	1	to	u	and	v	and	distinct	colors	from	{2,	3,	.	Assume,	to	the	contrary,	that	G	has	no	vertex	of	degree	2	or	less	and	so	δ(G)	≥
3.	We	will	assume	here,	however,	that	every	coloring	of	(the	vertices	of)	a	graph	is	a	proper	coloring.	40	CHAPTER	1.	For	a	straight	line	ℓ,	the	equivalence	class	[ℓ]	consists	of	ℓ	and	all	straight	lines	parallel	to	ℓ.	Describe	each	of	the	following	subsets	of	S	as	{x	∈	S	:	P	(x)},	where	P	(x)	is	some	open	sentence	involving	elements	x	∈	S.	(b)	f	:	R+	→	R+	is
defined	by	f	(x)	=	x2	for	x	∈	R+	.	The	function	f	:	X	→	Y	assigns	to	each	student	the	grade	the	student	earns	in	the	class	and	g	:	Y	→	Z	assigns	to	each	grade	the	number	of	students	receiving	this	grade.	In	this	case,	Fk+1	=	Fk−1	+	Fk	≤	2Fk−2	+	2Fk−1	=	2(Fk−2	+	Fk−1	)	=	2Fk	142	CHAPTER	4.	.....3	.	(c)	P3	(n)	:	n2	>	0.	(b)	The	set	A	∩	B	consists	of
those	members	of	the	department	you	have	had	as	an	instructor	and	with	whom	you	have	had	a	conversation.	Show	that	f	=	O(g).	Show	that	a	tournament	can	contain	three	vertices	of	outdegree	1	but	can	never	contain	four	vertices	of	outdegree	1.	x	D2	:	y	.......	The	goal	of	this	chapter	is	to	introduce	some	methods	of	proof.	That	is,	each	function	is
big-O	of	every	function	listed	to	its	right,	while	no	function	is	big-O	of	a	function	listed	to	its	left.	....q.	0,	1	............	Then	with	each	student	a	∈	A	there	is	associated	an	integer	b	∈	B,	namely	b	is	the	score	that	a	received	on	the	quiz.	(c)	A	∈	B,	A	6⊆	B	and	A	∩	B	6=	∅.	(g)	interrogative	.	Prove	that	if	m	pairs	of	distinct	integers	of	S	are	of	the	same	parity
and	the	remaining	n	pairs	of	distinct	integers	of	S	are	of	opposite	parity,	then	m	and	n	are	of	the	same	parity.	The	derivative	of	f	(x)	=	ln	x	is	f	′	(x)	=	f	(1)	(x)	=	1/x.	We	consider	the	number	3	2	3	.	For	example,	a	total	of	11	−	6	=	5	tiles	are	placed	on	the	square	whose	lower	left	corner	has	coordinates	(5,	3).	(d)	f	:	R	→	R	is	defined	by	f	(x)	=	x2	+	2x	+	1
for	x	∈	R.	−15,	120.	Because	the	statement	we	wish	to	prove	is	a	biconditional,	we	have	two	implications	to	prove,	namely	“n2	is	even	if	n	is	even”	and	“n2	is	even	only	if	n	is	even.”	The	implication	“n2	is	even	if	n	is	even”	(the	“if”	part	of	the	“if	and	only	if”)	can	be	written	as	If	n	is	even,	then	n2	is	even.	(a)	(25)2	=	2	·	3	·	100	+	25.	No.	23.	Next,	we
verify	the	inductive	step.	The	set	C	contains	two	elements,	namely	1	and	{∅}.	(b)	{(1,	1),	(1,	{1}),	(2,	1),	(2,	{1}),	({2},	1),	({2},	{1})}.	Let	A	=	{−3,	−2,	.	For	a	real	number	x,	consider	the	open	sentences	P	(x):	x2	=	x.	47	CHAPTER	1	HIGHLIGHTS	R1	R4	R7	R2	R5	R8	R3	R6	R9	Figure	1.21:	A	buildling	with	nine	rooms	in	Exercise	10	Chapter	1
Highlights	Key	Concepts	biconditional,	P	⇔	Q:	P	if	and	only	if	Q.	3n2	is	even	is	necessary	and	sufficient	for	n3	to	be	even.	How	might	you	do	this?	The	terms	are	then	relabeled,	as	shown	in	Figure	6.8.	a1	a2	···	ai−1	ai	ai+1	···	aj−1	aj	aj+1	···	an	ai	···	aj−2	aj−1	aj+1	···	an	···	aj−1	aj	aj+1	···	an	..	Cubing	both	sides,	we	obtain	a	=√b.	is	the	implication	If	n	is
not	an	even	integer,	then	7n	+	3	is	not	an	odd	integer.	Because	i	=	2	≤	4,	Steps	3	and	4	are	performed	again.	The	negation	of	the	quantified	statement	in	(a)	is	There	exists	an	integer	n	such	that	2n2	+	5n	+	1	is	not	odd.	If	n	is	even,	then	we	can	write	n	=	2a	for	some	integer	a	and	showing	that	n2	−	n	is	even	is	no	longer	difficult.	As	in	the	proof	of
Result	3.28,	a	proof	of	Result	3.29	could	also	be	given	using	“without	loss	of	generality”	(in	fact,	using	it	twice).	One	of	the	great	European	mathematicians	of	the	middle	ages	was	Leonardo	da	Pisa,	born	in	1175	in	Pisa,	Italy,	known	for	its	famous	Leaning	Tower.	(c)	Since	n2	−	n	−	6	=	(n	−	3)(n	+	2),	it	follows	that	n2	−	n	−	6	=	0	when	(n	−	3)(n	+	2)
=	0	and	so	n	=	3	or	n	=	−2.		Input	State	Output	1	s3	1	0	s0	1	0	s1	0	1	s0	0	1	s3	1	0	s0	1	1	s3	1	We	now	describe	a	finite-state	machine	that	computes	the	sum	of	two	positive	integers	expressed	in	base	2.	Hence	there	exists	a	5-coloring	of	G	−	v.	Then	Carter	did	not	go	to	Las	Vegas.	Since	f	is	bijective,	the	inverse	f	−1	:	B	→	A	exists,	namely	f	−1	=
{(calculator,	Abraham),	(certificate,	Stephen),	(cell	phone,	Charlene),	(painting,	Debra),	(iPod,	Lawrence)}.	r	G:	r	r	r	r	r	Figure	14.30:	The	graph	in	Exercise	1	2.	Then	3x	−	7y	and	3y	−	7z	are	even.	Then	(m	−	2)2	−	(n	−	3)3	=	(3	−	2)2	−	(3	−	3)3	=	12	−	02	=	1	−	0	=	1.	(d)	x	R4	y	if	x2	+	y	2	=	9.	637	ANSWERS	AND	HINTS	TO	ODD-NUMBERED
EXERCISES	21.	For	example,	both	P	(3)	and	P	(2)	are	statements.	The	statement	is	false.	There	is	no	real	number	y	such	that	x2	+	y	2	=	36	+	y	2	=	25.	A	remark	about	the	proof	of	Result	4.2	may	be	useful.	(1’)	If	we	all	go	out	to	dinner,	then	he	gets	a	promotion.	Consequently,	as	far	as	cardinality	of	infinite	sets	is	concerned,	there	are	infinitely	many
kinds	of	infinite	sets.	Since	B	⊆	A	and	g	:	A	→	P(A)	is	a	bijective	function,	there	exists	an	element	y	∈	A	such	that	g(y)	=	B.	Therefore,	a	counterexample	of	∀x	∈	S,	P	(x)	⇒	Q(x)	is	an	element	a	∈	S	for	which	P	(a)	is	true	and	Q(a)	is	false.	During	the	trial,	the	prosecutor	announces:	If	the	defendant	committed	the	robbery,	then	he	had	an	accomplice.	
Example	14.29	Determine	the	chromatic	number	of	the	graph	H	of	Figure	14.22.	is	true	if	(1)	P	(1)	is	true	and	(2)	the	statement	∀k	∈	N,	P	(k)	⇒	P	(k	+	1)	is	true.	137.	This	is	not	a	proof	of	Result	3.45,	however.	One	might	guess	(correctly)	that	if	a	coin	is	flipped	n	times,	then	there	are	2n	possibilities	for	the	sequence	of	outcomes.	39.	After	all,	the	only
way	to	truly	avoid	making	mistakes	in	proofs	is	to	not	even	try	writing	proofs.	In	the	proof	we	used	the	fact	that	we	know	that	an	=	2an−1	−	an−2	.	Setting	i	=	n	+	1	results	in	an	exit	from	the	while	loop.	The	vertices	of	D	can	be	labeled	as	v1	,	v2	,	.	3	..	When	n	≥	2,	however,	n	+	n1	>	2.	Assume,	to	the	contrary,	that	G	6=	Q.	The	authors	have	spent
much	time	and	effort	to	make	this	textbook	clear	and	informative	(and	hopefully	interesting	as	well).	Mays	................	Assume	next	that	a	R	b,	where	a,	b	∈	Z.	(a)	Prove	that	R	is	an	equivalence	relation.	Definition	6.18	A	function	f	:	N	→	R+	is	big-theta	of	a	function	g	:	N	→	R+	,	written	f	=	Θ(g)	or	f	(n)	=	Θ(g(n)),	if	there	exist	positive	constants	C1	and
C2	and	a	positive	integer	k	such	that	C1	g(n)	≤	f	(n)	≤	C2	g(n)	for	every	integer	n	≥	k.	Since	nx	=	n2	,	it	follows	that	x	=	(n	−	1)/2	and	so	n	is	odd.	Since	21	>	1,	the	inequality	holds	for	n	=	1.	(c)	f	=	{(a,	q),	(b,	r),	(c,	s),	(d,	t)}.			(d)	f	(x)	=	|2x	−	1|.	This	is	illustrated	in	the	table:	i	ai	2	3	4	5	4	5	x	3	5	5	5	output	x=5	ANSWERS	AND	HINTS	TO	ODD-
NUMBERED	EXERCISES	619	3.	This	is	impossible.	(a)	Give	an	example	of	two	integers	a	and	b	for	which	this	biconditional	is	true.	•	Let	n	be	an	integer.	G′	:	....................................	(a)	True	or	false:	If	G	is	planar,	then	H	′	is	planar.	Prove	that	if	a	and	b	are	odd,	then	ab	+	a	+	b	is	odd.	Our	goal	is	now	to	show	that	x2	−	x	−	2	is	also	0.	ppp
.................................	DIRECTED	GRAPHS	Connected	Digraphs	The	underlying	graph	of	a	digraph	D	is	obtained	by	removing	all	directions	from	the	arcs	of	D	and	replacing	any	resulting	pair	of	parallel	edges	by	a	single	edge.	(a)	Determine	g	◦	f	:	A	→	C	and	(g	◦	f	)−1	:	C	→	A.	531	14.1.	PLANAR	GRAPHS	G1	:	.........	•	The	statement	∀x	∈	S,	R(x)	is	true	if
R(x)	is	true	for	each	x	∈	S.	Let	w	∈	V	(G2	).	1	log	n	n	log	n	n	n2	2n	n!	The	graphs	of	the	functions	f1	(x)	=	1,	f2	(x)	=	log	x,	f3	(x)	=	x,	f4	(x)	=	x	log	x,	f5	(x)	=	x2	and	f6	(x)	=	2x	are	given	in	the	Figure	6.2.	Notice	that	the	scales	on	the	two	axes	are	different.	r	G3	:	r	G4	:	r	r	r	r	r	...	(The	collection	S	is	called	a	set	in	mathematics,	which	is	the	main	subject
of	Chapter	2.)	If	an	open	sentence	P	contains	two	variables	x	and	y,	where	the	domain	of	x	is	X	and	the	domain	of	y	is	Y	,	then	we	typically	write	P	as	P	(x,	y),	where	then	x	is	an	object	of	X	and	y	is	an	object	of	Y	.	We	attempt	to	prove	this	result	by	the	Strong	Principle	of	Mathematical	Induction.	In	particular,	if	C	is	a	Hamiltonian	cycle	of	G,	then	G
itself	has	a	strong	orientation.	RELATIONS	AND	FUNCTIONS	relation	(from	a	set	A	to	a	set	B):	a	subset	of	A	×	B.	Therefore,	{1,	2,	3},	N,	Z	and	Q	are	countable	sets,	while	[0,	1]	is	uncountable.	Subtracting	2	from	both	sides	and	dividing	by	3	give	us	a	=	b.	Let	r	=	0.	The	story	goes	that	when	the	brilliant	mathematician	Carl	Friedrich	Gauss	was	a
student	in	elementary	school,	the	children	in	his	class	were	given	the	tedious	task	of	adding	the	first	100	positive	integers.	For	n	=	1,	2,	3,	4,	for	example,	the	statements	P	(n)	are	given	below:	1	1·2	1	1·2	1	1·2	1	1·2	P	(1)	:	P	(2)	:	P	(3)	:	P	(4)	:	1	1	=	2	1+1	1	1	+	=	+	2·3	2	1	1	+	+	2·3	3·4	1	1	+	+	2·3	3·4	=	1	2	2	=	=	6	3	2+1	1	1	1	3	3	=	+	+	=	=	2	6	12	4
3+1	1	1	1	1	1	4	4	+	=	+	+	+	=	=	.	(b)	∼	(P	⇒	Q)	⇒	(∼	Q).	We	show	that	Fk+1	≤	2Fk	.	•	The	complete	graph	K5	is	nonplanar.	(c)	C	=	{x	∈	Q	:	x2	−	(π	+	e)x	+	πe	=	0}.	(Do	not	find	such	a	coloring.)	(b)	Show	that	the	coloring	of	the	arcs	of	D	given	in	Figure	15.38(b)	is	not	a	synchronized	coloring.	R	R........	See	Figure	22.	If	a	is	an	element	of	a	set	A,	then
we	write	a	∈	A.	Thus	r	=	a/(nb).	length	(of	a	string):	the	number	of	terms	in	the	string.	Thus	R−1	is	antisymmetric.	.............................................................................	G:	.............	SETS	≡	≡	x	∈	B	and	x	∈	A	(commutative	law	of	conjunction)	x	∈	B	∩	A	(definition	of	intersection	of	B	and	A).	(a)	is	true.	P∞	r=0	(c)	1	1	3	2	(−	2	)(−	2	)	3!	.	Thus	c	=	0	and	a	+	2b
+	3c	=	a	+	2b	≤	2	+	2	·	1	=	4	<	5.	Twenty	years	later,	in	1996,	a	considerably	improved	proof	of	the	Four	Color	Theorem	was	given	by	Neil	Robertson,	Daniel	Sanders,	Paul	Seymour	and	Robin	Thomas.	However,	by	the	definition	of	B,	it	follows	that	y	∈	B,	which	again	is	a	contradiction.	(a)	Since	2	·	3	+	1	=	7	≥	0,	it	follows	that	3	R	1.	This	cannot
occur	with	finite	sets,	however.	10,	N	10	s	..	Example	14.27	Determine	the	chromatic	number	of	the	graph	F	of	Figure	14.20.	Assume	that	ai	=	2i−1	for	every	integer	i	with	1	≤	i	≤	k,	where	k	is	a	positive	integer.	(d)	Two	isomorphic	graphs	must	have	the	same	size.	Give	an	example	of	(a)	a	function	f	:	A	→	B	that	is	not	one-to-one	but	where	f	(1)	6=	f
(2).	Hence	if	g	is	a	subset	of	A	×	B	in	which	either	(i)	some	element	a′	of	A	is	not	the	first	coordinate	of	any	ordered	pair	in	g	or	(ii)	some	element	a′′	of	A	is	the	first	coordinate	of	more	than	one	ordered	pair	in	g,	then	g	is	not	a	function	from	A	to	B.	Definition	1.21	Two	compound	statements	R	and	S	constructed	from	the	same	component	statements	are
called	logically	equivalent	if	R	and	S	have	the	same	truth	value	for	all	combinations	of	truth	values	of	their	component	statements.	(c)	two	proofs	by	contrapositive.	q	.........	(c)	(h	◦	f	)(x).	Since	the	numerators	are	1,	2,	4,	8,	·	·	·,	we	see	that	the	numerator	is	2n	.	maximal	planar	graph:	a	planar	graph	G	with	the	property	that	the	addition	of	any	edge
joining	two	nonadjacent	vertices	of	G	produces	a	nonplanar	graph.	Therefore,	the	implications	in	(a),	(c)	and	(d)	are	true.	We	first	show	that	f	−1	(B1	)∪f	−1	(B2	)	⊆	f	−1	(B1	∪B2	).	This,	however,	implies	that	a	=	b	and	so	f	is	one-to-one.	3	.......	√	√	√	7.	Let	b	=	b1	b2	·	·	·	bk	.	R	:	Maria	got	the	job.	(b)	There	exists	some	real	number	x	such	that	x	+	3	>	0.
In	Step	2,	n	+	2	is	compared	with	n.	Suppose	that	V1	=	{u1	,	u2	,	.	Good	estimates	of	the	time	needed	to	execute	a	program	are	often	extraordinarily	difficult	to	obtain,	for	these	depend	on	such	things	as	the	computer	being	used,	how	the	data	is	represented,	what	software	is	being	used	and	how	the	program	is	being	translated	into	machine	language.
If	we	were	to	use	a	proof	by	contrapositive,	then	we	would	begin	the	proof	by	assuming	that	3m	+	5n	is	odd.	is	an	infinite	sequence	as	is	b3	,	b4	,	b5	,	.	Continue	from	here.	G1	:	......	We	can	further	assume	that	a/b	has	been	reduced	to	lowest	terms.	Prove	or	disprove:	For	every	two	distinct	colors	i,	j	∈	{1,	2,	.	In	summary:	A	set	A	is	denumerable	if	and
only	if	it	is	possible	to	list	the	elements	of	A	as	a1	,	a2	,	a3	,	.	is	a	true	statement	for	every	integer	n;	while	P	(n)	∧	(∼	P	(n)):	n	is	even	and	n	is	odd.	Assume,	for	an	arbitrary	nonnegative	integer	k,	that	2i	=	0	for	every	integer	i	with	0	≤	i	≤	k.	If	S	=	N,	then	there	is	another	valuable	method	of	proof	that	may	be	successful	to	prove	that	the	quantified



statement	∀x	∈	S,	R(x)	is	true.	Then	D	contains	no	cycles	but	D	has	a	Hamiltonian	path	P	,	say	P	is	a	u	−	v	path.	Suppose,	in	fact,	that	a1	=	k.		133	4.3.	SEQUENCES	Example	4.25	For	a	positive	integer	n,	let	sn	be	the	number	of	n-bit	strings	having	no	two	consecutive	0s.		Finite-State	Automata	There	are	also	finite-state	machines	that	produce	no
output.	(d)	f	(x)	=	x4	+	3x2	+	1.	Let	S	=	{3,	6,	9,	18}.	If	we	are	adding	ai	+	bi	(i	≥	1),	then	we	proceed	in	the	same	manner	except	we	also	need	to	add	to	ai	+	bi	the	bit	carried	over	from	the	preceding	addition.	(a)	Give	an	example	of	a	partition	of	A	×	B.	Give	examples	of	two	sets	A	and	B	such	that	(a)	A	∈	B	and	A	⊂	B.	The	method	of	proof	that	Pascal
was	attempting	to	use	was	induction	and,	although	his	argument	lacks	precision	in	that	he	was	essentially	trying	to	talk	his	way	through	a	proof,	he	was	on	the	right	track.	w2	.......	....2	............	For	the	converse,	we	show	that	if	xk+1	is	even,	then	x	is	even	using	a	proof	by	contrapositive.	difference	(of	A	and	B),	A	−	B:	the	set	of	all	elements	belonging
to	A	but	not	to	B.	However,	2x	≥	x2	when	x	≥	4.	A	.................................	For	which	values	of	x	and	y	is	Q(x,	y)	a	true	statement?	METHODS	OF	PROOF	quantifier	and	is	denoted	by	the	symbol	∀.	(b)	45.	Determine	with	explanation	whether	f	is	(i)	one-to-one,	(ii)	onto.	We	are	often	interested	in	how	these	concepts	are	related	to	one	another.	•	For	at
least	one	x	∈	S,	Q(x).	(3)	It	is	impossible	to	determine	whether	G	+	uv	is	planar	or	nonplanar.	,	Vk	},	k	≥	2,	of	the	vertex	set	V	(D)	of	D	such	that	for	every	arc	(u,	v)	of	D,	it	follows	that	u	∈	Vi	and	v	∈	Vi+1	for	some	i	with	1	≤	i	≤	k,	where	Vk+1	=	V1	.	,	uk	.	Hence	we	may	assume	that	S	=	{a1	,	a2	,	.	The	elements	of	D	are	1,	2	and	{2}.	That	is,	if	a	6=	b,
then	(a,	b)	6=	(b,	a).	Then	f	=	Θ(g)	if	and	only	if	f	=	O(g)	and	g	=	O(f	).	A	relation	R	is	defined	on	the	set	S	=	{−7,	−5,	−4,	−1,	3,	4,	9}	by	a	R	b	if	a	+	3b	is	even.	Hence	T	contains	the	directed	3-cycle	(v1	,	vi	,	vi+1	,	v1	).	Result	3.45	No	even	integer	can	be	expressed	as	the	sum	of	an	even	integer	and	an	odd	integer.	Disprove:	For	a	real	number	x,	x2	−
x	−	2	>	0	if	and	only	if	−1	<	x	<	1.	If	f	is	not	one-to-one,	then	A	contains	distinct	elements	a1	and	a2	such	that	f	(a1	)	=	f	(a2	)	=	b	for	some	b	∈	B.	(e)	{{0}}	∩	A.	First,	suppose	that	e	is	an	even	integer.	Then	|2n	−	1|	=	−(2n	−	1)	=	−2n	+	1	>	5.	Since	a	+	b	=	b	+	a,	it	follows	that	(a,	b)	R	(a,	b).	The	element	a1	is	then	called	the	first	term	of	the
sequence,	a2	the	second	term	and	so	on.	Since	1	=	i	≤	n	=	3,	we	perform	Steps	3	and	4.	Next,	we	determine	the	number	of	subsets	of	A	that	contain	ak+1	.	The	machine	accepts	quarters	and	half-dollars	only	and	returns	the	change	if	more	than	75¢	is	deposited.	In	fact,	because	one	of	P	and	∼	P	is	also	false,	the	statement	P	∧	(∼	P	)	is	a	contradiction.
Nonplanar	Graphs	According	to	Corollary	14.7,	if	G	is	a	planar	graph	of	order	n	≥	3	and	size	m,	then	m	≤	3n	−	6.	Since	P	(2)	and	Q(2)	are	both	false,	P	(2)	∨	Q(2)	is	false.	Let	y	∈	A	∩	B.		Exercises	for	Section	3.1	1.	Since	1·4	=	3+1	,	the	formula	holds	for	n	=	1.	(b)	∅.	rrbb	is	not	a	synchronized	sequence	for	any	vertex	of	D.	If	x2	=	4,	then	x	=	−2.
......................................................................	(b)	B	=	{1,	2,	3,	4,	5}.	balanced	{1},	{5}	.......	This	is	illustrated	for	the	digraph	D	of	Figure	15.6.	v1........................................................................v2	D:	.......	Two	functions	f	:	R	→	R	and	g	:	R	→	R	are	defined	by	f	(x)	=	3x2	+	1	and	g(x)	=	5x	−	3	for	all	x	∈	R.		P	Q	∼Q	T	T	F	T	F	T	F	F	F	T	F	T	P	⇒Q	(∼	Q)	∨	(P	⇒
Q)	T	F	T	T	T	T	T	T	Figure	1.15:	A	truth	table	for	the	tautology	in	Example	1.62	Example	1.63	For	every	two	statements	P	and	Q,	the	statement	(P	∧	Q)	∧	(Q	⇒	(∼	P	))	is	a	contradiction	(see	the	truth	table	in	Figure	1.16).	The	number	30	is	the	product	of	three	different	primes	and	the	8	=	23	positive	integer	divisors	that	divide	it	are	1,	2,	3,	5,	6,	10,	15,
30.		3.	However,	every	real	number	must	be	shown	to	be	an	image,	not	just	−1	and	7.	(b)	Show	that	|R	−	{1}|	=	|R	−	{2}|.	We	have	described	two	methods	(direct	proof	and	proof	by	contrapositive)	that	can	be	used	to	prove	that	a	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	is	true.	(a)	Let	m	and	n	be	two	integers.	(a)	Prove	that	if	G	is	a	planar	graph	of	order	n	≥	3
and	size	m	without	triangles,	then	m	≤	2n	−	4.	0,	0	.	(a)	a	∈	{a}.	Without	knowing	the	date	referred	to,	who	the	person	is	and	what	place	is	being	referred	to,	we	cannot	determine	whether	sentence	6	is	true	or	false	and	so	this	sentence	is	not	a	statement.	A	sequence	{an	}	is	defined	recursively	by	a1	=	1,	a2	=	4	and	an	=	−an−1	+	2an−2	+	6n	−	7
for	n	≥	3.	(f)	{0}	⊆	{0}.	This	algorithm	determines	whether	a	sequence	s	:	a1	,	a2	,	.	(c)	The	function	f	is	onto.	......................................................................................................	s0	s1	s2	s3	a	s2	s0	s1	s2	f	b	s1	s2	s2	s3	c	s3	s3	s0	s2	Solution.	p	(−3)2	=	−3.	This	gives	us	the	weighted	directed	graph	in	Figure	5.	......................................	RELATIONS	AND
FUNCTIONS	Recall	that	a	partition	P	of	a	nonempty	set	A	is	a	collection	of	nonempty	subsets	of	A	such	that	every	element	of	A	belongs	to	exactly	one	of	these	subsets.	De	Morgan’s	Laws:	∼	(P	∨	Q)	≡	(∼	P	)	∧	(∼	Q)	and	∼	(P	∧	Q)	≡	(∼	P	)	∨	(∼	Q).	For	S	=	{1,	2,	3},	give	an	example	of	two	sets	A	and	B	such	that	|B|	=	|A|	+	1,	where	A	⊆	S	and	B	6⊆	S.
Since	the	domain	is	also	√	the	set	R	,	we	are	√	seeking	a	positive	real	number	x	such	that	f	(x)	=	r.	15.3	Finite-State	Machines	There	is	an	ever-increasing	number	of	input-output	devices.	However	an	algorithm	is	written,	it	is	important	that	it	is	understandable	and	that	it	accomplishes	what	is	intended.	Since	R	is	transitive,	a	R	b.	Since	a	≤	a	and	b	≤
b,	it	follows	that	(a,	b)	R	(a,	b)	and	so	R	is	reflexive.	The	capital	of	California	is	the	city	of	Sacramento,	not	Los	Angeles.	(c)	χ(G)	=	5.	(b)	f	(x)	=	2x	.	s0	s1	f	0	1	s0	s1	s1	s0	The	state	digraph	of	this	machine	is	shown	in	Figure	38.	There	are	occasions	when	a	direct	proof	can	be	used	to	show	that	the	statement	For	x	∈	S	and	y	∈	T	,	P	(x,	y)	⇒	Q(x,	y).	This
sentence	is,	in	fact,	a	statement	and	is	called	a	quantified	statement.	For	example,	some	write	A	⊂	B	to	mean	A	is	a	subset	of	B	and	A	(	B	to	mean	A	is	a	proper	subset	of	B.	Since	k	+	ℓ	+	2y	is	an	integer,	3x	−	7z	is	even.	,	Gℓ	are	the	components	of	G	−	u,	where	ℓ	≥	2.	Q(n):	n3	−	n	=	0.	Before	doing	this	however,	we	need	to	describe	some	characteristics
of	real	numbers	with	which	you	may	already	be	familiar.	Prove	that	if	2x	+	3y	≥	1,	then	x	≥	1	or	y	≥	1.	The	truth	table	for	P	⊕	Q	is	given	in	Figure	1.5.	Thus	P	⊕	Q	is	true	only	when	exactly	one	of	P	and	Q	is	true.	...........................................................	If	we	delete	the	isolated	vertex	from	Gn	,	then	we	obtain	the	graph	Hn	of	order	n	−	1	containing	a
vertex	of	each	of	the	degrees	1,	2,	.	x	:=	x	+	ai	[ai	is	added	to	the	current	value	of	x	to	provide	the	new	value	of	the	temporary	sum	x]	4.	The	proof	can	then	be	divided	into	cases,	according	to	the	particular	subset	in	P	to	which	x	belongs.	Let	S	=	{a,	b,	c,	d,	e,	f,	g}.	(See	Exercises	10	and	11.)	Example	2.39	For	the	sets	A	=	{0,	1}	and	B	=	{∅,	{1},	2},
determine	A	×	B.	Example	5.48	Let	A	be	the	set	of	integers	(that	is,	A	=	Z)	and	let	B	be	the	set	of	even	integers.	Consequently,	a	tournament	is	a	digraph	D	with	the	property	that	if	u	and	v	are	any	two	vertices	of	D,	then	exactly	one	of	(u,	v)	and	(v,	u)	is	a	directed	edge	of	D.	2	3	5	7	Figure	9:	A	Hasse	diagram	for	the	poset	in	Exercise	25	27.	r	r	r	r	r	r	r
r	r	.		We	now	look	at	finite-state	machines	in	general.	This	is	also	shown	in	Figure	1.1.	Therefore,	this	table	has	four	rows.	The	simplest	examples	of	a	tautology	and	a	contradiction	are	constructed	from	a	single	component	statement.	n	Thus	the	average	number	of	comparisons	made	when	Algorithm	6.8	is	used	(knowing	that	k	appears	in	the	sequence)
is	n	+	3	=	Θ(n),	which	is	the	average	case	time	complexity	of	Algorithm	6.8.		For	a	sequence	s	:	a1	,	a2	,	.	So	no	such	integers	i	and	j	exist.	(c)	A	=	{1},	B	=	{A},	C	=	{1,	2}.	Since	c		d,	it	follows	that	c		a	and	c		b.	p	p	p	p	p	.	Then	x2	−	x	−	2	=	(x	−	2)(x	+	1)	=	0	·	(x	+	1)	=	0.	dual	graph	(of	a	map	M	):	a	connected	graph	whose	vertices	are	the	regions	of
M	such	that	two	vertices	are	adjacent	if	the	corresponding	regions	share	a	common	edge.	......4	....	(b)	What	does	(a)	say	about	χ(G)?	Let	a,	b	∈	S.	By	our	assumption,	w(e′	)	>	w(f	′	)	for	every	edge	f	′	in	C	′	.	We	are	about	to	give	examples	of	true	mathematical	statements	and	possible	proofs	(where	we	use	a	direct	proof	or	some	other	proof	technique
that	we	will	introduce	later).	Next	suppose	that	f	:	A	→	B	and	g	:	B	→	C	are	onto.	If	P	(x),	then	Q(x).	Thus	b	=	c.	LD,	N	.	We	show	that	1	+	2	+	22	+	·	·	·	+	2k+1	=	2k+2	−	1.		Example	1.57	A	triangle	is	a	right	triangle	if	one	of	its	angles	is	a	right	angle	(namely,	90o	or	π/2	radians).	We	also	use	the	fact:	The	product	of	two	real	numbers	is	nonzero	if	and
only	if	both	numbers	are	nonzero.	Theorem	15.5	A	nontrivial	graph	G	has	a	strong	orientation	if	and	only	if	G	is	connected	and	contains	no	bridges.	Let	G	be	a	graph	with	V	(G)	=	{v1	,	v2	,	.	We	now	consider	some	other	examples	of	equivalence	relations.	(a)	qqq	.....	1	........	The	intersection	A	∩	B	of	A	and	B	is	the	set	of	elements	belonging	to	both	A
and	B.	defined	by		1	if	n	=	0	fn	=	n(n	−	1)	·	·	·	3	·	2	·	1	if	n	∈	N.	Also,	A	=	{n	∈	Z	:	|n|	≤	2}.	(a)	0.	Prove	that	1	2·3	+	1	3·4	+	···	+	2.	How	many	relations	on	A	are	there?	To	establish	the	converse,	we	begin	by	assuming	that	[a]	=	[b].	In	general,	to	show	that	two	expressions	are	equal,	we	often	begin	with	one	of	these	expressions	and	show	that	it	is	equal
to	the	other	expression.	v	...........................................	For	example,	if	we	are	considering	certain	sets	of	integers,	the	universal	set	is	Z;	while	if	we	are	considering	certain	sets	of	real	numbers,	the	universal	set	is	R.	s	....	Assigning	this	color	to	v	produces	a	5-coloring	of	G	and	so	χ(G)	≤	5.	Then	n	=	2a	+	1	for	some	integer	a.	(4)	State	the	conjunction	P
∧	Q	of	P	and	Q.	But	how	would	we	do	this?	For	the	sentences	P	:	ab	is	odd.	,	an	}	and	so	|Sai	|	=	n	−	i	+	1.	(b)	B	=	{{a},	b}.	Explain	how	each	placement	of	four	coins	corresponds	to	some	4-bit	string.	We	next	consider	a	set,	all	of	whose	elements	are	subsets	of	a	given	set.	(6.2)	Dividing	both	sides	of	the	inequality	in	(6.2)	by	n3	,	we	have	1+	3C	6C	1
≤	+	3	for	n	≥	k.	47.	Before	showing	that	f	is	onto,	let	us	show	that	one	additional	real	number,	say	π,	is	the	image	of	some	real	number.	Distributive	Laws:	P	∨	(Q	∧	R)	≡	(P	∨	Q)	∧	(P	∨	R)	and	P	∧	(Q	∨	R)	≡	(P	∧	Q)	∨	(P	∧	R).	2	................	Since	these	are	the	only	two	possible	remainders	when	an	integer	is	divided	by	2,	every	integer	is	either	even	or
odd.	Let	x	and	y	be	two	vertices	of	G.	Then	n	=	2a	+	1	for	some	integer	a	and	so	5n	+	1	=	5(2a	+	1)	+	1	=	10a	+	5	+	1	=	10a	+	6	=	2(5a	+	3).	In	each	situation,	we	need	to	show	that	P	(k	+	1)	is	true.	However,	simply	saying	the	informal	phrase	“and	so	on”	does	not	constitute	a	formal	proof.	126,000	310	.	The	wolves	in	the	woods	learn	of	her	plan	and
one	wolf	is	stationed	at	each	bridge.	Since	2	<	4	<	5,	the	integer	4	is	inserted	between	2	and	5.	Since	y	2	is	an	integer,	x	=	3z	for	some	integer	z.	Because	a2	=	10	>	7	=	x,	the	value	10	is	assigned	to	x	in	Step	3.		There	is	some	common	terminology	and	notation	related	to	functions	that	we	should	be	aware	of.	Definition	1.33	For	two	statements	P	and
Q,	the	implication	P	⇒	Q	is	commonly	written	as	If	P	,	then	Q.	RELATIONS	AND	FUNCTIONS	Example	5.34	Let	A	=	{a,	b,	c,	d}	and	B	=	{u,	v,	w,	x,	y,	z}.	(b)	0,	8,	0,	32.	(a)	Since	there	is	an	arc	labeled	1	from	s2	to	s3	,	an	arc	labeled	2	from	s2	to	s1	and	a	directed	loop	labeled	3	at	s2	,	it	follows	that	f	(s2	,	1)	=	s3	,	f	(s2	,	2)	=	s1	and	f	(s2	,	3)	=	s2	.
Then	A1	and	A2	are	both	n	×	n	matrices	for	some	positive	integer	n.	{{∅,	{0},	{1},	{{0,	1}}},	{{0,	1},	{0,	{0,	1}},	{1,	{0,	1}}},	{A}}.	The	set	O	is	called	the	output	set	of	the	machine.	Determine	the	chromatic	number	of	the	graph	G	in	Figure	14.46.	Then	b	R	a	and	a	R	b.	y	.............................x2	......	(a)	For	the	graph	G	of	Figure	14.36,	what	is	the
largest	complete	graph	that	is	a	subgraph	of	G?	....3	.	The	maximum	number	of	comparisons	that	can	occur	when	a	problem	is	solved	using	an	algorithm	is	called	the	worst	case	time	complexity	of	the	algorithm.	1·2	2·3	(k	+	1)(k	+	2)	1·2	2·3	k(k	+	1)	(k	+	1)(k	+	2)	From	our	assumption	of	the	inductive	hypothesis	above	that	1	1	k	1	+	+	···	+	=	,	1·2	2·3
k(k	+	1)	k+1	we	have	1	1	1	1	+	+	···	+	+	1·2	2·3	k(k	+	1)	(k	+	1)(k	+	2)	=	=	=	k	1	+	k	+	1	(k	+	1)(k	+	2)	k	2	+	2k	+	1	k(k	+	2)	+	1	=	(k	+	1)(k	+	2)	(k	+	1)(k	+	2)	2	k+1	(k	+	1)	=	.	Cartesian	product	(of	the	n	sets	A1	,	A2	,	.	See	Figure	37.	.....1	...	Let	A1	=	{1,	2}	and	A2	=	{2,	3}.	√	(b)	There	exists	an	integer	n	between	5	and	e.	We	describe	three	of
them.	Then	b	∈	f	(A1	)	or	b	∈	f	(A2	),	say	the	former.	(d)	0.	There	are	instances,	however,	when	the	word	“or”	carries	with	it	a	different	interpretation.	3-9.	Corollary	14.8	Every	planar	graph	has	a	vertex	of	degree	5	or	less.	No.	3.	15	........................	Since	2n	+	1	≤	2n	+	n	=	3n	for	n	≥	1,	it	follows	that	f	=	O(g),	where	C	=	3	and	k	=	1	in	the	definition.
Let	f	:	N	→	R+	be	a	function.	z	x	Figure	30:	Minimum	spanning	trees	in	Exercises	1	and	5	13.	Assume,	to	the	contrary,	that	there	exists	an	odd	integer	n	such	that	3n	−	11	is	also	odd.	v1	......q..........qq	.......	Finally,	assume	that	(a,	b)	R	(c,	d)	and	(c,	d)	R	(e,	f	),	where	(a,	b),	(c,	d),	(e,	f	)	∈	S	×	S.	P	Q	P	∨Q
..........................................................................................	This	is	called	the	cardinality	of	A.	Corollary	14.21	A	graph	G	has	chromatic	number	1	if	and	only	if	G	=	K	n	for	some	positive	integer	n.	open	sentence:	a	declarative	sentence	containing	one	or	more	variables	and	whose	truth	or	falseness	depends	on	the	truth	values	of	the	variables.	Since	3k	+	5
is	an	integer,	3n	+	8	is	odd.	Then	m	=	2k	for	some	positive	integer	k.	p	p	pp	......	It	is	well	known	that	the	sum	of	the	interior	angles	of	each	triangle	is	180o	.	Hence	we	cannot	show	that	2(k	+	1)	=	0	for	an	arbitrary	nonnegative	integer	k	(because	it’s	not	true).	f7	=	{(a,	2),	(b,	0)}.	5,0,1	...	Q:	I	will	go	back	to	college.	(k)	{1,	2,	5,	6,	7}.	For	each	x	∈	R,
let	y	=	f	(x)	be	a	real	number	such	that	(x,	y)	lies	on	the	graph.	Let	A	be	a	denumerable	subset	of	an	uncountable	set	C.	(c)	(1,	1)	≺	(1,	2)	≺	(2,	1)	≺	(1,	3)	≺	(2,	2)	≺	(3,	1)	≺	(2,	3)	≺	(3,	2)	≺	(3,	3).	In	this	case,	fn	=	n!,	where	n!	=	n	·	(n	−	1)!	when	n	∈	N.	Consider	the	implication:	If	x	and	y	are	even,	then	xy	is	even.	(4.10)	134	CHAPTER	4.	(b)	Give	an
example	of	a	graph	with	this	property.	A∪B	Figure	2.4:	Venn	diagrams	for	A	∩	B	and	A	∪	B	Example	2.21	For	the	sets	C	=	{1,	2,	4,	5}	and	D	=	{1,	3,	5},	C	∩	D	=	{1,	5}	and	C	∪	D	=	{1,	2,	3,	4,	5}.	(a)	42	=	24	.	Consider	the	following	two	statements:	P	:	You	drive	over	70	miles	per	hour.	m	and	n	are	both	odd.	There	are	many	ways	in	which	a	pair	of
elements	can	be	compared	or	related.	Therefore,	we	have	the	following:	If	f	:	A	→	B	is	onto,	then	|B|	≤	|A|.	Combining	these	two	inequalities	gives	us	the	desired	result	that	χ(G)	=	k.	1	1.	Theorem	14.13	The	graph	K3,3	is	nonplanar.	Since	E	and	F	are	independent,	E	and	F	are	independent	by	(a).	Since	the	order	of	G	is	n,	it	follows	that	V	(Q)	=	V	(G).
Construct	the	state	table	and	state	digraph	of	a	finite-state	machine	that	models	a	vending	machine	in	which	two	cherry	cough	drops	or	two	lemon	cough	drops	can	be	purchased	for	15¢.	y	....	An	implication	is	also	sometimes	referred	to	as	a	conditional.	Let	A	=	{a,	b,	c,	d}	and	B	=	{a,	b,	c}.	u1	..	(c)	any	bit	string	whose	first	term	is	1	and	alternates	0,
1	thereafter.	This	problem	involves	the	concepts	of	planar	graphs	and	graph	colorings,	which	are	the	major	topics	in	Chapter	14.	v1	0	v2	∞	(14,	v1	)	v3	∞	(16,	v1	)	(16,	v1	)	v4	∞	(18,	v1	)	(18,	v1	)	(18,	v1	)	v5	∞	(19,	v1	)	(19,	v1	)	(19,	v1	)	(19,	v1	)	v6	∞	(42,	v1	)	(40,	v2	)	(33,	v3	)	(32,	v4	)	(31,	v5	)	S	v1	v2	v3	v4	v5	v6	d(v1	,	v2	)	d(v1	,	v3	)	d(v1	,	v4	)	d(v1	,
v5	)	d(v1	,	v6	)	=	=	=	=	=	14	16	18	19	31	(v1	,	v2	)	(v1	,	v3	)	(v1	,	v4	)	(v1	,	v5	)	(v1	,	v5	,	v6	)	5.	The	contrapositive	of	the	implication	in	(5.3)	can	therefore	be	stated	as	follows.	There	is	a	close	connection	between	the	big-O	and	big-theta	concepts.	The	following	is	an	application	of	bit	strings.	We	saw	that	the	integer	n	=	1	has	this	property.	For	a
positive	integer	n,	let	sn	be	the	number	of	n-bit	strings	having	no	three	consecutive	0s.	Verify,	for	sets	A,	B	and	C,	that	(A	×	B)	∩	(A	×	C)	=	A	×	(B	∩	C).	5	5	2	11.	(a)	{(a,	0,	x),	(a,	0,	y),	(a,	1,	x),	(a,	1,	y),	(b,	0,	x),	(b,	0,	y),	(b,	1,	x),	(b,	1,	y),	(c,	0,	x),	(c,	0,	y),	(c,	1,	x),	(c,	1,	y)}.	•	The	set	Z	of	integers	is	denumerable.	Next,	we	show	that	R	is	symmetric.	We
have	mentioned	that	we	assume	that	P	(x)	is	true	for	an	arbitrary	element	x	∈	S	and	that	our	goal	is	to	show	that	Q(x)	is	true	for	this	element	x.	As	we	have	mentioned,	if	P	is	false,	then	P	⇒	Q	is	true	regardless	of	the	truth	value	of	Q;	while	if	Q	is	true,	then	P	⇒	Q	is	true	regardless	of	the	truth	value	of	P	.	3....	If	ℓ1	R	ℓ2	and	ℓ2	R	ℓ3	for	lines	ℓ1	,	ℓ2	and	ℓ3
,	then	(1)	ℓ1	and	ℓ2	coincide	or	ℓ1	and	ℓ2	are	parallel	and	(2)	ℓ2	and	ℓ3	coincide	or	ℓ2	and	ℓ3	are	parallel.	Therefore,	A	=	{n	∈	Z	:	n2	≤	4}	=	{n	∈	Z	|	n2	≤	4}	=	{−2,	−1,	0,	1,	2}.	For	x	∈	R,	(f	◦	g)(x)	=	f	(g(x))	=	f	(x2	)	=	sin(x2	)	and	(g	◦	f	)(x)	=	g(f	(x))	=	g(sin	x)	=	(sin	x)2	=	sin2	x.	2	(a)	Prove	that	R	is	an	equivalence	relation.	Let	H	be	the	subgraph	of	G
−	v	induced	by	those	vertices	colored	1	or	3.	Since	f	(x)	=	4x	−	9,	we	must	have	4x	−	9	=	π	π+9	for	some		real	number	x.	s	s	1	Figure	38:	The	state	digraph	for	the	finite-state	automaton	in	Exercise	11	13.	Proof.	If	the	distinct	equivalence	classes	are	{a,	d},	{b,	f	}	and	{c,	e},	what	is	R?	Thus	the	lattice	is	not	modular.	For	an	integer	k	with	1	≤	k	<	n,
once	the	vertices	v1	,	v2	,	.	10,	0	.	Determine	all	integers	n	for	which	the	following	are	true.	Figure	39:	The	state	digraph	for	the	finite-state	machine	in	Exercise	13	15.	derivative	dy	dx	=	ex	as	well.	(f)	{{{0}}}	∩	A.	s1	=	00000,	s2	=	01001	and	s3	=	11111.	Thus,	[0]	is	the	set	of	all	even	integers.	At	a	party,	Charlie	asks	two	friends	to	give	him	an
example	of	an	integer.	This	finite-state	machine	can	be	represented	in	two	ways.	By	Theorem	5.22,	it	follows	that	[a]	=	[b],	which	is	a	contradiction.	(b)	For	every	pair	u,	v	of	vertices	in	a	strong	tournament	T	,	there	exists	either	a	Hamiltonian	u	−	v	path	or	Hamiltonian	v	−	u	path.	(a)	Apply	this	algorithm	to	prove	Theorem	14.33:	For	every	graph	G,
χ(G)	≤	1	+	∆(G).	Multiplier	eij.	Let	B1	denote	the	bottle	containing	the	6	ounces	of	medicine,	let	B2	be	the	empty	bottle	with	the	5-ounce	capacity	and	let	B3	be	the	empty	bottle	with	the	1-ounce	capacity.	(d)	Since	2(−1)	+	2	≥	0,	it	follows	that	(−1)	R	2.	{({1,	2},	{3,	4}),	({1,	3},	{2,	4}),	({1,	4},	{2,	3}),	({2,	4},	{1,	3}),	({2,	3},	{1,	4}),	({3,	4},{1,
2})}.	Suppose	that	we	are	given	a	list	of	four	real	numbers.	Thus	H	is	an	Eulerian	graph	containing	an	Eulerian	circuit	C.	,	n}	into	k	subsets	A1	,	A2	,	.	Show	that	the	set	{q	∈	Q	:	q	≤	0}	is	denumerable.	The	resulting	graph	is	called	the	cyclic	subdivision	graph	of	G	(see	Figure	14.39(a)).	(b)	{(x,	0,	a),	(x,	0,	b),	(x,	0,	c),	(x,	1,	a),	(x,	1,	b),	(x,	1,	c),	(y,	0,	a),
(y,	0,	b),	(y,	0,	c),	(y,	1,	a),	(y,	1,	b),	(y,	1,	c)}.	,	Dk	,	that	A	∩	(D1	∪	D2	∪	·	·	·	∪	Dk	)	=	(A	∩	D1	)	∪	(A	∩	D2	)	∪	·	·	·	∪	(A	∩	Dk	).	6	...	DIRECTED	GRAPHS	Supplementary	Exercises	for	Chapter	15	1.	(e)	the	converse	of	P	⇒	Q.	.............q.	181	5.4.	BIJECTIVE	FUNCTIONS	8.	Exercises	for	Section	14.2	1.	(a)	T.	Of	course,	in	order	for	P	(x)	⇒	Q(x)	to	be	true
when	P	(x)	is	true,	Q(x)	must	also	be	true.	Assume	that	f	(a)	=	f	(b).	u	r	rw	r	y	r	z	Figure	14.33:	The	graph	in	Exercise	4	5.	Theorem	5.81	Every	set	that	contains	an	uncountable	subset	is	itself	uncountable.	•	For	some	x	∈	S,	Q(x).	Prove	that	there	exists	an	integer	n	such	that	100	−	n2	<	0.	(1.4)	Also,	In	this	case	then:	Henry	will	attend	the	concert	if
and	only	if	it	costs	him	less	than	$25.	f	r+9	4	4	Thus	r	is	the	image	of	r+9	4	and	so	f	is	onto.	Determine	the	number	of	orientations	of	the	star	K1,t	(t	≥	1).	Maria	does	not	prepare	for	the	interview,	does	well	on	the	interview	and	does	not	get	the	job.	(a)	{0,	1}.	(b)	A	function	g	:	R	→	R	is	defined	by	g(x)	=	3x	+	5.	(And,	yes,	De	Morgan	wrote	to	day	not
today.)	On	October	26,	1852	Hamilton	gave	a	prompt,	but	probably	unexpected	reply	to	De	Morgan’s	letter:	I	am	not	likely	to	attempt	your	“quaternion”	of	colours	very	soon.	What	is	the	Pninteger	k	such	that	for	every	tournament	T	with	V	(T	)	=	{v1	,	v2	,	Pn	largest	positive	.	Use	the	Principle	of	Finite	Induction	to	prove	that	for	each	integer	n	with	1
≤	n	≤	210,	there	exists	a	subset	of	S,	the	sum	of	whose	elements	is	n.	We	now	consider	an	input	string	for	the	finite-state	machine	described	in	Example	15.21.	602	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	11.	5.	1	3	2	4	12.	Without	loss	of	generality,	let	x	∈	A.	Since	12	=	1	=	1(2·1−1)(2·1+1)	,	the	formula	holds	for	3	k(2k−1)(2k+1)	2
2	2	n	=	1.	No	(R	is	not	reflexive).	We	show	that	no	positive	integer	has	this	property.	(d)	The	set	of	all	subsets	of	A	is	countable.	Necessarily,	G	must	contain	a	vertex	of	each	of	the	degrees	1,	2,	.	0	................	To	make	a	correct	proof	from	this,	however,	what	can	be	done	is	to	start	with	the	leftmost	expression	in	(4.5)	and	proceed	down	the	expressions
on	the	left	of	each	equality	to	finally	obtain	the	desired	result.	n	=	2	is	a	counterexample.	Therefore,	x3	−	1	=	13	−	1	=	0.	Notice	that	Q(2)	is	also	true.	In	particular,	(a,	b)	=	(c,	d)	if	and	only	if	a	=	c	and	b	=	d.	Show	for	every	nontrivial	graph	G	that	χ(G	×	K2	)	=	χ(G).	(a)	{1,	2,	3,	4,	7}.		Power	Sets	We	have	seen	several	sets	for	which	some	or	all	of
their	elements	are	sets.	Let	C1	,	C2	,	.	−1	....	We	will	conclude	a	proof	strategy,	a	proof	analysis	or	an	analysis	with	the	symbol	.	The	well-known	writer	J.	For	which	values	of	x,	y	and	z	is	R(x,	y,	z)	a	true	statement?	Suppose	that	a,	b	∈	Z	such	that	a	R	b.	P	∨	(Q	⊕	R)	≡	(P	∨	Q)	⊕	(P	∨	R).	Describe	each	of	the	following	sets	in	terms	of	S	and	T	.	Since	k	+	1
≥	2,	it	follows	that	ak+1	=	k+1	k+1	ak	=	·	k	=	k	+	1.	or	as	{an	},	where	an	=	2n+1	for	n	∈	N	∪	{0}.	Section	3.6	1.	Determine	whether	G	is	planar.	Since	a3	6=	10,	we	move	on	to	Step	4,	where	i	is	increased	to	4.	Explain	why	f	is	not	onto	and	why	g	is	not	one-to-one.	You	would	expect	to	lose	$10	−	$7.50	=	$2.50	each	time	you	play	the	game.	(a)	(P	⇒
Q)	∧	(P	⇒	R)	≡	P	⇒	(Q	∧	R).	Consider	G	=	Cn	for	n	≥	5.	However,	(u,	v)	is	an	arc	of	T	and	T	is	transitive;	so	(u,	w)	is	an	arc	of	T	.		Result	3.13	Let	x	be	a	real	number.	x	d	Figure	15.43:	The	tournaments	in	Exercise	11	12.	Assume	first	that	T	is	a	tournament	that	contains	no	directed	cycles.	652	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES
1r	3r	2	r	r3	r	3	(a)	1r	3r	2r	....................................................................................	Since	R	is	symmetric,	it	suffices	to	show	that	R	is	reflexive	and	transitive.	Assume	that	k	2	≥	2k	+	3	for	an	integer	k	≥	3.	Then	a	+	b	>	0	and	|a	+	b|	=	a	+	b	=	|a|	+	|b|.	Thus	B	is	an	infinite	subset	of	a	denumerable	set.	permutation	(on	a	nonempty	set	A):	a	bijective
function	from	A	to	A.	The	graphs	G	and	H	are	isomorphic.	Actually,	all	this	does	is	establish	the	inequality	χ(H)	≤	4.	By	(i),	a	contradiction	occurs.	(i)	is	true.	Since	a1	=	1	=	21−1	,	the	formula	holds	for	n	=	1.	The	mathematics	of	Greece	was	translated	into	Arabic,	as	was	some	mathematics	of	India	about	the	same	time.	For	a	=	1,	f	(1)	=	2,	(f	◦	f	)(1)	=	f
(f	(1))	=	f	(2)	=	3	and	f	−1	(1)	=	4	are	distinct	as	are	all	of	f	(a),	(f	◦	f	)(a)	and	f	−1	(a)	for	each	a	∈	S.	590	CHAPTER	15.	Also,	D2	and	D3	have	two	vertices	having	indegree	1	and	outdegree	1,	one	vertex	with	indegree	0	and	outdegree	2	and	one	vertex	with	indegree	2	and	outdegree	0.	is	defined	recursively	by	a1	=	2	and	an	=	2an−1	−	1	for	n	≥	2.
Corollary	5.83	The	set	C	of	complex	numbers	is	uncountable.	Use	induction	to	prove	that	for	every	integer	n	≥	3,	the	sum	of	the	interior	angles	of	every	n-gon	is	(n	−	2)	·	180o.	(c)	{∅}	⊆	C.	MATHEMATICAL	INDUCTION	We	wish	to	show	the	statement	is	true	in	the	case	of	k	+	1	numbers,	that	is:	If	b1	,	b2	,	.	50,	N	.	if	ai	=	k	then	output	“the	number”	k
“is	term”	i	“in	the	sequence”	and	i	:=	n	+	1.	Also,	this	statement	can	be	verified	by	induction.	Therefore,	by	Theorem	13.12,	n1	=	2	+	n3	+	2n4	+	·	·	·	+	(k	−	2)nk	≥	2	+	(k	−	2)nk	≥	2	+	nk	≥	3.	Upon	hearing	this,	the	defense	attorney	jumps	to	his	feet	and	cries	out:	That’s	a	lie!	Determine	which	of	the	following	is	true.	However	then,	G	contains	an	odd
number	b	of	odd	vertices,	which	is	impossible.	So	|ab|	=	−(ab)	=	a(−b)	=	|a||b|.	(d)	3.	Then	there	would	exist	an	integer	n	such	that	f	(n)	=	1	and	so	3n	=	1.	10,	10	L,	Lemon	.	(c)	State	P	(2)	⇒	Q(2)	in	words.	Give	an	example	of	an	equivalence	relation	R	on	the	set	A	=	{1,	2,	3,	4,	5,	6,	7}	with	P	the	set	of	equivalence	classes	such	that	the	following	four
properties	are	satisfied:	(1)	|P|	=	3,	(2)	there	exists	no	set	S	∈	P	such	that	|S|	=	3,	(2)	3	6	R	4	but	3	R	5	and	(4)	there	exists	a	set	T	∈	P	such	that	1,	7	∈	T	.	Assume,	to	the	contrary,	that	[0,	1]	is	denumerable.	Let	D	be	a	strong	digraph	with	uniform	outdegree.	Show	that	R	is	an	equivalence	relation.	Prove	that	n!	>	3n	for	every	integer	n	≥	7.	(b)	If	2	is	an
even	integer,	then	5	<	0.	p	.	However,	it	is	possible	that	k	=	1.	Give	an	example	of	three	sets	A,	B	and	C	such	that	A	⊆	B,	B	⊆	C,	C	6⊆	A	and	C	⊆	B.	First,	we	show	that	R	is	reflexive.	We	consider	two	cases.	All	of	the	relations	R3	,	R4	and	R5	are	symmetric.	y	y	...	r	2	2	2	2	2	3	3	3	3	4	4	4	5	5	6	b	2	3	4	5	6	2	3	4	5	2	3	4	2	3	2	g	6	5	4	3	2	5	4	3	2	4	3	2	3	2	2
(b)	The	coefficient	of	x10	in	(x2	+x3	+x4	+x5	+x6	)(x2	+x3	+x4+x5	+x6	)(x2	+x3	+x4	+x5	+x6	)	=	(x2	+	x3	+	x4	+	x5	+	x6	)3	is	15.	The	state	table	of	this	finite-state	machine	is	shown	below.	In	this	case,	the	only	ordered	pair	(b,	c)	∈	R1	is	(b,	c)	=	(z,	z);	so	a	=	b	=	c	=	z.	We	have	seen	that	statements	can	be	constructed	from	open	sentences	involving
two	or	more	variables.	Let	G	be	a	nonempty	graph	and	let	H	be	a	graph	obtained	from	G	by	subdividing	a	single	edge	of	G	exactly	once.	For	A	=	{a,	b,	c},	B	=	{0,	1}	and	C	=	{x,	y},	determine	(a)	A	×	B	×	C.	Assume	that	m	and	n	are	of	opposite	parity.	This	agrees	with	the	fourth	row	of	the	truth	table	for	P	⇒	Q.	.,	or	as	(−1)	.	Then	xk	is	odd	by	the
inductive	hypothesis.	Thus	1!	=	1,	2!	=	2	·	1	=	2,	3!	=	3	·	2	·	1	=	6	and	4!	=	4	·	3	·	2	·	1	=	24.	z	...........	The	degrees	of	the	twelve	vertices	of	a	connected	graph	G	are	1,	1,	1,	1,	1,	1,	4,	4,	4,	4,	4,	4.	(a)	∀x	∈	R,	P	(x).	However,	since	f	(x)	=	x,	it	follows	that	x	=	r	and	so	x	=	r2	.	If	b	∈	B	is	the	unique	element	assigned	to	a	∈	A	by	f	,	then	we	write	b	=	f	(a)
and	say	that	“b	is	f	of	a”	and	that	b	is	the	image	of	a	(under	f	).	Then	the	complement	E	of	E	is	the	set	O	of	odd	integers.	August.	LOGIC	Modus	Ponens	and	Modus	Tollens	Example	1.64	Let	P	and	Q	be	two	statements.	Determine,	with	explanation,	(a)	whether	f	is	one-to-one.	Therefore,	3x	=	7y	+	2k.	(d)	{x,	{y}}	∈	{x,	{y}}.	A	is	lighter	{1,	3},	{5,	6}
.....	Step	7	is	repeated	for	i	=	2.	Here	k	=	10,	n	=	4	and	a1	=	8,	a2	=	14,	a3	=	10,	a4	=	9.	,	100}	consists	of	the	first	one	hundred	positive	integers	and	B	=	{2,	4,	6,	.	In	Steps	3	and	4,	i	becomes	2	and	j	is	assigned	the	value	3.	(e)	Doing	well	in	math	in	necessary	for	me	to	have	a	good	semester.	596	ANSWERS	AND	HINTS	TO	ODD-NUMBERED
EXERCISES	Section	1.3	1.	For	two	real	numbers	a	and	b,	let	m	=	min(a,	b)	and	M	=	max(a,	b).	Then	f	is	a	bijection.	one	by	one.	6	....	Show	that	there	is	a	partition	of	the	set	A	=	{1,	2,	.	•	For	any	three	sets	A,	B	and	C,	the	following	laws	hold:	Commutative	Laws	:	A	∩	B	=	B	∩	A	and	A	∪	B	=	B	∪	A.	See	Figure	33.	Thus	P(A)	=	{B	:	B	⊆	A}.	K1,t	(t	≥	1)
and	K2,t	(t	≥	2).	However,	we	started	with	two	quantities	that	we	didn’t	know	were	equal	(even	though	we	wrote	that	they	were	equal)	and	from	this	we	eventually	deduced	the	equality	in	(4.6).	Since	no	3-coloring	of	G	exists,	χ(G)	=	4.	v6	.	Show	that	the	function	f	:	R	→	R	defined	by	f	(x)	=	2	−	x3	is	bijective	and	determine	f	−1	(x)	for	x	∈	R.	Produce	a
contradiction.	First,	select	an	ordering	of	the	elements	of	S	such	as	S	=	{a1	,	a2	,	a3	,	a4	}.	Use	induction	to	show	the	following	for	Fibonacci	numbers:	Fn−1	Fn+2	=	Fn	Fn+1	+	(−1)n	for	every	integer	n	≥	2.	The	next	sentence	states:	Let	i	and	j	be	integers	such	that	0	≤	i	≤	k	and	0	≤	j	≤	k	and	i	+	j	=	k	+	1.	We	now	give	an	example	of	a	proof	by
contrapositive.	Corollary	14.23	Let	G	be	a	graph.	isomorphic	(two	digraphs	D1	and	D2	are	isomorphic):	if	there	exists	a	one-to-one	correspondence	φ	:	V	(D1	)	→	V	(D2	)	such	that	(u1	,	v1	)	∈	E(D1	)	if	and	only	if	(φ(u1	),	φ(v1	))	∈	E(D2	).	synchronized	coloring:	a	proper	coloring	of	the	arcs	of	a	strong	aperiodic	digraph	D	with	uniform	outdegree	d	with	d
colors	such	that	for	every	vertex	v	of	D	there	exists	a	string	sv	of	these	colors	such	that	applying	this	string	to	each	vertex	u	of	D	results	in	a	directed	u	−	v	walk.	(b)	and	(c)	Proceed	as	with	(a).	(a)	A	×	B.	Since	the	for	loop	is	complete,	we	proceed	to	Step	4	and	x	=	22	(the	sum	of	the	four	numbers	in	s)	is	output.	′	′	........	(d)	{1,	2,	3,	4}.	28	CHAPTER	1.
Write	out	the	first	four	terms	of	each	of	the	following	sequences,	where	n	∈	N.	This	structure	is	shown	in	Figure	15.1	and	is	called	a	digraph	D.	Furthermore,	x∈A∩B	≡	∼	(x	∈	A	∩	B)	≡	∼	(x	∈	A	and	x	∈	B)	≡	≡	∼	((x	∈	A)	∧	(x	∈	B))	≡	(x	∈	/	A)	∨	(x	∈	/	B)	(x	∈	A)	∨	(x	∈	B)	≡	x	∈	A	∪	B.	p	...	1,	0	..	(a)	(g	◦	f	)(1)	and	(f	◦	g)(b).	166	CHAPTER	5.	Definition	1.60
A	compound	statement	is	a	contradiction	if	it	is	false	for	all	possible	combinations	of	the	truth	values	of	its	component	statements.	We	give	one	additional	example	where	proof	by	contrapositive	is	the	appropriate	proof	technique	to	use.	MATHEMATICAL	INDUCTION	That	is,	pn	=	an	.	Then	n	=	2ℓ	+	1	for	some	integer	ℓ.	(c)	Parts	(a)	and	(b)	illustrates
that	(S,	|)	is	a	distributive	lattice,	where	S,	say,	is	the	set	of	positive	integer	divisors	of	300.	Then	it	shouldn’t	be	particularly	difficult	to:	(1)	find	the	largest	number	on	the	list,	(2)	add	the	numbers	on	the	list,	(3)	determine	whether	a	specific	number	is	on	the	list,	(4)	determine	whether	some	number	appears	twice	on	the	list.	(b)	The	integers	a	and	b
are	both	nonnegative.	RELATIONS	AND	FUNCTIONS	9.	Then	(r	+	7)/5	∈	R.	If	we	should	find	that	the	truth	values	of	R	and	S	are	the	same	for	each	combination	of	truth	values	of	P	and	Q,	then	this	is	of	special	interest	to	us.	(b)	No.	(c)	No.	(d)	No.	(e)	Yes.	We	often	denote	statements	or	open	sentences	by	symbols,	typically	representing	statements	by
P,	Q,	R	or	P1	,	P2	,	P3	and	so	on.	15.1	Fundamental	Concepts	of	Digraph	Theory	Suppose	that	V	=	{2,	4,	8,	12}	is	a	set	of	vertices	and	that	each	vertex	is	represented	in	the	plane	by	a	point	or	small	circle	and	that	a	directed	line	segment	or	curve	is	drawn	from	vertex	i	to	vertex	j	(i	6=	j)	if	i	|	j.	universal	quantifier	∀:	“for	all,”	“for	every,”	“for	each.”
Key	Results	•	For	an	open	sentence	R(x)	over	a	domain	S,	∼	(∀x	∈	S,	R(x))	≡	∃x	∈	S,	∼	R(x).	As	we	mentioned	in	Result	4.1,	the	Principle	of	Mathematical	Induction	is	used	to	show	that	there	is	a	formula	for	the	sum	of	the	numbers	1	1	1	,	,	...,	,	1·2	2·3	n(n	+	1)	where	n	is	a	positive	integer.	Assume,	without	loss	of	generality,	that	y	∈	/	B.	Prove	that
there	is	no	largest	negative	rational	number.	In	other	words,	f	:	A	→	B	is	onto	if	for	every	element	b	∈	B,	there	is	some	element	a	∈	A	whose	image	is	b,	that	is,	f	(a)	=	b.	The	neighbor	undoubtedly	did	exactly	as	the	man	expected.	(b)	Give	an	example	of	an	integer	n	such	that	P	(n)	is	false.	If	A	is	not	a	subset	of	B,	then	we	write	A	6⊆	B.	In	T4	,	(v1	,	v3	,
v4	,	v2	).	When	there	is	a	proposed	formula,	the	anticipated	formula	can	often	be	verified	either	by	the	Principle	of	Mathematical	Induction	(examples	of	which	are	shown	in	Section	4.3)	or	perhaps	by	the	Strong	Principle	of	Mathematical	Induction.	When	k	=	1,	we	have	ak+1	=	a2	=	2	·	1	+	1	=	3	and	so	ak+1	=	2k	+	1	when	k	=	1.	(c)	P	⇒	(P	⇒	(∼	P	)).
So	ordered	2-tuples	are	ordered	pairs.	s	s	s	s	Figure	15.37:	The	state	digraph	for	the	finite-state	automaton	in	Exercise	12	13.	s	s	s	s	(a)	s	s	s	s	s	s	x	b	us	.........................................................	Then	there	exists	a	coloring	of	the	vertices	of	G	with	the	colors	1,	2,	.	......................................................	Then	{x}	∈	P(A)	but	{x}	∈	/	P(B).	v3	v2	v3	v4	T3	:	v4	.......
Let	A	=	{0,	1,	3,	4}	and	B	=	{−2,	−1,	0,	1,	2}.	In	Step	3,	we	check	whether	c	>	x,	that	is,	whether	2	>	5.	Result	4.30	A	sequence	a1	,	a2	,	a3	,	.	Thus,	every	element	of	A	appears	exactly	once	in	the	sequence:	f	(1),	f	(2),	f	(3),	.	n	is	even	11.	In	Step	4,	p	is	assigned	the	number	⌊(1	+	10)/2⌋	=	5.	RELATIONS	AND	FUNCTIONS	(a)	Show	that	R	is	an
equivalence	relation.	That	is,	P2	(1)	and	P2	(2)	are	true,	but	P2	(n)	is	false	when	n	is	any	other	positive	integer.	This	information	is	given	in	the	table	below.	Then	x	∈	A	−	B	or	x	∈	A	−	C.	,	−5,	−3,	−1,	1,	3,	5,	.	(b)	P2	(n)	:	2n2	−	5n	+	2	=	0.	This	is	indicated	by	a	transition	to	a	new	state.	Such	an	element	a	∈	S	is	called	a	counterexample	for	(or	of)	the
statement	∀x	∈	S,	P	(x)	⇒	Q(x).	So	when	x	=	1,	both	the	y-value	and	the	slope	of	the	tangent	line	to	the	graph	of	this	function	are	e.	Which	of	these	are	one-to-one?	Prove	that	if	mn	=	1,	then	either	m	=	n	=	1	or	m	=	n	=	−1.	50,	25.....	Finally,	since	5n	+	3	is	written	as	twice	an	integer,	it	follows	that	5n	+	3	is	an	even	integer.	The	states	and	functions
described	above	can	be	represented	by	a	diagram	called	a	state	diagram.	Prove	that	n!	>	n2	for	every	integer	n	≥	4.	Complete	the	sentence:	There	is	some	element	x	∈	X	such	that	.	v1	D2	:	w1	v2	...........	In	exchange	for	that,	the	wolf	will	return	one	of	these	cakes	to	her.	Furthermore,	G−	v	is	planar.	=	n	By	the	formula	in	(6.4),	1	+	2	+	·	·	·	+	(n	+	1)	=
and	so	2	+	3	+	4	+	·	·	·	+	(n	+	1)	=	(n	+	1)(n	+	2)	2	(n	+	1)(n	+	2)	−	1.	Then	f	(a)	∈	B1	∪	B2	and	so	f	(a)	∈	B1	or	f	(a)	∈	B2	,	say	the	former.	It	is	through	logic	that	we	are	able	to	build	on	what	we	know.	(It	√	√2	has	actually	been	proved	elsewhere	that	2	is	an	irrational	number.	u	.........................	Although	we’ve	only	been	concerned	with	functions
having	domain	N	and	codomain	R+	as	these	are	the	functions	that	we	will	encounter	later	in	the	chapter,	it	is	possible	to	define	and	study	the	growth	of	functions	having	different	domains	and	codomains.	41	1.5.	TAUTOLOGIES	AND	CONTRADICTIONS	P	∼P	P	∨	(∼	P	)	P	∧	(∼	P	)
.............................................................................................................................................................................................................................	,	b2r	,	d1	,	d2	,	.	(b)	c1	.	b	r	.....	Since	the	machine	is	at	state	s1	,	the	bit	1	has	been	carried	over	from	the	preceding	addition.	Hence	for	each	integer	i	with	1	≤	i	≤	n,	there	exists	xi	∈	S	such	that	f	(xi	)	=	i.
Determine	an	integer	a	for	which	the	biconditional	is	true	and	an	integer	b	for	which	the	biconditional	is	false.	subset	(A	is	a	subset	of	B),	A	⊆	B:	every	element	of	A	is	an	element	of	B.	Since	D	contains	no	directed	cycle,	D	contains	no	directed	path	from	vk	to	any	of	the	vertices	vn	,	vn−1	,	.	Again	by	(3.14),	2k	2	+	4k	−	2	is	an	integer	and	so	n2	+	4n	−
3	is	odd.		Result	3.46	The	sum	of	a	rational	number	and	an	irrational	number	is	irrational.	In	fact,	the	degrees	of	Gn	are	0,	1,	2,	.	Let	G	be	a	graph	with	χ(G)	=	k.	is	a	false	statement	for	every	integer	n.	power	set	(of	A),	P(A):	the	set	of	all	subsets	of	A.	We	now	return	to	Step	2,	where	i	is	increased	to	2.	About	a	thousand	years	ago,	Abu	al-Karaji,	who
lived	near	Baghdad	much	of	his	life,	attempted	to	give	an	argument	for	generating	the	rows	in	the	Pascal	triangle	(see	Chapter	9,	Section	9.1).	(b)	A	=	{1},	B	=	{A},	C	=	{B}.	Therefore,	A	∪	B	is	denumerable.	(4’)	If	I	scream,	then	he	will	complain	one	more	time.	The	table	of	possible	truth	values	for	Q	is	also	given	in	Figure	1.1.	If	we	happen	to	be
considering	the	two	statements	P	and	Q	simultaneously,	then	there	are	4	=	22	possible	combinations	of	truth	values	for	P	and	Q,	which	we	give	in	the	(standard)	order:	TT,	TF,	FT,	FF.	Example	2.1	If	A	is	the	set	of	letters	in	the	English	alphabet	and	C	is	the	set	of	playing	cards	in	a	standard	deck	of	cards,	then	|A|	=	26	and	|C|	=	52.	For	example,
suppose	that	we	create	a	certain	web	page	A	and	this	web	page	has	a	link	to	the	web	page	B.	Then	the	conjunction,	disjunction	and	exclusive	or	of	P	(n)	and	Q(n)	are	the	open	sentences:	P	(n)	∧	Q(n):	n3	+	2n	is	even	and	n2	−	4	<	0.	If	the	drug	is	approved	for	use,	then	it	is	quite	likely	that	there	will	be	individuals	having	this	condition	but	for	whom
the	drug	is	not	effective.	A	function	f	:	Z	→	Z	is	defined	by	f	(n)	=	2n.	If	f	:	A	→	B	is	one-to-one,	then	we	must	have	|B|	≥	|A|.	for	i	:=	1	to	j	−	1	do	3.	Suppose	first	that	we	consider	(a,	b)	=	(x,	y).	Let	r	and	s	be	rational	numbers.	This	continues	as	long	as	i	≤	b.	Interchanging	√		x	and	y,	we	obtain	y	=	7	x	+	4	and	therefore	f	−1	(x)	=	7	x	+	4.	(b)	0,	2,	0,	2,	.	t
r	...	Since	P	(1)	is	true,	it	follows	that	P	(2)	is	true.	P	T	T	F	F	Q	P	∧Q	Q∧P	T	T	T	F	F	F	F	T	F	F	F	F	P	Q	T	T	F	F	T	F	T	F	Q∨P	T	T	T	F	P	∨Q	T	T	T	F	Figure	1.6:	Verifying	the	Commutative	Laws	for	Conjunction	and	Disjunction	It	follows	by	Theorem	1.22	therefore	that	if	P	(n)	and	Q(n)	are	open	sentences	over	some	domain	S,	then	for	each	value	of	n	in	S,
the	truth	value	of	P	(n)	∧	Q(n)	is	the	same	as	the	truth	value	of	Q(n)	∧	P	(n).	u	r	z	............	.2	...	√	√			21.	Then	there	exists	a	transitive	tournament	T	that	contains	a	directed	cycle	C,	say	C	=	(v1	,	v2	,	.	According	to	the	definition	then,	the	absolute	value	function	assigns	to	each	nonnegative	real	number	the	number	itself;	while	it	assigns	to	each	negative
real	number	the	negative	of	that	number.	The	integer	mn	is	even	if	and	only	if	m	and	n	are	of	opposite	parity.	y	∈	/	C.	Figure	32:	The	graphs	in	Exercise	21(b)	Chapter	14:	Planar	Graphs	and	Graph	Colorings	Section	14.1	1.	(b)	to	each	pair	of	integers	the	sum	of	twice	of	the	first	integer	and	three	times	the	second	integer.	Fundamental	Concepts	of
Graph	Theory	Connected	Graphs	Eulerian	Graphs	Hamiltonian	Graphs	Weighted	Graphs	Chapter	Highlights	and	Supplementary	Exercises	Trees	13.1.	Fundamental	Properties	of	Trees	13.2.	Rooted	and	Spanning	Trees	13.3.	The	Minimum	Spanning	Tree	Problem	Chapter	Highlights	and	Supplementary	Exercises	14.	This	concerns	determining	the
derivative	(g	◦f	)′	of	the	composition	g	◦f	of	two	functions	f	and	g	whenever	we	know	the	derivatives	f	′	and	g	′	of	f	and	g,	respectively.	(a)	∼	(P	∨	Q)	6≡	(∼	P	)	∨	(∼	Q).	Since	the	biconditional	39	1.4.	BICONDITIONALS	P	⇔	Q:	P	if	and	only	if	Q	is	the	conjunction	of	P	⇒	Q	and	Q	⇒	P	,	it	follows	that	P	⇔	Q	is	true	only	when	both	P	⇒	Q	and	Q	⇒	P	are	true.
(a)	Express	the	biconditional	P	⇔	Q	using	“if	and	only	if”	and	“necessary	and	sufficient.”	(b)	Determine	whether	P	⇔	Q	is	true	or	false.	Consequently,	for	n	≥	3,	sn	=	sn−1	+	sn−2	and	so	the	recursive	definition	of	sn	for	n	≥	1	is:	s1	=	2,	s2	=	3	and	sn	=	sn−1	+	sn−2	for	n	≥	3.	The	set	S	of	internel	states	of	M	is	S	=	{s0	,	s1	},	where	s0	is	the	state	in
which	0	is	carried	over	to	the	next	addition	and	s1	is	the	state	in	which	1	is	carried	over	to	the	next	addition.	(T)	(c)	15	is	odd	and	21	is	even.	P	:	Maria	prepared	for	the	interview.	(a)	See	Figure	10.	Thus	the	output	string	is	1100111	and	the	resulting	sequence	of	states	is	s0	,	s3	,	s0	,	s1	,	s0	,	s3	,	s0	,	s3	.	.,	A10	=	{10,	11}.	periodic	digraph:	a	digraph	D
with	the	property	that	there	is	a	partition	{V1	,	V2	,	.	Does	there	exist	an	example	of	an	equivalence	relation	R	on	the	set	S	=	{a,	b,	c,	d,	e,	f	}	such	that	(1)	no	two	distinct	equivalence	classes	have	the	same	number	of	elements	and	(2)	a	6	R	b,	b	6	R	c,	c	6	R	d,	d	6	R	e	and	e	6	R	f	?	(x	+	y)z	z	Figure	12:	The	combinatorial	circuit	in	Exercise	15	640
ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Supplementary	Exercises	for	Chapter	11	1.	p	pp	p	.	If	the	vertices	of	a	digraph	D	have	the	same	outdegree,	then	D	is	said	to	be	out-regular	or	to	have	uniform	outdegree.	(We	will	now	consider	the	subsequence	a1	,	a2	,	a3	,	a4	.)	Since	1	=	a	≤	b	=	4,	we	proceed	through	the	while	loop	at	Step
3	again.	(c)	G	=	C5	.	(2)	Proceeding	as	in	(1),	we	have	∼	((∼	P	)	∧	(∼	Q))	≡	(∼	(∼	P	))	∨	(∼	(∼	Q))	by	De	Morgan’s	Law	(Theorem	1.24(b))	≡	P	∨Q	by	Theorem	1.28.	So	mn+m	=	(2a+1)(2b)+(2a+1)	=	4ab	+	2b	+	2a	+	1	=	2(2ab	+	b	+	a)	+	1.	Venn	Diagrams	It	is	occasionally	convenient	to	draw	a	diagram	in	the	plane,	called	a	Venn	diagram,	to	pictorially
represent	a	set	or	sets	under	consideration.	If	f	(a)	=	b,	then	this	is	represented	by	drawing	an	arrow	from	the	element	a	∈	A	to	its	image	b	∈	B.	Suppose	that	P	is	a	u	−	v	path.	y	..........................................	For	example,	consider	the	functions	f	:	N	→	R+	and	g	:	N	→	R+	defined	by	f	(n)	=	n(2	+	sin	n)	and	g(n)	=	n.	L2	L1
pppppppppppppppppppppppppppppppppppppppppppppppp.p..p.p..p.ppppppppp	.................	If	5n	+	2	is	an	odd	integer,	then	n	is	an	odd	integer.	634	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES					s−1	19.	s	21.	for	j	:=	i	+	1	to	n	do	begin	4.	(b)	Give	a	step	by	step	description	of	what	this	algorithm	does	for	the	sequence	8,	6,	4.	For	our
purposes,	a	sequence	is	a	listing	of	elements	of	some	set.	(a)	State	R(x)	for	each	x	∈	S	and	determine	its	truth	value.	A	graph	G′	is	a	subdivision	of	a	graph	G	having	order	n	and	size	m.	With	every	map	M	,	there	is	associated	a	connected	graph	G,	called	the	dual	graph	of	M	,	where	the	vertices	of	G	are	the	regions	of	M	and	two	vertices	of	G	are
adjacent	if	the	corresponding	regions	share	a	common	boundary.	Some	of	the	students	missed	exams	in	history	(H),	English	(E),	government	(G),	biology	(B),	mathematics	(M)	and	French	(F).	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	Applications	of	Colorings	Let	us	return	to	a	question	that	we	posed	in	the	introduction	of	Chapter	12.	But	it
doesn’t.	New	statements	can	be	obtained	from	given	statements	in	a	variety	of	ways.	Output:	A	number	y	in	s	that	is	neither	the	maximum	nor	the	minimum	number	in	s.	Let	U	=	{1,	2,	.		Although	Fibonacci	is	understood	to	be	neither	the	originator	of	this	problem	nor	the	numbers	that	bear	his	name,	he	was	the	one	to	make	these	numbers	known.
The	negation	of	the	statement	in	(3.5)	is	∼	(∃x	∈	S,	∀y	∈	T,	R(x,	y))	≡	∀x	∈	S,	∼	(∀y	∈	T,	R(x,	y))	≡	∀x	∈	S,	∃y	∈	T,	∼	R(x,	y),	which	can	therefore	be	expressed	as	For	every	x	∈	S,	there	exists	y	∈	T	such	that	not	R(x,	y).	208	CHAPTER	6.	We	have	mentioned	that	statements	of	the	type	(3.10)	are	often	expressed	as	For	every	x	∈	S,	R(x).	.,	vn	}	is	defined	as
expected,	namely,		1	if	(vi	,	vj	)	∈	E(D)	aij	=	0	otherwise.	(a)	Prove	that	f	=	Θ(g)	if	and	only	if	f	=	O(g)	and	f	=	Ω(g).	(b)	No,	for	example,	3	R	5	and	5	R	3	but	3	6=	5.	We	present	one	additional	example	to	illustrate	this	idea.	(c)	The	function	h	is	not	one-to-one	because	h(0)	=	h(3)	=	1	for	example.		Example	1.8	We	encountered	the	open	sentence	It	was
then	that	he	arrived	there.	Indeed,	for	finite	nonempty	sets	A	and	B,	we	could	have	defined	A	and	B	to	have	the	same	cardinality	if	there	exists	a	bijective	function	from	A	to	B.	154	CHAPTER	5.	(e)	open	sentence.	r	.	If	G	is	not	bipartite,	then	we	have	the	desired	result.	(d)	A	∈	B,	A	6⊆	B	and	B	∈	C.	Eventually	it	will	become	necessary	to	create	your	own
proofs	as	you	encounter	statements	that	are	different	from	those	you	have	previously	seen.	Since	the	sum	of	the	element(s)	of	the	subset	{1}	is	1,	the	basis	step	is	established.	31	...........................	Each	of	the	phrases	“for	all,”	“for	every”	and	“for	each”	is	referred	to	as	a	universal	79	80	CHAPTER	3.	4	We	now	present	and	verify	a	formula	for	the	sum
of	powers	of	2.	(b)	Determine	the	state	table	for	A.	Prove	that	there	exist	an	irrational	number	a	and	a	rational	number	b	such	that	ab	is	rational.	For	example,	f	(−3)	=	2−3	=	213	=	18	,	f	(0)	=	20	=	1	and	f	(2)	=	22	=	4.	Find	the	following	values:									(a)	35	,	−	53	,	53	,	−	53	.	(e)	{1,	2,	4,	5,	6,	8,	9}.	ordered	pair,	(a,	b):	a	pair	of	two	(not	necessarily
distinct)	elements	where	one	is	designated	as	the	first	element	of	the	pair	and	the	other	is	the	second	element.	2	..	Let	(u,	v)	be	a	directed	edge	of	a	tournament	T	.	00,	1	...	r	r	r	r	r	(b)	(a)	Figure	19:	The	graphs	in	Exercises	5	7.		93	3.2.	DIRECT	PROOF	Result	3.19	If	r	and	s	are	rational	numbers,	then	r	+	s	is	a	rational	number.	ANSWERS	AND	HINTS
TO	ODD-NUMBERED	EXERCISES	605	5.	Since	e	=	b	∧	c,	we	have	d		e	and	so	a	∧	c		b	∧	c.	Since	4	=	χ(H)	≤	χ(G),	it	follows	that	χ(G)	≥	4.	j	:=	i	+	1	5.	This	method	is	called	mathematical	induction	or	simply	induction	and	is	typically	used	to	prove	quantified	statements	of	the	type	∀n	∈	N,	P	(n),	where	P	(n)	then	is	an	open	sentence	over	the	domain	N.
Q(n):	n2	is	even.	related	to,	a	R	b:	a	is	related	to	b	by	the	relation	R	if	(a,	b)	∈	R.	(a)	Find	a	Hamiltonian	path	in	each	tournament	in	Figure	15.20.	(b)	R2	=	{(1,	2),	(1,	3),	(1,	4)}.	Because	3	≤	3,	we	again	perform	Steps	3	and	4.		Result	3.27	Let	m	and	n	be	two	integers.	n	1	2	3	4	5	n!	1	2	6	24	120	2n	2	4	8	16	32	Observe	that	2n	>	n!	when	1	≤	n	≤	3.	(c)
Verify	the	conjecture	in	(b).	Let	S	=	{0,	1,	3,	4}.	(or:	If	n	is	even,	then	3n	+	11	is	odd.)	are	both	true	or	both	false.	(d)	the	set	of	professors	in	the	mathematics	department	who	taught	a	calculus	course	but	not	a	discrete	mathematics	course.	We	present	one	of	these	next.	...........	Prove	that	∀n	∈	S,	P	(n)	is	true.	finite-state	automaton:	a	structure
consisting	of	(1)	a	finite	set	S	of	states,	(2)	a	finite	set	I	of	input	values,	(3)	a	transition	function	f	that	associates	a	next	state	with	each	state-input	pair.	If	n	=	2,	then	the	result	follows	from	Theorem	11.19.	Let	S	=	{c1	,	c2	,	c3	,	c4	}.		223	6.4.	SEARCHING	AND	SORTING	2	4	6	1	3	5	4	6	1	3	2	4	5	6	1	3	2	4	5	6	1	3	1	2	4	5	6	3	1	2	3	4	5	6	5	.....	In	Step	1,	x
is	assigned	the	value	7.	For	integers	a	and	b	with	a	≤	b,	a	for	loop	has	the	following	appearance,	according	to	whether	there	is	a	single	step	or	two	or	more	steps	to	perform	within	the	loop.	if	a	=	b	+	1	then	output	k	“is	not	in	the	sequence”	end	Let’s	see	what	the	Binary	Search	Algorithm	does	in	practice.	in	Example	1.1.	This	open	sentence	could	be
expressed	as	P	(then,	he,	there):	It	was	then	that	he	arrived	there.	(a)	(q,	u,	y,	v,	r,	u,	x).	b	.......	where	the	domain	of	the	variable	n	is	Z,	the	quantified	statement	∀n	∈	Z,	P	(n)	⇔	Q(n)	can	be	•	•	•	expressed	in	words	in	any	of	the	following	ways:	For	every	integer	n,	n2	is	even	if	and	only	if	n	is	even.	If	f	(n)	=	Θ(g(n)),	then	f	and	g	are	considered	to	have
the	same	degree	of	efficiency.	For	an	integer	n,	consider	the	following	two	open	sentences	P	(n):	n3	−	n	=	0.	Then	there	is	partition	of	the	vertex	set	of	Kn	into	two	subsets	U	and	W	such	that	no	two	vertices	of	U	are	adjacent	and	no	two	vertices	of	W	are	adjacent.	Observe	that	r	=	0	has	this	property.	Then	ℓ1	and	ℓ2	coincide	or	ℓ1	and	ℓ2	are	parallel.
x+y	......	Since	ad	and	bc	are	integers	and	bc	6=	0,	it	follows	that	r/s	is	rational.	Therefore,	3n	−	11	=	3(2k	+	1)	−	11	=	6k	−	8	=	2(3k	−	4).	Output:	x	=	(a1	+	a2	+	·	·	·	+	an	)(a1	+	a2	+	·	·	·	+	an−1	)	·	·	·	(a1	+	a2	)a1	622	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	1.	There	are	two	implications	to	prove	here.	Then	f	is	one-to-one.	The
function	f	is	not	onto	however,	for	suppose	it	were.		If	A	and	B	are	finite	sets	and	R	is	a	relation	from	A	to	B,	then	R	can	be	represented	by	a	diagram.	(3,3)	(1,	......		541	14.2.	COLORING	GRAPHS	We	mention	one	other	useful	fact	in	coloring	graphs.	Suppose	that	the	order	of	G1	is	at	most	3,	the	order	of	G2	is	at	most	3	and	the	order	of	G3	is	at	most	5.
For	example,	for	A	=	{a,	b,	c,	d,	e}	and	B	=	{v,	w,	x,	y,	z},	the	function	f	:	A	→	B	given	by	f	=	{(a,	x),	(b,	v),	(c,	w),	(d,	z),	(e,	y)}	is	bijective.	(a)	A	∪	B.	On	the	other	hand,	g(a)	=	g(c)	=	w	and	so	a	and	c	do	not	have	distinct	images	in	B.	A	.....................	3	.....	r	r	r	t	s	............	w1	...	Theorem	14.26	If	H	is	a	subgraph	of	a	graph	G,	then	χ(H)	≤	χ(G).	Another
common	way	to	specify	an	algorithm	is	by	means	of	what	is	called	pseudocode,	an	artificial	language	that	resembles	(but	still	provides	the	precision	of)	the	code	(programs)	of	some	familiar	computer	languages.	We	consider	another	example	to	illustrate	this	fact.	Prove	that	if	x3	+	5x	+	1	≤	0,	then	x	<	0.	Then	3	+	5	=	ab	,	where	a,	b	∈	N.	Since	Q	is
denumerable,	Q	×	Q	is	denumerable.	Prove	or	disprove:	There	exists	a	4-regular	graph	G	of	order	7	and	an	orientation	D	of	G	such	that	for	each	vertex	u	of	D,	there	exists	either	a	directed	u	−	v	path	of	length	1	or	a	directed	u	−	v	path	of	length	2	but	not	both	for	every	vertex	v	of	D	with	v	6=	u.	(c)	12.	r	r	x2	Figure	14.16:	The	graphs	in	Exercise	19	(b)
Use	(a)	to	show	that	K3,3	is	nonplanar.	We	now	consider	a	recursively	defined	sequence	in	which	there	are	three	initial	values.	Let	(a,	b),	(c,	d),	(e,	f	)	∈	N	×	N	such	that	(a,	b)	R	(c,	d)	and	(c,	d)	R	(e,	f	).	Thus	R	is	reflexive.	Prove	or	disprove:	If	B	is	a	set	such	that	A	⊆	B	⊂	C,	then	B	is	denumerable.	Hence	the	total	number	of	comparisons	made	when	at
=	k	is	t	+	t	+	1	+	1	=	2t	+	2.	x	:=	a1	2.	Assume	that	n	is	odd.	Assume	first	that	u	6=	v	and	that	v	is	encountered	k	times	on	T	,	where	k	≥	1.	Let	T	be	a	tournament	of	order	3	or	more.	f6	=	{(a,	1),	(b,	2)}.	Consider	the	number	3	and	the	two	cases:	√	√2	√	√2	Case	1.	(a)	Give	an	example	of	an	integer	n	such	that	P	(n)	is	true.	The	complexity	of	an
algorithm	is	the	amount	of	space	and	time	needed	to	execute	the	algorithm.	H:	rv	.....	556	CHAPTER	14.	√	Example	5.2	Let	A	=	{	2,	e,	3,	π}	and	B	=	{1,	2,	3,	4}.	Assume	that	ki=0	(a	+	ib)	=	(k+1)(2a+kb)	for	some	nonnegative	integer	k.	Let	P	be	a	longest	path	in	D,	say	P	is	a	u	−	v	path	in	D.	Example	4.28	For	a	nonnegative	integer	n,	let	sn	be	the
number	of	subsets	of	an	n-element	set.	Suppose	that	there	is	a	k-coloring	of	G	such	that	each	vertex	is	adjacent	to	vertices,	all	of	which	are	colored	the	same.	or	as	{an	},	(a)	The	function	f	:	N	→	R	defined	by	f	(n)	=	expressed	as	f	(1),	f	(2),	f	(3),	.	That	is,	for	i	=	0,	1,	si	is	the	state	in	which	i	is	carried	over	to	the	next	addition.	Prove	or	disprove:	(a)	If
every	vertex	of	a	tournament	T	belongs	to	a	cycle	in	T	,	then	T	is	strong.	ALGORITHMS	AND	COMPLEXITY	1.	contrapositive,	proof	by:	in	a	proof	by	contrapositive	of	∀x	∈	S,	P	(x)	⇒	Q(x),	we	assume	that	Q(x)	is	false	for	an	arbitrary	x	∈	S	and	show	that	P	(x)	is	false.	(g)	0.	Prove	that	3n	−	11	is	odd	if	and	only	if	n	is	even.	Result	5.73	The	set	of	positive
even	integers	is	denumerable.	s2	50	.......	qqqqqq	.....	Then	r−2	3	is	a	real	number.	569	15.2.	TOURNAMENTS	v	u	.......	Then	n	=	2ℓ	for	some	integer	ℓ.	..............................................................	f	(n)	=	O(n2	)	for	the	functions	f	in	(a)–(d).	Since	x	=	3z	and	y	=	3w	for	integers	z	and	w,	it	follows	that	x/y	is	not	in	lowest	terms.	In	fact,	every	rational	number
that	is	reduced	to	lowest	terms	and	such	that	the	only	primes	that	divide	its	denominator	are	2	or	5	has	two	decimal	expansions;	otherwise,	it	has	only	one	decimal	expansion.	2	v	r	D2	:	r	v3	..	(a)	The	statements	R(x)	for	each	x	∈	S	along	with	their	truth	values	are	R(3):	14	is	even.	The	degrees	of	the	ten	vertices	of	a	connected	graph	G	are	1,	1,	1,	1,	1,
5,	5,	5,	5,	5.	So	x	is	now	assigned	the	number	5.	It	is	expected	that	someplace	during	the	course	of	the	proof	we	will	make	use	of	our	assumption	that	P	(x)	is	true.	(f)	{2,	4,	6,	8,	10}.	(a)	ab	>	0	and	a	+	b	>	0.	(a)	What	are	s	and	t?	(b)	n	=	3.	express	the	biconditional	P	(n)	⇔	Q(n)	using	“if	and	only	if”	and	“necessary	and	sufficient.”	4.	This	probably
suggests	solving	7n	+	3	=	2a	+	1	for	n.	qq.........	Since	a		b,	it	follows	that	d		b.	(b)	The	set	of	all	positive	integers	whose	square	root	is	also	an	integer.	In	fact,	3n2	−	n	+	3	is	never	even.	3)	..................	(b)	Proof.	Hence	the	number	of	comparisons	in	the	algorithm	is	5(j	+	1)	+	1	=	5j	+	6.	For	every	proper	subset	A	of	S,	there	exists	a	nonempty	subset	B
of	S	such	that	A	∪	B	=	S	and	A	∩	B	=	∅.	Show	that	for	each	student	s,	there	exists	a	student	s∗	such	that	(1)	there	is	no	link	from	the	web	page	of	s	to	the	web	page	of	s∗	and	(2)	for	each	student	s′	for	whom	there	is	a	link	from	the	web	page	of	s	to	the	web	page	of	s′	,	there	is	no	link	from	the	web	page	of	s′	to	the	web	page	of	s∗	.	(6.1)	Suppose	that
the	graphs	of	two	functions	y	=	f	(x)	and	y	=	g(x)	are	given	in	Figure	6.1(a),	where	f	:	R+	→	R+	and	g	:	R+	→	R+	.	12	..........	Despite	the	fact	that	Kempe’s	proof	was	incorrect,	his	technique	was	ingenious	and	Heawood	used	Kempe’s	technique	to	prove	the	following	theorem.	r	r	r	r	r	r	r	r	f2	........	In	English	grammar,	sentences	are	divided	into
categories.	A	factorization	of	the	Fourier	matrix	Fn	into	e	=	log2	n	matrices	Si	times	a	permutation.	Each	of	the	phrases	“there	exists,”	“there	is,”	“for	some”	or	“for	at	least	one”	is	called	an	existential	quantifier,	which	is	denoted	in	symbols	by	∃.	v	x	z	w	Figure	14.22:	The	graph	H	in	Example	14.29	Solution.	Adding	these	two	equations,	we	obtain	(a	+
d)	+	(c	+	f	)	=	(b	+	c)	+	(d	+	e).	However,	since	this	abbreviation	is	so	common,	we	should	be	aware	of	it.	(a)	What	are	s0	,	s1	and	s2	?	First,	assume	that	T	is	the	unique	minimum	spanning	tree	of	G.	{1,2},	{3,4}	...........	Since	(x	−	1)2	≥	0	as	well,	it	follows	that	(x	−	1)2	=	0.	Let’s	see	why	this	is	true.	31	......	Since	a	R	b	and	R	is	symmetric,	it	follows
that	b	R	a.	We	show	that	there	is	a	subset	of	S,	the	sum	of	whose	elements	is	k	+	1.	So	suppose	that	this	smallest	positive	real	number	is	denoted	by	r.	We	show	that	f	is	one-to-one.	(a)	Let	a	∈	N.	192	CHAPTER	5.	Next,	we	need	to	verify	the	inductive	step.	Learning	to	write	proofs	of	your	own	is	not	an	easy	task.	Then	the	outdegree	of	a	vertex	in	T	is
the	number	of	matches	won	by	this	team.	Thus	d		a	and	d		c.	A	nonempty	set	S	of	real	numbers	is	said	to	be	well-ordered	if	every	nonempty	subset	of	S	has	a	least	element.	6	9.	G	B	......	Then	x2	−	8	=	(	8)2	−	8	=	8	−	8	=	0.	For	the	converse,	suppose	that	there	are	two	vertices	u	and	w	distinct	from	v	such	that	v	lies	on	every	u	−	w	path	in	G.		.	1......	i
:=	i	+	1	[i	is	increased	by	1]	end	5.	How	can	these	wicks	be	used	to	determine	when	an	hour	and	a	half	has	elapsed?	The	graph	H	of	Figure	14.9	has	order	n	=	12	and	size	m	=	15.	Light	both	ends	of	wick	#1	and	one	end	of	wick	#2	at	the	same	time.	Then	y	R	b.	(c)	Since	every	element	of	C	belongs	to	D,	it	follows	that	C	⊆	D.	f	(x)	=	−2x	Figure	7:	The
graphs	of	the	functions	in	Exercise	17	19.	The	graphs	of	these	two	functions	are	shown	in	Figure	5.12.	If	p	=	0,	that	is,	if	the	time	complexity	is	O(1),	then	there	are	only	a	finite	number	of	operations	being	counted	in	the	algorithm	and	so	the	algorithm	has	constant	time	complexity.	0	......	Let	A	=	{a,	b,	c,	d}	and	B	=	{1,	2,	3}.	Example	4.14	serves	to
illustrate	that	there	is	no	single	answer	to	such	a	question,	but	there	may	be	an	obvious	and	expected	answer.	Step	2	is	a	for	loop	in	which	i	is	initially	assigned	the	value	1.	z2	Figure	14.43:	The	tree	T	in	Exercise	22	(a)	Draw	the	complement	T	.	Consider	the	rational	number	r	=	1.	Prove	that	3n	>	n2	for	every	positive	integer	n.	Since	there	is	an	arc
labeled	i	from	s0	to	si	for	1	≤	i	≤	3,	it	follows	that	f	(s0	,	i)	=	si	.	Square	tiles,	one	foot	on	each	side,	are	to	be	placed	on	a	square	section	of	a	floor,	10	feet	on	each	side.	(a)	Express	this	quantified	statement	in	symbols.	Example	6.25	Determine	the	time	complexity	of	Algorithm	6.6.	Algorithm	6.6:	Find	the	sum	of	the	numbers	in	a	sequence	s	:	a1	,	a2	,	.
We	are	now	in	a	position	to	prove	that	the	complete	graph	K5	of	order	5	is	nonplanar.	Associative	and	Distributive	Laws	Since	addition	and	multiplication	of	real	numbers	are	associative,	that	is,	a	+	(b	+	c)	=	(a	+	b)	+	c	and	a(bc)	=	(ab)c	for	all	real	numbers	a,	b	and	c,	there	is	no	confusion	in	writing	a	+	b	+	c	and	abc	without	parentheses.	r	r	w	r	r
Figure	14.34:	Graphs	in	Exercise	11	12.	v	z	(d)	Figure	18:	The	graphs	in	Exercise	5	7.	Suppose	that	m	is	even	or	n	is	even.	So	m	+	n	=	(2a)	+	(2b)	=	2(a	+	b).	Hence	f	(a)	∈	B1	and	f	(a)	∈	B2	,	implying	that	f	(a)	∈	B1	∩	B2	and	so	a	∈	f	−1	(B1	∩	B2	).	In	fact,	sentence	6	in	Example	1.1	is	also	an	open	sentence.	Definition	15.1	A	digraph	(or	directed
graph)	D	is	a	finite	nonempty	set	V	(D)	(of	vertices)	and	a	set	E(D)	of	ordered	pairs	of	distinct	vertices	of	D,	each	ordered	pair	of	which	is	referred	to	as	a	directed	edge	or	an	arc.	Definition	1.44	For	two	statements	(or	open	sentences)	P	and	Q,	the	contrapositive	of	the	implication	P	⇒	Q	is	(∼	Q)	⇒	(∼	P	).		Analysis.	13	......	(b)	S	=	{−2,	−1,	0,	1,	2,	3}.	In
order	to	have	an	understanding	of	the	various	methods	of	proofs,	it	is	necessary	to	have	a	knowledge	of	the	concept	of	sets,	which	will	be	discussed	in	the	next	chapter,	and	a	knowledge	of	logic,	which	is	the	subject	of	this	chapter.	Give	an	example	of	four	distinct	subsets	B1	,	B2	,	B3	and	B4	of	B	such	that	P	=	{B1	∩	B2	,	B1	∩	B3	,	B1	∩	B4	,	B2	∩	B3	,
B2	∩	B4	,	B3	∩	B4	}	is	a	partition	of	B.	Since	the	denominators	are	3,	5,	7,	9,	.	14.2	Coloring	Graphs	In	1852	a	young	British	mathematician	by	the	name	of	Francis	Guthrie	noticed	that	he	could	color	the	counties	in	a	map	of	England	with	four	colors	in	such	a	way	that	no	two	counties	with	a	common	boundary	were	assigned	the	same	color.	In	general,
g	◦	f	=	{(s1	,	3),	(s2	,	3),	(s3	,	2),	(s4	,	2),	(s5	,	2),	(s6	,	3),	(s7	,	2)}.	Let	B	=	B1	∪	B2	∪	·	·	·	∪	Bk	.	1	2	...	(1)	The	graph	G	+	uv	is	planar.	Thus	x	R	x	and	R	is	reflexive.	Since	y	∈	A,	we	have	y	∈	A	−	B.	(c)	The	set	A−B	consists	of	of	those	members	of	the	department	you	have	had	as	an	instructor	but	599	ANSWERS	AND	HINTS	TO	ODD-NUMBERED
EXERCISES	A	.................	(a)	A	=	{x	∈	Q	:	x4	−	4	=	0}.	Of	course,	to	use	the	Binary	Search	Algorithm	we	need	to	have	numbers	in	the	sequence	s	listed	in	increasing	order	(although	decreasing	order	is	perfectly	acceptable	as	well).	f	s0	s1	s2	0	s1	s2	s0	g	1	s2	s1	s0	0	0	0	0	1	1	1	1	s0	s1	s2	s3	(a)	f	0	1	s1	s3	s3	s2	s0	s1	s2	s0	g	0	0	1	0	1	1	1	1	0	0	(b)	s0	s1
s2	s3	f	0	1	s0	s3	s2	s1	s0	s3	s2	s1	g	0	1	1	0	0	1	1	0	0	0	(c)	6.	Assume,	to	the	contrary,	that	there	exists	a	transitive	tournament	T	containing	two	vertices	u	and	v	with	the	same	outdegree,	say	od	u	=	od	v	=	k.	Hence	f	=	O(g),	where	C	=	3	and	k	=	2	in	the	definition.	(a)	Write	an	algorithm	to	determine	the	middle	number	(not	the	smallest	or	the	largest)
of	three	distinct	numbers	a,	b,	c.	For	this	to	occur,	f	(x)	must	equal	r.	Let	a	∈	f	−1	(B1	)	∩	f	−1	(B2	).	648	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	(b)	Proof.	Result	3.35	There	exist	integers	m	and	n	of	the	same	parity	such	that	(m	−	1)2	+	(n	−	4)2	≤	1.	Since	2n2	−	n	−	1	=	(2n	+	1)(n	−	1)	=	0	and	n	is	an	integer,	n	=	1	and	so	3n2	−	n
−	2	=	3	·	12	−	1	−	2	=	0.	Result	5.59	The	function	f	:	R+	→	R+	defined	by	f	(x)	=	√	x	for	x	∈	R+	is	bijective.	128	CHAPTER	4.	A	tournament	T	of	order	n	≥	3	has	the	property	that	whenever	(u,	v)	is	an	arc	of	T	,	then	od	u	≥	od	v.	Divide	the	proof	into	cases,	according	to	whether	A	is	finite	or	denumerable	and	B	is	finite	or	denumerable.	Since	4ab2	+
4ab	+	a	+	2b2	+	2b	is	an	integer,	mn2	is	odd.	(b)	What	is	the	range	of	g?	Q(n):	|n3	+	1|	>	0.	1	...	The	Cartesian	product	of	A,	B	and	C	consists	of	all	ordered	triples	(a,	b,	c),	where	a	∈	A,	b	∈	B	and	c	∈	C.	DIRECTED	GRAPHS	7.	P	Q	P	∧Q	..........................................................................................	Then	xk+1	=	(2s+1)(2t+1)	=	4st+2s+2t+1	=
2(2st+s+t)+1.	Since	5b	+	3	is	an	integer,	5n	+	7	is	odd.	(b)	P2	(n)	:	n2	−	4	≤	0.	If	|A|	=	|B|	=	5,	how	small	and	how	large	can	|A	+	B|	be?	(c)	State	∃n	∈	S,	R(n)	in	words	and	determine	its	truth	value.	Each	of	the	following	statements	is	an	implication	P	⇒	Q.	(h)	F.	(b)	The	integer	x	=	−1	is	a	counterexample.	Directed	Graphs	15.1.	Fundamental	Concepts
of	Digraph	Theory	15.2.	Tournaments	15.3.	Finite-State	Machines	Chapter	Highlights	and	Supplementary	Exercises	Answers	and	Hints	to	Odd-Numbered	Exercises	Index	of	Mathematical	Terms	and	Names	List	of	Symbols	431	432	444	457	465	471	480	491	491	498	511	520	525	525	536	551	559	559	567	574	590	595	659	671	ix	PREFACE	THE
EMERGENCE	OF	MATHEMATICS	Although	the	emergence	of	mathematics	can	be	traced	back	to	many	regions	of	the	world,	there	is	an	international	mathematics	that	had	its	roots	in	Egypt	and	Babylonia	and	developed	significantly	in	ancient	Greece.	(see	Figure	15.22(a)).	b	1	0	2	1	0	2	1	0	g	4	4	2	2	2	0	0	0	(b)	The	coefficient	of	x8	in	(x3	+	x4	+	x5	+
x6	+	x7	+	x8	)(1	+	x	+	x2	)(1	+	x2	+	x4	+	x6	+	x8	)	is	8.	Give	an	example	of	three	sets	A,	B	and	C	such	that	none	of	these	three	sets	is	a	subset	of	either	of	the	remaining	two	sets.	Supplementary	Exercises	for	Chapter	2	1.	(a)	f	(x)	for	each	x	∈	S.	State	the	following	as	a	quantified	statement:	If	n	is	an	integer,	then	n3	+	n	+	1	is	an	odd	integer.	If	he/she
does	not	lose	$100,	then	he/she	will	win	at	least	$900.	Definition	14.18	A	coloring	of	a	graph	G	is	an	assignment	of	colors	to	the	vertices	of	G,	one	color	to	each	vertex	of	G,	such	that	adjacent	vertices	of	G	are	colored	differently.	(Observe	that	=	is	the	equals	operator,	while	:=	denotes	assignment.)	It	is	often	useful	to	introduce	loops	into	algorithms.
Then	n2	+	4n	−	3	=	(2k)2	+	4(2k)	−	3	=	4k	2	+	8k	−	3	=	4k	2	+	8k	−	4	+	1	=	2(2k	2	+	4k	−	2)	+	1.	Consider	the	implication:	If	7n	−	8	is	odd,	then	n	is	even.	(b)	30,	30.	(d)	Is	R	transitive?	Growth	of	Functions	Analysis	of	Algorithms	Searching	and	Sorting	Chapter	Highlights	and	Supplementary	Exercises	The	Multiplication	and	Addition	Principles	The
Principle	of	Inclusion-Exclusion	The	Pigeonhole	Principle	Permutations	and	Combinations	Applications	of	Permutations	and	Combinations	Chapter	Highlights	and	Supplementary	Exercises	Advanced	Counting	Methods	9.1.	The	Pascal	Triangle	and	the	Binomial	Theorem	9.2.	Permutations	and	Combinations	with	Repetition	9.3.	Generating	Functions
Chapter	Highlights	and	Supplementary	Exercises	10.	(a)	If	the	statement	is	false,	then	P	is	true.	Draw	a	Venn	diagram	for	each	of	the	following.	ppp	pp	...........	3	2	3	is	rational.	420.	This	question	was	first	addressed	in	1939	by	Herbert	Robbins	(1915–2001).	To	give	a	proof√of	Result	3.37,	it	was	useful	to	recall	that	for	every	positive	real	number	a,	1
the	number	a	2	is	a.	618	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	25.	2	2	3	1	c3	c4	.....	2	Then	an	=	n	for	each	positive	integer	n.	Now	the	while	loop	at	Step	2	is	complete	and	we	move	to	Step	8.	It	is	possible	to	obtain	two	bottles	containing	3	ounces	of	medicine	each	by	a	sequence	of	pourings.	Give	an	example	of	three	sets	A,	B	and
C	such	that	A	⊂	B,	A	⊆	C	and	C	⊆	B	and	such	that	exactly	two	of	the	three	sets	A,	B	and	C	are	equal.	Let	n	be	a	nonnegative	integer	in	S.	(b)	{0,	1,	3}.	The	second	is	that	if	the	proposition	is	valid	for	any	row	then	it	must	necessarily	be	valid	for	the	following	row.	In	particular,	we	do	not	know	that	P	(x)	is	true	for	an	arbitrary	element	x	∈	S.	i=1	j=1	9
11	10	8	original	sequence	11	9	10	8	i=2	j=1	9	10	11	8	i=3	j=1	9	10	8	11	i=1	j=2	9	10	8	11	i=2	j=2	9	8	10	11	i=1	j=3	8	9	10	11	final	sequence	8	9	10	11	5.	Let	A1	=	{a1	}	and	A2	=	{a2	}.	Indeed,	if	we	had	defined	129	4.3.	SEQUENCES	an	=	(n	−	1)(n	−	2)(n	−	3)(n	−	4)	+	n	for	n	∈	N,	then	an	=	n	for	n	=	1,	2,	3,	4,	while	a5	=	29.	If	A	∩	B	6=	∅,	then
there	is	w	∈	A	∩	B	and	so	(v,	w,	u)	is	a	directed	v	−	u	path	in	T	.	33	1.3.	IMPLICATIONS	Example	1.51	For	an	integer	n,	consider	the	open	sentences	P	(n):	n	is	even.	(a)	64.	Then	j	≥	δ.	Similarly,	c7	is	colored	2	and	c10	is	colored	3.	At	the	same	time,	high	school	seniors	were	taking	courses	in	Euclidean	geometry,	advanced	algebra	and	trigonometry.
(c)	There	exists	n	∈	S	such	that	is	even.		A	result	that	is	a	consequence	of	some	theorem	is	referred	to	as	a	corollary	of	the	theorem.	(4)	Janet	didn’t	study	for	the	exam	and	didn’t	receive	an	A	on	it.	(a)	1/12	if	(x,	y)	=	(b,	g)	or	(g,	b);	otherwise,	1/6.	Since	K4	is	a	planar	graph	and	χ(K4	)	=	4,	there	are	certainly	some	planar	graphs	that	require	four	colors.
(a)	If	it	is	Friday,	then	I	don’t	go	to	class.	D′	:	.......	(c)	60.	An	immediate	consequence	of	this	fact	is	the	following.	Determinant	IAI	=	det(A).	Prove	that	there	exist	an	irrational	number	a	and	a	rational	number	b	such	that	ab	is	irrational.	Some	of	these	are	explored	in	the	exercises.	Since	the	subgraph	induced	by	the	set	{u2	,	v2	,	w2	,	x2	,	y2	}	of
vertices	of	F	is	K5	,	it	follows	by	Theorem	14.26	that	χ(F	)	≥	5.	Result	to	Prove:	For	every	irrational	number	s,	there	exists	a	rational	number	r	such	that	rs	is	irrational.	In	this	case,	the	structure	we	need	is	a	directed	graph,	most	commonly	called	a	digraph.	If	we	were	to	look	at	this	function	in	another	way,	however,	we	can	see	that	our	answer	for	the
range	is	accurate.	v2	...	(c)	to	each	real	number	the	cube	root	of	that	number.	(d)	{(a,	b),	(b,	a),	(c,	d)}.	(b)	The	domain	of	f	is	A,	the	codomain	of	f	is	B	and	the	range	of	f	is	{−2,	0,	1,	2}.	Prove	that	3	+	5	is	irrational.	(c)	Assuming	that	S	is	true	and	I	didn’t	get	an	A	on	my	final	exam,	does	this	mean	that	I	didn’t	get	an	A	for	my	final	grade?	10	......	....32	..
Since	3	−	k	is	an	integer,	7	−	n	is	odd.	Since	e	=	uv	is	an	edge,	G	contains	the	u	−	v	path	P	=	(u,	v).	Thus	ℓ1	and	ℓ3	coincide	or	ℓ1	and	ℓ3	are	parallel.	,	an	)	or	a1	a2	.	Assume	that	the	chromatic	number	of	every	planar	graph	of	order	k,	where	k	≥	5,	is	at	most	546	CHAPTER	14.	.}	and	so	Q	=	{0,	q1	,	−q1	,	q2	,	−q2	,	.	Thus	y	∈	A	−	B	and	y	∈	A	−	C;	so	y
∈	(A	−	B)	∩	(A	−	C).	Therefore,	n	=	2k	+	1	for	some	integer	k.	Therefore,	a−2	−1	in	f	,	the	image	of	a	real	number	a	is	3	and	in	fact,	the	image	of	a	real	number	x	is	x−2	3	.	For	a	false	statement	P	and	any	statement	Q,	the	implication	P	⇒	Q	is	true.	Assume	that	the	sum	of	the	interior	angles	of	every	k-gon	is	(k	−	2)	·	180o	for	an	arbitrary	integer	k	≥	3.
Then	n2	=	(2b	+	1)2	=	4b2	+	4b	+	1	=	2(2b2	+	2b)	+	1.	Definition	5.6	A	relation	R	on	a	set	S	is	a	relation	from	S	to	S.	11	....	If	x	is	any	real	number	that	is	different	from	3	and	−3,	then	P	(x)	is	false	and	so	P	(x)	⇒	Q(x)	is	true.	We	start	with	a	simple	example	for	A,	say	A	=	{1}.	Since	G	is	a	subgraph	of	G	×	K2	,	it	follows	that	χ(G)	≤	χ(G	×	K2	).	Let	f	:	Z
→	Z	be	defined	as	indicated	below.	First,	let’s	mention	some	things	that	we	don’t	know.	Thus	vk	cannot	reach	any	of	vn	,	vn−1	,	.	3	......................	In	particular,	the	fourth	sentence	says	that	the	only	way	I	can	obtain	an	A	in	all	courses	is	to	receive	an	A	in	math.	Therefore	5r	+	7s	=	5a	b	+	d	=	bd	bd	6=	0,	the	number	5r	+	7s	is	rational.	Returning	to	the
while	loop	at	Step	2,	we	find	that	5	=	i	≤	n−	1	=	3	is	not	true	and	the	conclusions	in	Steps	3–5	are	not	performed.	Example	14.30	Eleven	chemicals	are	to	be	shipped	to	a	chemistry	department	at	a	university.	Necessarily,	c	∈	R+	.	Since	R	is	symmetric,	z	R	x.	Consequently,	the	first	few	Fibonacci	numbers	are	1,	1,	2,	3,	5,	8,	13,	21,	34,	55,	89.	611
ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	(c)	Proof.	Since	x	can	reach	every	vertex	that	vn−1	can	reach,	r(x)	≥	r(vn−1	),	which	is	impossible.	b	..............	Let	A	denote	a	denumerable	set	and	let	B	be	a	nonempty	finite	set.	conjunction	(of	P	and	Q),	P	∧	Q:	P	and	Q.	Since	4k	2	+	8k	−	3	=	2(2k	2	+	4k	−	1)	−	1,	it	may	seem	that	this	shows
that	n2	+	4n	−	3	is	odd.	Let	n	=	11.		Result	4.8	For	every	integer	n	≥	4,	n!	>	2n	.	Show	that	log	n	=	O(n).	Therefore,	a	and	b	are	both	even	and	so	contain	2	as	a	common	factor,	which	contradicts	our	assumption	that	a/b	has	been	reduced	to	lowest	terms.	A	certain	graph	G	of	order	6	has	the	following	properties:	(a)	The	graph	G	does	not	contain	K5	as
a	subgraph.	Then	f	(a)	=	b	and	so	f	is	onto.	It	probably	wasn’t	too	difficult	to	find	counterexamples	in	Example	5.50(a)	and	Example	5.50(b).	,	v10	,	v1	).	Many	of	the	relations	that	we	encounter	in	mathematics	and	computer	science	mimic	the	equals	relation	in	that	they	are	also	reflexive,	symmetric	and	transitive.	Does	there	exist	a	function	from	A	to
B	that	is	one-to-one?		Therefore,	the	implication	Q2	⇒	Q1	above	is	the	converse	of	Q1	⇒	Q2	.	Then	D	contains	an	Eulerian	circuit	C.	For	integers	a	and	b,	consider	the	biconditional	ab	is	even	if	and	only	if	a	is	even	and	b	is	even.	The	digraph	D1	is	not	an	oriented	graph	(since	both	(v,	w)	and	(w,	v)	are	arcs	of	D1	),	while	D2	is	an	oriented	graph.	138
CHAPTER	4.	Example	1.30	Let	P	and	Q	be	two	statements.	A	straight	line	ℓ	can	be	related	to	the	real	number	m	if	m	is	the	slope	of	ℓ.	s	(10)	t	9	(9)	..............	B	r	................	Let	b1	,	b2	,	.	The	set	R	of	real	numbers	can	be	divided	into	the	three	non-overlapping	subsets:	the	set	R+	of	positive	real	numbers,	the	set	of	negative	real	numbers	(which	we	can
denote	by	R−	)	and	the	set	{0}	consisting	only	of	0.	Then	d		a	and	d		b.	(b)	Let	B	=	{1,	2,	3,	4,	5,	6}.	a1	=	5/3,	a2	=	−7/6,	a3	=	3/4,	a4	=	−11/24.	The	total	number	of	1’s	in	the	adjacency	matrix	is	the	sum	of	the	degrees	of	the	vertices	of	the	graph,	which	is	twice	the	size	of	the	graph.	The	negation	of	the	statement	in	(3.4)	is	∼	(∀x	∈	S,	∃y	∈	T,	R(x,	y))	≡
∃x	∈	S,	∼	(∃y	∈	T,	R(x,	y))	≡	∃x	∈	S,	∀y	∈	T,	∼	R(x,	y),	which	can	therefore	be	expressed	as	There	exists	x	∈	S	such	that	for	every	y	∈	T	,	not	R(x,	y).	Next	show	that	a	+	c	=	0	or	a	−	c	=	0.	~	v)	and	d(v,	~	u)	are	defined.	Therefore,	it	may	be	useful	to	arrange	or	sort	the	numbers	in	the	sequence	so	that	an	increasing	(or	nondecreasing)	sequence	results.
y	=	x2	−	2x	+	5	....	Since	the	image	of	x	is	f	−1	(x),	it	follows	that	f	−1	(x)	=	x−2	.	In	fact,	only	for	x	=	5	and	x	=	−5	is	there	a	unique	real	number	y	(namely	y	=	0)	such	that	x2	+	y	2	=	25.	(a)	Certainly,	the	two	1-bit	strings	0	and	1	do	not	have	two	consecutive	0s	and	so	s1	=	2.	Example	5.18	Let	S	=	{1,	2,	3,	4,	5,	6}.		We	have	seen	that	the	negation	of
∃x	∈	S,	∀y	∈	T,	R(x,	y)	is	∼	(∃x	∈	S,	∀y	∈	T,	R(x,	y))	≡	∀x	∈	S,	∃y	∈	T,	∼	R(x,	y).	2,	2,	0	....	If	f	and	g	are	bijective,	then	so	is	g	◦	f	.	For	i	=	1,	2,	3,	4,	the	function	f	:	S	→	S	is	defined	by	f	(ci	)	=	ci	,	that	is,	we	start	in	city	ci	but	do	not	drive	anyplace.	Moreover,	since	f	is	one-to-one,	it	follows	that	a1	=	a2	.	Suppose	that	one	of	these	situations	occurs.	Since
2b2	+	2b	is	an	integer,	n2	is	odd.	(b)	a	or	b	is	negative.	Show	that	k	6=	3.	(b)	Use	De	Morgan’s	Laws	to	describe	those	real	numbers	x	for	which	P	(x)	is	false.	Because	4	=	j	≤	n	=	4,	Steps	6	and	7	are	performed.	(a)	For	every	rational	number	r,	the	number	1/r	is	rational.	Assume	that	the	kth	n	=	1,	(−1)	xn(n−1)!	=	(−1)	x	derivative	of	f	(x)	is	f	(k)	(x)	=
positive	integer.	Let	u	and	v	be	two	nonadjacent	vertices	of	G.	For	each	vertex	v	of	G	with	deg	v	≥	3,	let	e1	,	e2	,	.	Because	a1	=	1	=	12	,	the	formula	holds	for	n	=	1.	Therefore,	there	are	graphs	G,	namely	Cn	,	where	n	≥	3	is	odd,	and	Kn	,	where	n	≥	1,	for	which	χ(G)	=	1	+	∆(G).	The	Chromatic	Number	of	a	Graph	We	will	return	to	the	Four	Color
Problem	soon,	after	introducing	some	terminology	on	coloring	graphs	in	general.	(e)	∅	⊆	{a}.	Since	3k	−	4	is	an	integer,	3n	−	11	is	even.	That	is,	your	friend	will	always	be	truthful	or	will	always	lie.	Let	m	and	n	be	integers.	(the	nonnegative	integers)	as	a	youngster	and	learned	the	rules	of	arithmetic	involving	them,	you	were	being	taught	some
discrete	mathematics,	albeit	very	elementary.	This	certainly	means	attending	class	regularly,	being	an	attentive	student	and	doing	homework	faithfully.	Diagonal	entries	=	1,	off-diagonal	entries	=	0.	De	Morgan’s	Laws	for	the	complement	of	the	union	and	the	intersection	of	two	sets	are	consequences	of	De	Morgan’s	Laws	for	the	negation	of	the
disjunction	and	of	the	conjunction	of	two	statements.	Chapters	12–15	deal	with	the	area	of	graph	theory,	a	major	subject	within	discrete	mathematics.	,	Pk	are	true,	while	P1	∨	P2	∨	·	·	·	∨	Pk	is	true	only	when	at	least	one	of	the	statements	P1	,	P2	,	.	The	function	f	:	A	→	B	defined	by	f	(1)	=	c,	f	(2)	=	a,	f	(3)	=	b,	f	(4)	=	e	is	one-to-one	but	not	onto.	There
have	been	attempts	to	prove	quantified	statements	of	the	type	∀n	∈	N,	P	(n)	by	inductionlike	arguments	that	go	back	many	centuries.	(We	will	now	consider	the	subsequence	a3	,	a4	.)	Since	3	=	a	≤	b	=	4	is	true,	we	proceed	through	the	while	loop	at	Step	3	once	again.		∅	0000	{a4	}	0001	{a2	,	a3	}	0110	{a1	,	a2	,	a4	}	1101	{a1	}	1000	{a1	,	a2	}	1100
{a2	,	a4	}	0101	{a1	,	a3	,	a4	}	1011	{a2	}	0100	{a1	,	a3	}	1010	{a3	,	a4	}	0011	{a2	,	a3	,	a4	}	0111	{a3	}	0010	{a1	,	a4	}	1001	{a1	,	a2	,	a3	}	1110	{a1	,	a2	,	a3	,	a4	}	1111	Binary	representations	of	the	subsets	of	{a1	,	a2	,	a3	,	a4	}	in	Example	4.17	All	of	the	sequences	that	we	have	encountered	thus	far	were	explicitly	defined	by	a	closed-form
expression.	Prove	that	if	T	is	a	tournament	of	order	4r	with	r	≥	1,	where	2r	vertices	of	T	have	outdegree	2r	and	the	other	2r	vertices	have	outdegree	2r	−	1,	then	T	is	strong.	modus	tollens:	the	tautology	((P	⇒	Q)	∧	(∼	Q))	⇒	(∼	P	).	(c)	This	tells	us	that	the	smallest	number	of	colors	needed	to	color	the	regions	of	M	is	3.	Find	the	nth	terms	of	three
different	sequences	beginning	with	1,	3,	9,	where	n	∈	N.	2,4,0	...	(3.15)	Since	we	were	giving	a	proof	by	contrapositive,	we	proved	the	implication	(3.15)	by	a	direct	proof	and	so	we	began	by	assuming	that	n	is	not	an	even	integer.	(a)	{{(1,	3),	(1,	4)},	{(2,	3)},	{(2,	4)}}.	(d)	The	set	D	=	{0,	∅}	has	cardinality	2.	Since	|A|	<	|B|,	there	exists	no	function
from	A	to	B	that	is	onto.	0,	1	...............	In	particular,	f	(n)	≤	C2	g(n)	for	every	integer	n≥	k.	There	is	a	natural	connection	between	the	Four	Color	Problem	and	graphs.	Thus	P	(3):	3	·	3	−	9	=	0	is	a	true	statement	and	P	(−3):	3(−3)	−	9	=	0	10	CHAPTER	1.	Thus	x,	z	∈	Si	for	some	i	with	1	≤	i	≤	k.	Since	x	=	a4	,	Step	7	is	not	executed	when	i	=	4	=	n.	51
CHAPTER	1	HIGHLIGHTS	21.	168	CHAPTER	5.	For	this	subset	A	of	S,	the	2nd	term	of	the	4-bit	string	representing	A	is	1	because	a2	∈	A.	Since	vertex	A	has	three	outgoing	directed	edges,	a	weight	of	1	3	is	assigned	to	each	such	directed	edge	to	indicate	that	1	3	of	its	importance	is	passed	on	to	the	other	three	vertices	(web	pages).	2376.	Then	y	=
2w	+	1	for	some	integer	w.	A	sequence	{an	}	is	defined	recursively	by	a1	=	2,	a2	=	2	and	an	=	an−2	an−1	for	n	≥	3.	A	function	f	:	Z	→	Z	is	defined	by	f	(n)	=	n	−	5.		99	3.4.	PROOF	BY	CASES	Result	3.26	If	n	is	an	integer,	then	n2	−	n	is	an	even	integer.	Example	15.20	Construct	the	state	digraph	for	the	finite-state	machine	whose	state	table	is	shown
below.	Completing	this	sum,	we	obtain	c	=	(101001)2	=	41.	While	the	importance	of	ex	may	be	clear	in	calculus,	one	might	wonder	what,	if	any,	useful	properties	2n	might	have	in	discrete	mathematics.	For	most	students,	this	is	an	exciting	new	subject	whose	topics	will	be	encountered	often	again	if	there	are	more	mathematics,	computer	science	or
engineering	courses	in	a	student’s	future.	Then	nr	=	a/b	for	some	integers	a	and	b	and	b	6=	0.	What	we	wish	to	prove	here	is	that	for	each	positive	integer	n,	there	is	a	simple	1	1	1	1	,	2·3	,	3·4	,	.		P	Q	∼P	P	∧	Q	Q	⇒	(∼	P	)	(P	∧	Q)	∧	(Q	⇒	(∼	P	))	F	F	T	F	F	T	F	T	F	F	F	T
...................................................................................................................................................................................................................................................................................................................................................	Then	n2	=	3a	for	some	integer	√	a	if	and	only	if	n	=	3b	for	some	integer	b.	Let	B	=	{b1	,	b2	,	.	1.3	Implications	The	compound	statement	of
greatest	interest	to	us	is	the	implication.	(b)	If	my	team	wins	their	next	game,	then	they’re	going	to	the	Super	Bowl.	What	portions	of	the	textbook	to	be	covered	depends,	to	a	great	degree,	on	what	the	instructor’s	goals	are.	This	is	always	the	difficult	part	of	the	proof.	In	this	case,	the	final	state	is	s8	once	again.	None	of	the	problems	(1)	–	(4)	seems
nearly	as	easy	to	solve	now.	If	we	look	at	the	three	colorings	of	the	graph	H	given	in	Figure	14.19,	we	see	that	the	first	coloring	is	a	4-coloring,	the	second	coloring	is	a	3-coloring	and	the	third	coloring	is	a	2-coloring.	First,	the	initial	values	a1	=	2	and	a2	=	3	are	given.	For	(d)–(i),	determine	the	indicated	sets.	Thus	there	exist	integers	i,	j	with	1	≤	i,	j	≤
k	such	that	x,	y	∈	Si	and	y,	z	∈	Sj	.	Prove	that	if	n	is	an	integer,	then	3n	+	1	and	5n	+	2	are	of	opposite	parity.	Since	there	are	five	edges	joining	1	to	the	other	five	vertices,	three	of	these	edges	must	be	colored	the	same,	say	red	(R).	The	initial	state	is	the	vertex	labeled	(6,	0,	0).	for	i	:=	1	to	n	do	an+i	:=	ai	x	:=	a1	r	:=	0	j	:=	1	while	r	6=	(n	−	1)/2	do



begin	7.	ALGORITHMS	AND	COMPLEXITY	Analysis	of	Algorithms	If	we	have	a	relatively	complex	computational	problem	to	solve,	then	we	have	seen	that	a	logical	first	step	is	to	write	an	algorithm.	(F)	(b)	15	is	odd	or	21	is	even.	(c)	A	−	B.	But	this	says	that	n	=	1/3,	which,	of	course,	is	not	an	integer.	Since	od	v	>	0,	there	exists	a	vertex	vi	∈	V	(C)	(i	≥
2)	such	that	(v,	vi	)	∈	E(T	).	We	actually	do	know	a	bit		√	√2	√	√2	√	√2	√	2	more,	namely,	either	(1)	2	is	rational	or	(2)	2	is	irrational	and	2	is	rational.	The	defense	attorney	therefore	proclaims	that	the	implication	P	⇒	Q	is	false.	In	words,	the	negation	of	the	statement	in	(b)	is:	For	every	integer	a,	there	exists	an	integer	b	such	that	ab	6=	0.	[Note:	A	well-
known	identity	from	trigonometry	states	that	cos	2x	=	2	cos2	x	−	1	for	every	real	number	x.]	Chapter	5	Relations	and	Functions	There	will	be	a	number	of	instances	when	we	will	be	dealing	with	two	sets	A	and	B	(possibly	A	=	B)	where	typically	some	of	the	elements	of	A	have	a	connection	with	some	of	the	elements	of	B	in	some	manner.	Figure	1.21
shows	a	building	with	nine	rooms.	Q:	43	>	34	.	Let	n	be	an	even	integer.	Draw	a	Venn	diagram	for	two	general	sets	C	and	D	and	shade	the	region	that	contains	the	elements	of	C	that	do	not	belong	to	D.	(F).		We	now	give	another	direct	proof	involving	even	and	odd	integers.	2	r	B	r	3	r1	4	r	r7	r6	9	r	r	5	r8	r	10	Figure	2.3:	A	Venn	diagram	for	the	two
sets	in	Example	2.11	From	this	diagram,	we	can	see	that	•	•	•	•	3	and	6	belong	to	both	sets	A	and	B,	2,	4	and	9	belong	to	A	but	not	to	B,	1,	7	and	8	belong	to	B	but	not	to	A,	while	5	and	10	belong	to	neither	A	nor	B.	Condition	number	cond(A)	=	c(A)	=	IIAIlIIA-III	=	amaxlamin.	be	an	open	sentence	over	the	domain	S.	(b)	a	one-to-one	function	g	:	A	→	B,
where	g(1)	6=	3	6=	g(2).	Since	7a	+	3b	+	3	is	an	integer,	7m	+	3n	is	odd.	The	sets	A	=	∅	and	B	=	{1}	form	a	counterexample.		For	general	sets	A,	B	and	C,	Venn	diagrams	for	the	sets	(A	−	B)	∩	(A	−	C)	and	A	−	(B	∪	C)	are	shown	in	Figure	2.8.	From	the	two	Venn	diagrams	in	Figure	2.8,	it	appears	that	(A	−	B)	∩	(A	−	C)	and	A	−	(B	∪	C)	are	equal
sets.	Thus	m	+	n	=	2x	+	(2y	+	1)	=	2(x	+	y)	+	1.	(a)	There	exist	distinct	rational	numbers	a	and	b	such	that	(a	−	1)(b	−	1)	=	1.	Prove	that	if	5n	+	7	is	odd,	then	n	is	even.	(c)	P	(n)	⊕	Q(n).	Let	U	be	a	subset	of	the	vertex	set	of	a	graph	G	and	suppose	that	H	=	G[U	]	is	an	induced	subgraph	of	G	of	order	k.	By	the	Principle	of	Mathematical	Induction,	an	=
2n−1	+	1	for	every	positive	integer	n.	ppp	ppqp	p	....	Assume	that	xk	is	even	if	and	only	if	x	is	even	for	an	arbitrary	integer	k	≥	2.	Stops	when	the	list	has	been	exhausted	and	outputs	the	temporary	maximum,	which	is	the	maximum	number	on	the	list.	,	uk	are	the	k	vertices	of	T	that	are	adjacent	from	~	ui	)	=	1	for	1	≤	i	≤	k.	Once	again,	let	H	be	the
subgraph	of	G	−	v	induced	by	those	vertices	colored	1	or	3.	(c)	{0,	1}.	Result	to	Prove:	The	function	f	:	R	→	R	defined	by	f	(x)	=	4x	−	9	for	x	∈	R	is	onto.	On	the	other	hand,	because	2	+	(−2)	=	0	∈	/	N	and	3	+	(−5)	=	−2	∈	/	N,	it	follows	that	2	6	R	(−2)	and	3	6	R	(−5).	No.	R	is	not	transitive.	(b)	Give	an	example	of	an	integer	n	such	that	P	(n)	is	true.	How
each	chapter	in	this	text	relies	on	other	chapters	is	indicated	in	the	diagram	(digraph)	below.	(b)	For	a	rhombus	whose	lower	left	number	is	C(n,	1),	n	≥	3,	the	value	of	the	number	computed	is	C(n,	2).	Observe	that	(1	+	x)k+1	=	(1	+	x)(1	+	x)k	≥	(1	+	x)(1	+	kx)	since	1	+	x	>	0.	(e)	John	Kennedy	was	President	of	the	United	States.	How	can	these	wicks
be	used	to	determine	when	45	minutes	has	elapsed?	s5	...	Let	F	be	the	subgraph	of	G	−	v	induced	by	those	vertices	colored	2	or	4.	(a)	How	many	circular	tournaments	of	order	3	are	there?	As	a	consequence	of	this	result,	we	have	the	following.	,	vk+1	and	must	reach	all	of	v1	,	v2	,	.	Thus	R	is	circular.	The	first,	which	is	self	evident,	is	that	the
proposition	is	valid	for	the	second	row.	In	Step	2,	n	+	2	and	n	are	compared	and	the	while	loop	is	exited.	Therefore,	x	∈	A	and	x	∈	B;	so	x	∈	A	∩	B.	•	Every	set	that	contains	an	uncountable	subset	is	itself	uncountable.	This	implies	that	(a,	b)	R	(e,	f	)	and	so	R	is	transitive.	Thus,	the	number	of	subsets	of	A	containing	ak+1	is	the	number	of	subsets	C	of	B.
Example	1.34	A	man	hires	a	neighbor	to	paint	the	living	room	of	his	house	for	$300.	For	a	positive	integer	n,	let	sn	be	the	number	of	2-element	subsets	of	an	n-element	set.	y	:=	a1	2.	t3	t	T	:	t4	Figure	15.15:	A	model	of	the	round	robin	tournament	in	Example	15.10	Observe	that	the	number	of	games	that	a	team	ti	(1	≤	i	≤	4)	wins	is	its	outdegree.
Directing	the	edges	of	C	cyclically	about	C	and	directing	the	edges	v1	v8	and	v2	v9	arbitrarily,	we	obtain	a	strong	orientation	of	a	subgraph	H	of	G	shown	in	Figure	15.9(b).		For	every	two	real	numbers	a	and	b,	the	sum	a	+	b	and	product	ab	are	also	real	numbers.	(a)	Show	that	|χ(G)	−	χ(H)|	≤	1.	Our	goal	then	is	to	show	that	under	this	assumption,	P
(k	+	1)	is	a	true	statement.	Her	route	requires	her	to	cross	seven	bridges.	A	is	lighter	balanced	B	is	lighter	1	{2,	4},	{5,	6}	3	A	is	lighter	2	.....	Statements	Negation,	Conjunction	and	Disjunction	Implications	Biconditionals	Tautologies	and	Contradictions	Some	Applications	of	Logic	Chapter	Highlights	and	Supplementary	Exercises	Relations
Equivalence	Relations	Functions	Bijective	Functions	Cardinalities	of	Sets	Chapter	Highlights	and	Supplementary	Exercises	53	62	70	72	75	79	79	87	94	98	102	105	108	112	115	115	123	128	137	143	147	147	152	159	170	183	191	vi	6.	Thus	c	has	no	image	in	A.		√	The	number	x	=	−	2	would	have	also	been	a	counterexample	in	Example	3.32.	Statement
4	is	false	as	(−3)2	=	9	=	3.	One	way	is	by	a	digraph	or	diagram	(see	Figure	15.23),	called	the	state	digraph	of	the	finite-state	machine.	According	to	the	truth	table	in	Figure	1.3,	the	statement	Q1	∧	Q2	is	false	since	Q1	is	false	(even	though	Q2	is	true).	u	...	Since	a	·	xk	is	an	integer,	xk+1	is	even.	For	two	statements	P	and	Q,	show	that	the	compound
statement	modus	tollens	((P	⇒	Q)	∧	(∼	Q))	⇒	(∼	P	)	is	a	tautology.	Men’s	soccer	has	been	part	of	the	Summer	Olympic	Games	since	1900.	The	inverse	of	the	implication	of	P	⇒	Q	is	the	implication	(∼	P	)	⇒	(∼	Q).	Therefore,	χ(F	)	=	5.	c7	..................	Since	s	is	a	negative	rational	number	and	s	>	r,	r	=	−	ab	,	where	a,	b	∈	N.	This	problem	was	solved	in
2008	by	Avraham	Trahtman.	Therefore,	G	contains	cycles.	(a)	one-to-one.	For	two	nonempty	sets	A	and	B	of	real	numbers	and	a	function	f	:	A	→	B,	the	graph	of	f	is	the	set	of	points	(x,	y)	in	the	Cartesian	plane	for	which	x	∈	A,	y	∈	B	and	y	=	f	(x).	c	...........	This	is	indicated	by	letting	O	=	{0,	1}.	w	.	The	only	other	ordered	pair	(a,	b)	∈	R1	is	(a,	b)	=	(z,	z).
.....qqqqqqqqqqqqqqq	qqqqqqqqqq.q.....	is	defined	recursively	by	a1	=	3	and	an	=	2an−1	+	1	for	n	≥	2.	x	:=	|ai	−	aj	|	5.	If	u	and	v	are	two	vertices	in	a	digraph	D,	then	D	may	contain	one,	neither	or	both	of	the	directed	edges	(u,	v)	and	(v,	u).	The	history	of	set	theory	is	unlike	many	mathematical	subjects.	Indeed,	for	any	two	finite	nonempty	sets	A	and
B,	|A|	=	|B|	if	and	only	if	the	elements	of	A	and	B	can	be	paired	off,	that	is,	|A|	=	|B|	if	and	only	if	there	exists	a	bijective	function	from	A	to	B.	The	algebra	used	to	obtain	the	number	4	is	not	part	of	the	justification	that	f	is	onto,	however.	,	n,	the	number	of	comparisons	can	be	as	many	as	n	X	j=2	(j	−	1)	=	1	+	2	+	·	·	·	+	(n	−	1)	=	n(n	−	1)	=	Θ(n2	).	Prove
that	3n	>	n	for	every	positive	integer	n.	s	v	P	(b)	v	vi−1	v	vi	vi+1	v	v	k−1	........	PLANAR	GRAPHS	AND	GRAPH	COLORINGS	pr	........	Hence	3	=	x/y,	where	x,	y	∈	Z	and	y	6=	0.	Since	5ad	+	7bc	and	bd	are	integers	and	b,	d	6=	0.	Observe	that		√	k−3		√	k−2	+	1+2	5	.	Hence	we	may	assume	that	A	6=	∅.	Let	u,	v	∈	V	(T	).	r	r	r	r	B	r	4	r4
.........................................	x+y	1	1	0	1	(x	+	y)	·	y	1	0	0	0	f	=	(x	+	y)	·	y	+	x	1	0	1	1	9.	If	G	contains	a	vertex	v	∈	/	V	(H)	that	is	adjacent	to	every	vertex	of	H,	then	any	color	assigned	to	v	must	be	different	from	the	colors	assigned	to	H	and	so	χ(G)	≥	k	+	1.	That	is,	this	sentence	contains	variables	(namely,	“then,”	“he”	and	“there”)	and	without	knowing	the
value	of	each	variable,	the	sentence	is	not	a	statement.	Chapter	11:	Partially	Ordered	Sets	and	Boolean	Algebras	Section	11.1	1.		Hence	by	changing	the	codomain	of	the	√	function	√	in	Result	5.59,	we	arrived	at	a	function	with	a	different	property.	The	integer	3m	+	7n	is	even	if	and	only	if	m	and	n	are	both	even.	Show	that	each	of	the	graphs	in
Figure	14.13	is	planar	by	drawing	it	as	a	plane	graph.	He	is	directed	to	take	3	ounces	of	the	medicine	in	the	morning	and	the	remaining	3	ounces	at	bedtime;	however,	the	bottle	has	no	markings	on	it.	where	the	domain	of	the	variable	n	is	Z,	the	quantified	statement	∀n	∈	Z,	P	(n)	⇒	Q(n)	can	therefore	be	expressed	in	words	in	any	of	the	following	ways:
•	For	every	integer	n,	if	5n2	−	2	is	odd	then	n	is	odd.	(a)	R	is	an	equivalence	relation.	which	results	in	(∼	P	)	∨	Q:	Love	me	or	leave	me.	We	have	seen	that	when	this	occurs,	no	conclusion	can	be	drawn.	x6	−	6x5	y	+	15x4	y	2	−	20x3	y	3	+	15x2	y	4	−	6xy	5	+	y	6	.	u.	(b)	(f	◦	g)(x).	Let	n	be	an	odd	integer.	Let	A	=	{a,	b}.	MATHEMATICAL	INDUCTION
geometric	sequence:	a	sequence	{an	}	in	which	the	ratio	of	every	two	consecutive	terms	an	and	an+1	is	some	constant	r,	that	is,	an+1	/an	=	r.	g	0	1	1	1	0	1	0	1	1	0	586	CHAPTER	15.	Thus	the	string	(15.1)	is	a	synchronized	sequence	for	s8	,	while	the	string	(15.2)	is	a	synchronized	sequence	for	s1	.	Each	student	has	a	web	page	and	each	web	page	has
a	link	to	exactly	two	web	pages	of	other	students	in	the	class.		Example	3.3	For	the	open	sentence	R(n):	5n	+	3	is	even.	u2	....	It	is	also	known	that	deg	v2	=	5,	deg	vi	<	5	for	i	=	3,	4	and	deg	vi	>	5	for	i	=	5,	6.		In	general,	for	two	nonempty	sets	A	and	B,	there	are	many	functions	from	A	to	B.	Then	m	=	3n	−	6.	Hence	(A	∪	B)	−	(A	∩	B)	⊆	(A	−	B)	∪	(B	−
A).	Since	it	is	irrelevant	which	vertex	of	C	is	the	initial	(and	terminal)	vertex,	we	assume	that	C	is	an	x	−	x	circuit.	There	is	an	addition	for	each	value	of	i	(i	=	2,	3,	.	The	number	of	vertices	to	which	a	vertex	v	is	adjacent	is	the	outdegree	of	v	and	is	denoted	by	od	v	or	od(v).	For	163	5.3.	FUNCTIONS	y	y	.	In	Step	4,	i	is	assigned	the	value	n	+	2.	We
proceed	by	cases.	(3).	Directed	Graphs	Section	15.1	1.	Example	2.7	If	A	=	{a,	b,	c}	and	B	=	{a,	b,	c,	d,	e},	then	A	⊆	B.	81	3.1.	QUANTIFIED	STATEMENTS	Example	3.4	For	the	open	sentences	P	(n):	5n2	−	2	is	odd.	(b)	6,	10,	14,	15,	21	and	35	are	maximal	elements,	while	2,	3,	5	and	7	are	minimal	elements.	For	instance,	in	Example	6.24,	we	are	not
counting	any	arithmetic	operations	or	assignments	done	within	the	algorithm.		For	statements	P	and	Q,	the	implication	P	⇒	Q	is	also	logically	equivalent	to	a	statement	that	does	not	involve	an	implication.	Prove	that	if	x	∈	S,	then	x2	−	4x	+	3	=	0	or	x2	−	4x	+	3	=	3.		There	are	several	relationships	involving	products	of	Fibonacci	numbers.	32	21	.	The
neighbor	clearly	did	not	do	as	he	promised.	Let’s	see	what	Algorithm	6.8	does	when	k	=	10	and	s	:	8,	14,	10,	9.	Definition	1.15	For	two	statements	P	and	Q,	the	conjunction	of	P	and	Q	is	the	statement	P	and	Q	denoted	by	P	∧	Q.	(d)	It	is	necessary	to	do	research	to	be	promoted	to	professor.	•	Exercises	Each	chapter	contains	a	large	number	of
exercises.	r	..............	The	following	example	shows	the	importance	of	the	domain	involved	in	a	quantified	statement.	One	answer	to	this	question	is	that	this	is	the	only	way	to	be	absolutely	certain	that	this	statement	is	true.	Prove	that	1	+	3	+	32	+	·	·	·	+	3n	=	(3n+1	−	1)/2	for	every	positive	integer	n.	(a)	Is	(n	+	2)(n	+	3)/2	even	when	n	=	1?	12.	P	(c)
Proof.	In	Step	7,	j	is	increased	to	3.	Given	that	the	implication	(Q	∨	R)	⇒	(∼	P	)	is	false	and	Q	is	false,	determine	the	truth	values	of	R	and	P	.	Since	3	=	j	≤	n	=	4,	Steps	6	and	7	are	performed.	The	situation	when	each	element	of	A	is	related	to	exactly	one	element	of	B	is	of	great	interest	and	importance.	We	claim,	however,	that	despite	all	of	this,	the
graph	H	of	Figure	14.9	is	nonplanar.	If	(x	−	1)2	≤	0,	then	3x	−	2x2	≥	0.	Since	ac	and	bd	are	integers	and	bd	6=	0,	the	number	rs	is	rational.	s0	s1	s2	s3	s4	s5	f	0	1	s1	s2	s0	s2	s1	s3	s2	s4	s3	s5	s4	s0	g	0	1	0	1	0	1	1	1	1	0	1	0	1	1	5.	Chapter	9:	Advanced	Counting	Methods	Section	9.1	1.	....................	(c)	(1).	If	we	begin	with	an	integer	n,	then	there	seems
to	be	no	way	to	show	that	n2	−	n	is	an	even	integer.	This	concept	is	introduced	in	this	chapter	together	with	the	best	known	class	of	digraphs,	called	tournaments.	A	function	f	:	A	→	B	is	one-to-one	if	whenever	a,	b	∈	A	and	f	(a)	=	f	(b),	then	a	=	b.	Assume,	for	any	k	sets	D1	,	D2	,	.	Example	4.14	Determine	the	first	three	terms	of	the	sequence	{an	},
where	an	=	n3	−	6n2	+	12n	−	6	for	n	∈	N.	Although	P	(x)	is	not	a	statement,	it	is	a	statement	for	each	specific	real	number	x.	Disprove:	For	every	three	sets	A,	B	and	C,	A	∪	(B	−	C)	=	(A	∪	B)	−	(A	∪	C).	Prove	or	disprove	the	following:	If	A	and	B	are	denumerable	sets,	then	|A|	=	|B|.	A−B	..	Since	a1	=	12	,	the	formula	holds	for	n	=	1.	7	RSA	System
249,	267	S	same	cardinality	183	same	parity	99	sample	space	351,	382	Sanders,	Daniel	547	Schickard,	Wilhelm	313	Selberg,	Atle	238	r-selection	297	self-complementary	graph	442	sentence	declarative	7	exclamatory	7	imperative	7	interrogative	7	open	9,	47	sequence	128,	144	arithmetic	129,	143	Fibonacci	132	geometric	129,	144	increasing	218
nondecreasing	218	recursively	defined	130,	144	synchronized	584,	591	sequential	relation	429	set(s)	53,	75	cardinalities	of	54,	75,	183	Cartesian	product	70-71,	75	complement	of	66,	75	countable	188,	191	countably	infinite	188,	191	denumerable	184,	191	difference	of	65,	75	disjoint	64,	75	element	of	53,	75	empty	54,	75	equal	53,	75	intersection	of
62,	64,	75	nonempty	54	pairwise	disjoint	64	partially	ordered	388,	426	667	partition	of	73,	75	power	59,	75	uncountable	188,	192	union	of	62,	64,	75	universal	56,	75	Seymour,	Paul	547	Shamir,	Adi	249	Shannon,	Claude	Elwood	421	simple	graph	440	size	of	a	digraph	560	of	a	graph	433,	483	of	matrix	434,	483	space	complexity	212,	228	spanning
subgraph	437,	483	tree	492,	520	square	matrix	434	star	450,	483	state	diagram	576,	591	digraph	576,	580,	591	table	576,	580,	591	statement(s)	8,	47	biconditional	36,	47	component	18,	47	compound	18,	47	conjunction	of	15,	22,	47	disjunction	of	16,	22,	47	implication	25,	47	logically	equivalent	18,	47	negation	of	14,	47	quantified	80-81,	112	truth
value	of	8,	48	strategy,	proof	90	string	129,	144	binary	129	bit	129,	143	input	578	length	of	129,	144	strong	digraph	562,	591	Principle	of	Mathematical	Induction	138,	141,	144	strongly	connected	digraph	562	subdividing	an	edge	532,	552	subdivision	(of	a	graph)	532,	552	subgraph	437	induced	437,	482	proper	437,	483	spanning	437,	483	weight	of
512,	520	subsequence	230	668	subset	55,	75	proper	55,	75	sufficient	28	necessary	and	36	sum	of	generating	functions	340	of	matrices	434,	483	sum-of-products	expansion	419,	426	surjection	172,	192	surjective	function	172,	192	swap	221	Sylvester,	James	Joseph	281	symmetric	difference	65,	75	relation	149,	192,	388	synchronized	coloring	584,	591
sequence	584,	591	INDEX	dicision	501	depth-first	search	505,	520	diagram	272	minimum	spanning	512,	520	rooted	498,	520	spanning	492,	520	triangle	438,	445,	483	trivial	graph	433,	483	walk	444	true	(truth	value)	8	truth	table	13,	47	value	8,	48	Twelve	Coins	Problem	503,	510,	520	twin	primes	238	Conjecture	238	U	uncountable	set	188,	192	T
underlying	graph	of	a	digraph	562	tautology	40,	47	uniform	terminal	vertex	outdegree	583,	591	of	an	arc	559	probability	function	355,	382	of	a	walk	444	union	Thomas,	Robin	547	of	graphs	461	Three	Houses	and	Three	Utilities	Problem	525,	of	sets	62,	64,	75	552	unique	geodesic	graph	455	time	complexity	212,	228	universal	average	case	214,	228
quantified	statement	80,	112	constant	213,	228	quantifier	79-80,	112	linear	213,	228	set	56,	75	polynomial	213,	228	unity	quadratic	213,	228	of	a	Boolean	algebra	413	worst	case	214,	228	of	a	lattice	407,	426	topological	sorting	396,	426	upper	bound	399,	426	total	order	391,	426	least	403,	426	totally	ordered	poset	391,	426	tournament	567,	591	V
transitive	568,	591	Venn	diagram	56,	75	Trahtman,	Avraham	N.	B	C	Figure	4:	An	internet	directed	graph	The	directed	graph	is	Figure	4	is	now	transformed	into	a	“weighted”	directed	graph	where	each	directed	edge	is	assigned	a	number	(a	“weight”).	The	value	of	i	is	then	increased	by	1	again,	this	time	to	a	+	2	and,	once	again,	the	step	or	steps	are
executed.	Examples	of	Direct	Proof	We	first	illustrate	the	direct	proof	technique	with	examples	involving	real	numbers,	beginning	with	a	direct	proof	of	the	statement	(3.12).	This	proof	technique	is	frequently	employed	in	computer	science.	n	6.	Furthermore,	since	Q	is	false,	he	committed	the	robbery	by	himself.	Then	(k	+	2)(k	+	3)/2	=	2x	for	some
integer	x.	Suppose	that	the	maximum	weight	of	an	edge	of	G	is	k.	This	is	what	we	wanted	to	show.	As	we	are	about	to	see,	this	digraph	is	not	so	unusual	after	all.	The	next	two	formulas	involve	the	sum	of	the	squares	and	the	sum	of	the	cubes	of	the	first	n	positive	integers.	Each	equation	gives	a	plane	in	Rn;	the	planes	intersect	at	x.	Recall	that	we	first
verified	that	ak+1	=	(k	+	1)2	when	k	=	1.	(a)	-	(c)	No.	27.	The	uploader	already	confirmed	that	they	had	the	permission	to	publish	it.	Thus	m	+	n	=	6,	which	is	even.	A	relation	R	is	defined	on	N	×	N	by	(a,	b)	R	(c,	d)	if	a	+	d	=	b	+	c.	Example	1.32	For	real	numbers	x	and	y,	consider	the	following	open	sentence	1.2.	NEGATION,	CONJUNCTION	AND
DISJUNCTION	23	P	(x,	y):	x2	+	(y	2	−	4)2	=	0.	Next,	consider	the	arcs	incident	with	state	s1	.	,	an−1	.		59	2.1.	SETS	AND	SUBSETS	Example	2.14	Give	an	example	of	three	sets	A,	B	and	C	such	that	A	∈	B,	A	⊂	B	and	B	∈	C.	B	A	..........	In	T3	,	(v1	,	v2	,	v3	,	v4	).	If	we	are	using	a	direct	proof,	then	we	would	begin	with	an	arbitrary	element	x	in	S	and
attempt	to	show	that	R(x)	is	true.	If	P	and	Q	are	statements,	then	P	⇔	Q	is	true	only	when	P	and	Q	are	both	true	or	are	both	false.	In	this	case,	f	−1	is	also	bijective.	Thus	the	total	number	of	comparisons	is	n−1	X	(n	−	j)	=	2[1	+	2	+	·	·	·	+	(n	−	1)]	j=1	=	2	n(n	−	1)	=	n2	−	n	=	Θ(n2	).	Thus	N	=	{1,	2,	3,	.	r	...........................	0,	0	............	Determine	χ(H).
Then	n2	is	even	if	and	only	if	n	is	even.	Prove	for	every	positive	integer	n	and	the	Fibonacci	numbers	F1	,	F2	,	.	Prove	for	every	integer	n	that	if	3n	+	5	is	odd,	then	n	is	an	even	integer	using	(a)	a	direct	proof.	This	gives	us	a	detailed	step	by	step	plan	for	solving	the	problem.	Let	D	be	a	digraph	and	for	each	vertex	u	of	D,	let	R(u)	be	the	set	of	vertices
reachable	from	u	and	let	r(u)	=	|R(u)|.	(b)	{−1}.	Therefore,	(A	−	B)	∩	(A	−	C)	⊆	A	−	(B	∪	C).	In	Step	4,	p	is	assigned	the	value	⌊(4	+	4)/2⌋	=	4.	We	now	find	the	largest	number	in	a	list	of	four	numbers	using	the	more	general	Algorithm	6.4.	Example	6.5	Illustrate	Algorithm	6.4	for	the	sequence	s	:	8,	11,	11,	9.	The	directed	path	P	has	length	k.	c	......	(c)
A	∈	B,	B	⊆	C	and	A	6⊆	C.	It	is	essential	that	we	have	an	understanding	of	all	definitions.	(f)	ab	<	0	or	a	+	b	<	0.	qqqqq	..		Although	verifying	that	the	function	in	Example	5.48	is	one-to-one	is	rather	straightforward,	it	may	be	difficult	to	show	that	other	kinds	of	functions	are	one-to-one.	Thus,	we	may	assume	that	G	is	bipartite.	(c)	ci	for	i	=	1,	2,	3,	4.	If
3m	+	7n	is	even,	then	m	and	n	are	both	even.	Since	t	can	be	any	one	of	1,	2,	.	.......r..	Let	S	be	a	nonempty	set	and	let	R	=	S	×	S.	The	state	table	is	shown	below	(where	‘ch’	means	that	two	cherry	cough	drops	are	output	and	‘le’	means	that	two	lemon	cough	drops	are	output).	2.3	Cartesian	Products	of	Sets	We	have	seen	that	new	sets	can	be
constructed	from	two	given	sets	A	and	B	in	a	variety	of	ways.	(a)	Express	the	implication	P	(x)	⇒	Q(x)	in	words.	This	is	equivalent	to	determining	which	graphs	have	a	strong	orientation.	Construct	that	portion	of	the	state	digraph	of	this	finite-state	automaton	that	illustrates	these	pourings.	Consider	the	positive	integer	1.		B	............................	.b	b	....
Hence	f	(y)	=	f	(2w)	+	f	(1)	=	2f	(w)	+	2ℓ	=	2(f	(w)	+	ℓ).	Since	every	v	−	w	path	in	G	contains	u,	it	follows	that	d(v,	w)	>	d(u,	v)	=	k.	y	=	g(x)	...........	52	CHAPTER	1.	existence	proof:	in	an	existence	proof	of	∃x	∈	S,	R(x),	we	show	that	there	is	an	element	a	∈	S	for	which	R(a)	is	true.	(a)	A	=	{1},	B	=	{1,	{1}}.	For	an	integer	n	and	the	open	sentences	P	(n):
3n2	is	even.	Hence	we	may	assume	that	k	≥	2	and	so	k	+	1	≥	3.	Therefore,	xy	=	a	−	b	=	pq	−	b;	so	b	=	pq	−	xy	=	py−xq	qy	.	Robbins	showed,	however,	that	these	conditions	are	all	that	are	needed,	that	is,	these	conditions	are	sufficient	as	well	as	necessary	for	G	to	have	a	strong	orientation.	Q(n):	(n	+	1)(n	−	3)	<	0.	An	existence	statement	can	be
verified,	either	by	giving	an	appropriate	example	or	by	showing	an	appropriate	example	must	exist	even	if	a	specific	example	can’t	be	found.	Repeats	the	previous	step	if	there	are	more	numbers	remaining	on	the	list.	(b)	1/3.	623	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	3.	Observe	that	2k+1	=	2	·	2k	>	2k	=	k	+	k	≥	k	+	1.	(3)	If
Carter	went	to	Las	Vegas,	then	Adams	stayed	in	Los	Angeles.	..................v	...	Partially	Ordered	Sets	and	Boolean	Algebras	11.1.	Partially	Ordered	Sets	11.2.	Lattices	11.3.	Boolean	Algebras	Chapter	Highlights	and	Supplementary	Exercises	197	197	205	212	218	228	231	231	235	240	243	246	250	262	266	271	271	280	286	292	302	308	313	313	324	332
348	351	351	365	375	381	387	387	403	412	424	vii	12.	Thus	b	+	a	=	0	or	b	−	a	=	0.	It	remains	to	verify	the	converse.	rrrbbb	is	not	a	synchronized	sequence	for	any	vertex	of	D.	Chapter	13:	Trees	Section	13.1	1.	(g)	{∅}	∈	{∅}.	Negation	Of	course,	a	new	number	can	(ordinarily)	be	obtained	from	a	given	number	simply	by	taking	the	negative	of	the
given	number.	(a)	A	∩	B.	(g)	1,	4,	7,	10,	.	In	this	case,	the	oriented	graph	D	is	called	an	orientation	of	G.	However,	according	to	the	truth	table	in	Figure	1.9,	its	converse	Q2	⇒	Q1	:	If	Broadway	is	a	street	in	New	York	City,	then	Los	Angeles	is	the	capital	of	California.	y	.................	G2	:	u	r	r	z	r	v	....	First	notice	that	because	the	domain	and	codomain	are
the	same	set	(namely	the	set	R	of	real	numbers),	both	f	◦	g	and	g	◦	f	are	defined	in	this	case.	An	interesting	consequence	of	the	preceding	theorem	is	the	following.	For	an	integer	n,	consider	the	open	sentences	P	(n)	:	2n−1	·	3n	+	2n	·	3n−1	is	even.	Since	a1	=	1	=	21−1	=	20	,	the	formula	holds	for	n	=	1.	Therefore,	χ(G	×	K2	)	=	χ(G).	If	T	is	planar,
then	draw	T	as	a	plane	graph	and	determine	whether	T	is	maximal	planar.	f	−1	◦	f	...	Determine	whether	the	graph	G	in	Figure	14.44	is	planar	or	nonplanar.	15.2	Tournaments	There	are	sporting	events	involving	a	number	of	teams	or	individuals	which	require	every	two	teams	or	individuals	to	compete	against	each	other	exactly	once.	n−1	X	|ai	−
ai+1	|	for	a	sequence	s	:	a1	,	a2	,	.	Let	k	=	max(k	′	,	k	′′	).	Since	3n2	−	n	−	2	=	(3n	+	2)(n	−	1)	=	0	and	n	is	an	integer,	it	follows	that	n	=	1	and	so	2n2	−	n	−	1	=	2	·	12	−	1	−	1	=	0.	Now	there	may	or	may	not	be	a	v1	−	v3	path	in	G	−	v	all	of	whose	vertices	are	colored	1	or	3.	(c)	(w	+	x).	A	certain	man	had	one	pair	of	rabbits	together	in	a	certain
enclosed	place	and	one	wishes	to	know	how	many	are	created	from	the	pair	in	one	year	when	it	is	the	nature	of	them	in	a	single	month	to	bear	a	single	pair	and	in	the	second	month	those	born	to	bear	also.	(b)	{n	∈	N	:	n	∈	Z}.	,	an	of	n	≥	2	Distinct	Numbers.	S	.........	Let’s	summarize	what	is	done	in	a	direct	proof.	Assume	first	that	n	is	odd.	The	Bubble
Sort	Algorithm	The	first	sorting	algorithm	we	present	is	called	the	Bubble	Sort	Algorithm,	so	named	because	when	this	algorithm	is	applied	to	a	list	of	numbers,	given	in	a	column,	the	largest	numbers	successively	flow	to	the	bottom.	(a)	3/8.	.......3	.	Broadway	is	a	street	in	New	York	City.	This	is	true	of	every	strong	tournament.	Construct	the	state
table	for	the	finite-state	machine	whose	state	digraph	is	shown	in	Figure	15.33.	Consider	the	following	table.	u	v	(b)	y	z	r.......	You	may	very	well	have	encountered	complex	numbers	in	your	study	of	mathematics.	Let	m	=	n	=	3.	•	For	every	set	A,	|A|	<	|P(A)|.	In	this	case,	the	man	does	not	pay	the	neighbor	an	additional	$50	and	the	neighbor	does	not
paint	the	dining	room.	Determine	all	complete	bipartite	graphs	Ks,t	that	are	planar,	where	s	≤	t.	f	(x)	=	1	5	1−2x	4	5	+	1+3x	=	P∞		1	n=0	5	·	2n	+	4	5		·	(−1)n	3n	xn	and	an	=	Supplementary	Exercises	for	Chapter	9	1.	(f)	x	∈	{{x},	{{x}}}.	(d)	(f	◦	h)(x).	MATHEMATICAL	INDUCTION	4.	If	X	=	A,	then	f	(X)	=	f	(A)	is	the	range	of	f	.	(c)	The	set	A2	does
not	have	a	least	upper	bound	or	a	greatest	lower	bound.	(b)	Is	f	a	function	from	Z	to	Z	if	f	(n)	=	26.	...............................................4	.	Let	T	be	a	minimum	spanning	tree	of	G.	Let’s	state	this	implication	in	the	various	ways	indicated	in	Figure	1.10.	Let	S	be	the	set	of	positive	even	integers	and	for	an	even	integer	n,	let	P	(n)	:	2n−2	is	an	even	integer.	For
example,	2	4	6	8	=	=	=	=	···.	(2)	The	sentence	above	can	also	be	written	as	follows:	This	summer,	she	is	not	buying	an	iPhone	and	not	buying	an	iPad.	v	t	x	w	......	That	is,	if	x	∈	A	⊕	B,	then	x	∈	A	or	x	∈	B,	where	the	use	of	the	word	“or”	here	is	the	“exclusive	or.”	In	symbols,	x	∈	A	⊕	B	≡	(x	∈	A)	⊕	(x	∈	B),	(2.1)	where	the	first	occurrence	of	⊕	in	(2.1)
denotes	the	symmetric	difference	of	two	sets	and	the	second	occurrence	of	⊕	in	(2.1)	denotes	the	“exclusive	or”	of	two	statements.	Assume,	to	the	contrary,	that	g	=	O(f	).	636	ANSWERS	AND	HINTS	TO	ODD-NUMBERED	EXERCISES	Therefore,	p(E	∩	F	)	=	p(E)	−	p(E)	·	p(F	)	=	p(E)(1	−	p(F	))	=	p(E)	·	p(F	)	and	so	E	and	F	are	independent.	Although
this	is	often	true,	there	are	some	observations	that	will	be	helpful	to	us,	beginning	with	a	simple	one.	−	b|	≥	21	.	Since	the	statement	Q1	is	a	false	statement	and	Q2	is	true,	it	follows	from	the	third	row	of	the	truth	table	in	Figure	1.9	that	Q1	⇒	Q2	is	true.	210.	Perhaps	surprisingly,	for	an	infinite	set	A	it	is	possible	to	have	one-to-one	functions	from	A	to
a	proper	subset	of	A.	Then	the	subgraph	H	with	V	(H)	=	V	(C)	has	a	strong	orientation.	(c)	Q.	We	now	consider	some	finite	sequences.	(e)	{7}.	C,	Cherry	....................	(b)	the	set	B	=	{1,	3,	6}.	(c)	C	=	{{a,	b}}.	G	contains	exactly	one	bridge,	say	e	=	uv.	where	n	is	an	integer,	then	P	(n)	∨	(∼	P	(n)):	n	is	even	or	n	is	odd.	Since	a2	=	7	=	(1	+	1)2	+	3,	it
follows	that	ak+1	=	(k	+	1)2	+	3	when	k	=	1.	If	we	know	the	truth	value	of	each	of	the	following	compound	statements,	would	this	give	us	any	information	about	the	truth	value	of	P	?	Every	year	some	of	Harry’s	friends	give	him	a	birthday	party	and	do	something	that	attempts	to	make	him	think.	while	i	≤	n	do	[provided	i	≤	n,	Steps	3	and	4	are
performed]	begin	3.	Show	that	if	A	and	B	are	disjoint,	then	A	∪	B	is	a	denumerable	set.	Frederick	then	mentioned	this	problem	to	De	Morgan	on	October	23,	1852.	12	5.	SETS	Exercises	for	Section	2.1	1.	(a)	10	\	Ai	.	3	............................................................................................	(d)	If	you	receive	a	speeding	ticket,	then	you	were	driving	over	70	miles	per
hour.	Which	declarative	sentences	are	statements	and	which	statements	are	true?	(a)	Show	that	R	is	an	equivalence	relation.	The	Principle	of	Mathematical	Induction	For	a	fixed	integer	m,	let	S	=	{i	∈	Z	:	i	≥	m}.	For	the	function	f	in	Example	5.27,	f	(a1	)	=	b2	and	so	b2	is	the	image	of	a1	.	Prove	that	1	1·4	+	1	4·7	+	1	7·10	1	(n+1)(n+2)	+	···+	=	n
2n+4	1	(2n−1)(2n+1)	+	···+	for	every	positive	integer	n.	Then	there	is	e	∈	E(G)	−	E(Q),	say	e	=	ui	uj	where	1	≤	i	<	j	and	j	−	i	≥	2.	(c)	If	a	>	b,	then	a2	>	b2	.	Let	(a,	b)	∈	S	×	S.	(d)	the	two	sets	E	=	{1,	2,	3}	and	F	=	{3,	5,	6}.	Since	a2	=	(1	+	1)2	=	4	and	a3	=	(2	+	1)2	=	9,	ak+1	=	(k	+	1)2	when	k	=	1	and	k	=	2.	Then	m	=	2x	and	n	=	2y	+	1	for	integers
x	and	y.	(c)	How	many	circular	tournaments	of	order	4	or	more	are	there?	Assume	that	k	k	>	k!	for	an	arbitrary	integer	k	≥	2.	(a)	Determine	a4	,	a5	and	a6	.	The	graph	G	of	Figure	14.23(a)	illustrates	this	fact	for	k	=	4.	Find	the	domain,	codomain	and	range	of	f	.	Chapter	15	deals	with	directed	graphs,	the	most	studied	class	being	the	tournaments.	(b)
State	∀x	∈	S,	R(x)	and	determine	its	truth	value.	ˆ	A	tournament	T	is	transitive	if	and	only	if	T	has	no	directed	cycles.	25	=	32.	23	............	t	.............	When	the	light	switch	is	pressed,	the	light	in	the	room	turns	on	if	it	was	originally	off	or	turns	off	if	it	was	originally	on.	.}	is	the	set	of	positive	even	integers.	(h)	A	∩	B.	p	:=	ap	4.	r	r	r	r	r	r	B	r	f	B	r	A	4
.................	⋆	s7	Figure	15.28:	The	diagram	modeling	the	road	network	of	a	town	Here	too,	there	are	two	common	methods	used	to	describe	a	finite-state	automaton.	If	statement	(1)	is	true	and	the	individual	gets	a	promotion,	then	we	will	all	go	out	to	dinner.	A	function	f	:	Z	→	Z	is	defined	by	f	(n)	=	5n	+	1.	Let	a	be	a	real	number.	(c)	f	(n)	=	⌊n/2⌋.	s	z	y
s	s	s	s	s	......................................	32.	Let	A	=	{0,	1,	{0,	1}}.	Since	5b	is	an	integer,	5n	+	1	is	odd.	....q.......q.	A	few	comments	about	Result	4.10	and	its	proof	are	in	order.	2	Figure	15.1:	A	digraph	We	now	give	a	formal	definition	of	a	digraph.	With	the	knowledge	he	had	acquired	during	his	travels,	he	wrote	the	book	Liber	Abaci,	in	which	he	introduced
the	decimal	number	system	to	the	Latin-speaking	world.	Therefore,	f	r+7	=	5	r+7	−	7	=	r.	2	Therefore,	4	+	6	+	8	+	·	·	·	+	(2n	+	2)	n	2	=	=	h	(n+1)(n+2)	2	−1	i	n	=	(n	+	1)(n	+	2)	−	2	n	n2	+	3n	=	n	+	3.	One	empty	bottle	has	a	capacity	of	3	ounces	and	a	second	empty	bottle	has	a	capacity	of	1	ounce.	Denote	the	set	of	positive	rational	numbers	by	Q+	.
and	the	statement	∀x	∈	S,	P	(x)	⇒	Q(x):	Let	x	∈	S.	(a)	No.	For	example,	(−2)	|	2	and	2	|	(−2),	but	2	6=	−2.	Prove	by	induction	that	n2	+	n	+	1	is	odd	for	every	nonnegative	integer	n.	Q(n):	4n	+	1	is	even.	We	show	that	there	is	some	element	in	A	whose	image	under	g	◦	f	is	c.	,	vk+1	are	colored	with	1,	2,	.	(b)	Is	it	possible	to	place	coins	on	the
checkerboard,	at	most	one	coin	on	each	square,	so	that	every	black	square	has	an	odd	number	of	coins	on	its	adjacent	squares	and	every	red	square	has	an	even	number	of	coins	on	its	adjacent	squares?	Assume	first	that	a	R	b.	•	The	statement	∃x	∈	S,	R(x)	is	true	if	there	exists	at	least	one	element	x	∈	S	for	which	R(x)	is	true.	Continuing	in	this
fashion,	we	obtain	the	state	table	for	A	given	below.	5,	N	.	Then	3n	+	8	is	odd	if	and	only	if	n	is	odd.	Asr	q	p	√	π	sume	that	2	+	2	+	2	+	·	·	·	+	2	=	2	cos	2k+1	,	where	the	number	2	occurs	k	times	in	the	r	q	p	√	π	,	where	the	expression	on	the	left.	Then	there	exist	positive	constants	C1	and	C2	and	a	positive	integer	k	such	that	C1	g(n)	≤	f	(n)	≤	C2	g(n)
for	every	integer	n	≥	k.	(2).	(a)	If	|a|	=	2,	then	a4	=	16.	METHODS	OF	PROOF	(b)	The	quantified	statement	∀x	∈	S,	R(x):	For	every	x	∈	S,	x2	+	5x	+	4	is	even.	(c)	h	:	R	→	R	is	defined	by	h(x)	=	x2	−	3x	+	1	for	x	∈	R.	Prove	that	an	=	n2	+	3	for	every	positive	integer	n.	Disprove:	For	every	two	sets	A	and	B,	P(A	∪	B)	=	P(A)	∪	P(B).	~	v)	=	k,	then	id	u	≥	k	−
1.	Since	F1	=	1	=	2	−	1	=	F3	−	1,	the	statement	is	true	for	n	=	1.	At	the	end	of	the	day,	Lieutenant	Klumbo	has	learned	the	following:	(1)	If	Adams	went	to	Las	Vegas,	so	did	Benjamin.	First,	give	your	friend	a	statement	whose	truth	value	is	known	to	you.	(k	+	2)(k	+	3)	k+3	+	···+	By	the	Principle	of	Mathematical	Induction,	the	statement	(4.3)	can	be
shown	to	be	true	for	every	positive	integer	n	if	(1)	the	truth	of	the	statement	P	(1)	can	be	established	and	(2)	the	truth	of	the	statement:	Let	k	∈	N.	x	y	.......................	Therefore,	n2	−3n+5	=	(2a)2	−3(2a)+5	=	4a2	−	6a	+	5	=	2(2a2	−	3a	+	2)	+	1.	Q:	a	+	b	>	0.	a	=	(0110111)2,	b	=	(0010101)2,	c	=	(1001100)2	=	76	and	the	resulting	output	string	is
0011001.		Let’s	summarize	then	how	we	can	determine	whether	a	given	graph	is	planar	or	nonplanar.		34	CHAPTER	1.	(b)	If	T	′	is	an	equilateral	triangle,	do	we	know	that	T	′	is	isosceles?	Since	1	1	1	1	+	√	+	√	+	√	√	3	3	3	3	1	2	3	4	=	=	r	1√	1√	1√	1	3	27	3	3	3	4+	9+	16	>	1	+	+	2	3	4	2	8	1	3	2	1	5	3	2	5	1+	·	+	+	·	=1+	+	+	=	2	2	3	4	2	4	3	8	1+	the
inequality	holds	for	n	=	4.	Let	x	and	y	be	real	numbers.		Open	Sentences	Many	sentences	encountered	in	mathematics	contain	variables.	Suppose	that	G	contains	a	vertices	of	degree	2k,	b	vertices	of	degree	2k	+	1	and	c	vertices	of	degree	2k	+	2.	Q:	4	·	3	·	2	·	1	<	52	.	Another	method	is	to	describe	the	steps	using	some	computer	language.	,	an	}.	If	a
set	has	just	a	few	elements,	then	the	set	is	often	described	simply	by	listing	its	elements	between	braces,	separated	by	commas.	Let	f	:	N	→	R+	and	g	:	N	→	R+	be	two	functions	defined	by	f	(n)	=	2n	+	1	and	g(n)	=	n	for	all	n	∈	N.	r	r	r	r	F	2(2)	Figure	25:	The	graphs	H	(2)	,	F	(2)	and	F	2(2)	in	Exercise	41(a)	43.	1·2	2·3	(k	+	1)(k	+	2)	k+2	Observe	that			1
1	1	1	1	1	1	+	+	+	···+	=	+	+	···	+	.	Give	an	example	of	a	finite	set	S	and	a	bijection	f	:	S	→	S	such	that	all	of	the	elements	f	(a),	(f	◦	f	)(a),	f	−1	(a)	are	distinct	for	each	a	∈	S.	LOGIC	(g)	√	n2	is	an	integer.	.......................................................................	Example	5.52	Let	A	=	{1,	2,	3,	4,	5}	and	B	=	{a,	b,	c,	d}.	It	is	likely	that	some	of	Chapter	5	(Relations	and
Functions)	would	be	covered.	2	.....	(e)	R5	=	{(1,	1),	(2,	2),	(3,	3),	(3,	1),	(4,	4)}.	output	s	The	time	complexity	of	this	algorithm	is	Θ(n2	).	Since	G	is	nonempty,	χ(G)	≥	2.	030	...	For	an	integer	n,	consider	the	following	two	open	sentences	P	(n):	2n2	+	3n	+	5	is	even.	Add	a	new	vertex	x	of	degree	2	to	G	and	join	it	to	u	and	v,	calling	the	resulting	graph	H.
12	..	(a)	If	you	do	every	problem	in	this	book,	then	you	will	get	an	A	in	this	course.	For	each	value	of	i	(i	=	1,	2,	.	There	are	problems	in	which	it	is	convenient	to	have	a	solution	consisting	of	an	efficient	step-by-step	set	of	instructions	from	which	a	computer	program	can	be	written.	Assume,	to	the	contrary,	that	6	is	rational.	Therefore,	s0	=	1	and	sn	=
2sn−1	for	n	≥	1.	Result	4.34	A	sequence	a1	,	a2	,	a3	,	.	For	every	set	A,	the	empty	set	∅	is	also	a	subset	of	A.	Typically,	to	establish	that	some	inequality	holds,	we	start	with	one	side	and	work	towards	the	other.	Since	every	two	vertices	of	U	are	adjacent,	this	is	a	contradiction.	Then	g	◦	f	=	{(1,	x),	(2,	x),	(3,	y)},	as	we	obtained	in	Example	5.42.	,	vℓ	are
distinct	and	(vi	,	vi+1	)	∈	E	for	0	≤	i	≤	ℓ	−	1	and	(vℓ	,	v0	)	∈	E.	Model	this	situation	by	a	digraph.	However,	2(−6)	+	3	=	−9	<	0	and	so	(−6)	6	R	3.	(1).	v	...	When	Red	arrives	at	a	bridge,	she	is	required	to	give	the	wolf	there	half	of	the	cakes	she	has	at	that	moment.		The	symbol	at	the	end	of	the	proof	of	Result	3.13	indicates	that	the	proof	is	complete.	∅
Exercise	9	Figure	16:	The	graphs	in	Exercises	3-9	é	ê	11.	Consider	x	=	1/2.	z	:=	a2	3.	(e)	(∼	Q)	∨	P	.	converse	(of	P	⇒	Q):	Q	⇒	P	.	(e)	f	(x)	=	x3	.	Also,	y	=	log2	x	if	and	only	if	x	=	2y	.	,	7}.	This	situation	can	be	modeled	by	a	graph	G	with	V	(G)	=	{c1	,	c2	,	.	Because	y	R	b	and	b	R	a,	it	follows	by	the	transitive	property	that	y	R	a.	Thus	there	are	n	−	1
comparisons	and	the	time	complexity	of	Algorithm	6.4	is	n	−	1.	It	then	follows	by	the	Principle	of	Mathematical	Induction	that	an	=	2n+1	−	1	for	every	positive	integer	n.	(a)	{3,	4}.	•	If	G	is	a	planar	graph	of	order	n	≥	3	and	size	m,	then	m	≤	3n	−	6.	We	first	show	that	if	n	is	odd,	then	7	−	n	is	even.	Therefore,	ak+1	=	2k	for	every	positive	integer	k.
Assume,	for	an	integer	k	with	1	≤	k	<	n,	that	each	of	the	vertices	v1	,	v2	,	.	143	CHAPTER	4	HIGHLIGHTS	8.	Then	x	∈	A	∪	B	and	x	∈	/	A	∩	B.	(c)	1,	3,	5,	7,	.	Find	an	expression	for	the	nth	term	an	,	where	n	∈	N,	of	a	sequence	whose	first	four	terms	are	(a)	1,	−1,	1,	−1,	.	Output:	x	=	max(a,	b,	c,	d)	1.	So	the	image	of	every	real	number	under	the
absolute	value	function	is	a	nonnegative	real	number.	1...............	Prove	that	if	f	=	Θ(g)	and	g	=	Θ(h),	then	f	=	Θ(h).	The	number	of	pairs	of	rabbits	born	at	that	time	equals	the	number	of	pairs	of	adult	rabbits	there	are	at	the	beginning	of	Month	#(n	−	1).	For	a	statement	P	,	a	while	loop	has	the	following	appearance,	according	to	whether	there	is	a
single	step	to	perform	within	the	loop	or	two	or	more	steps.	A	B	...........................	x	y	z	q	......	Corollary	4.36	For	every	positive	integer	n,	Fn	≤	2n	.	S	.................	(In	English	usage,	we	often	say	or	write	“P	and/or	Q.”)	This	is	how	the	disjunction	P	∨	Q	is	to	be	interpreted.	Let	u	and	v	be	two	vertices	in	a	tournament	T	.	The	domain	of	f	is	A,	the	codomain
of	f	is	B	and	the	range	of	f	is	f	(A)	=	{a,	b,	d}.	Assume	that	c	is	an	odd	integer	such	that	f	(c)	is	even.	While	f	=	O(g)	for	the	functions	f	and	g	defined	in	Examples	6.14	and	6.15,	g	6=	O(f	).	are	true	if	we	can	show	that	P	(1)	is	true	and	prove	the	following:	Let	k	∈	N.	That	is,	A	=	{x	∈	U	:	x	∈	/	A}	=	U	−	A.	Ten	juniors	from	high	school	were	given	the
opportunity	to	visit	a	nearby	university	with	the	possibility	of	attending	that	university	in	the	future.	Therefore,	there	are	21	possible	scores	on	each	quiz,	namely,	0,	1,	2,	.	Perhaps	you’ve	been	saving	money	to	buy	a	new	car	and	you’ve	decided	to	buy	a	Ford	or	a	Toyota.	Output:	x	=	i=1	1.	Because	K3,3	is	bipartite,	it	contains	no	odd	cycles	and	so	the
boundary	of	every	region	contains	at	least	four	edges.	We	use	mathematical	induction.	v	...........	r	r	r	r	r	r	r	r	r	f	......	So	m	=	n	=	1.	Then	2a	=	2b	and	so	a	=	b.	Let’s	illustrate	this	in	the	following	example.	•	Examples	This	textbook	contains	a	large	number	of	examples	that	illustrate	the	concepts,	theorems	and	various	methods	introduced.	r	r	D	r	r	C	r	5
r	(c)	C	⊆	D	F	E	.............................	This	implies	that	A1	=	A2	,	which	is	a	contradiction.	s	s	s	s	s	Figure	2.5:	A	Venn	diagram	for	the	sets	C	and	D	in	Example	2.21	Figure	2.5	shows	a	Venn	diagram	for	C	and	D.	0	0	0	1	......	One	of	the	most	famous	problems	in	graph	theory	(in	fact,	in	mathematics)	was	the	Four	Color	Problem.	To	verify	that	Y	⊆	X,	we
show	that	a	general	element	y	belonging	to	Y	must	also	belong	to	X.	We	show	that	1	+	2	+	3	+	·	·	·	+	(k	+	1)	=	(k	+	1)(k	+	2)	.	A	relation	R	is	defined	on	N	by	a	R	b	if	b	=	an	for	some	n	∈	N.	In	Step	4,	i	is	increased	to	2.	This	situation	can	be	modeled	by	a	graph	whose	chromatic	number	equals	to	the	minimum	number	of	time	periods	needed.	(b)	The
output	is	1101100.	f	....	(c)	P	(August).	The	relation	R	is	not	reflexive	since	(4,	4)	∈	/	R.	As	always,	we	begin	a	direct	proof	with	an	assumption.	(b)	χ(G)	≥	4.	That	is,	our	interest	in	statements	is	greatly	influenced	by	the	ways	statements	can	be	combined	to	produce	new	statements.	(b)	Give	an	example	of	a	nonplanar	graph	where	no	vertex	of	G	has
degree	4	or	more.	(a)	Determine	an	for	3	≤	n	≤	9.	Within	the	proof,	we	assumed	that	1	+	2	+	3	+	·	·	·	+	k	=	k(k	+	1)/2	for	a	positive	integer	k	and	we	wanted	to	show	that	120	CHAPTER	4.	Prove	that	there	is	an	orientation	of	G	in	which	no	directed	path	has	length	2	if	and	only	if	G	is	bipartite.	Perhaps	the	best	known	and	most	useful	of	these	is	called
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PRESS,	INC.	The	u	−	vj	subpath	P	′	of	P	together	with	the	edge	uvj	produces	a	cycle	of	length	at	least	δ	+	1.	state	each	of	the	following	in	words:	(a)	P	⇒	Q	using	the	phrase	“only	if.”	(b)	P	⇒	Q	using	the	word	“sufficient.”	(c)	P	⇒	Q	using	the	word	“necessary.”	(d)	∼	(P	⇒	Q).	(d)	p(X	=	0)	=	1/2,	p(X	=	1)	=	1/2.	(d)	P	∨	(∼	Q).		ad	=	bc	if	and	only	if	Result	to
Prove:	A	relation	R	is	defined	on	Z	by	a	R	b	if	a	+	b	is	even.	Such	an	element	is	said	to	disprove	the	statement.	Suppose	that	M	is	a	finite-state	machine	with	S	=	{s0	,	s1	,	s2	,	s3	}	and	I	=	O	=	{0,	1},	where	the	values	of	the	next-state	function	f	and	output	function	g	are	given	in	the	state	table	below.	What	is	the	minimum	number	of	channels	that	can
be	assigned	to	the	ten	radio	stations.	Q(n):	n3	is	even.	•	The	Strong	Principle	of	Mathematical	Induction	The	statement	∀n	∈	N,	P	(n)	:	for	every	positive	integer	n,	P	(n).	We	now	consider	two	additional	examples	of	equivalence	relations	and	the	equivalence	classes	resulting	from	them.	.............................		r	r	A	r	r	r	B	r	r	Figure	5.1:	Representation	of
the	relation	in	Example	5.5	One	type	of	a	relation	that	we	will	encounter	often	is	defined	from	some	set	to	the	same	set.	Output:	a	maximal	element	y	of	(S,	).	At	the	beginning	of	Month	#4,	the	adult	rabbits	bear	another	pair	of	rabbits	(a	new	juvenile	pair)	and	the	previous	juvenile	pair	becomes	an	adult	pair.	12	.	contradiction,	proof	by:	to	verify	a
statement	R	using	a	proof	by	contradiction,	we	assume	that	R	is	false	and,	from	this,	produce	a	contradiction;	to	verify	a	statement	∀x	∈	S,	P	(x)	⇒	Q(x)	using	a	proof	by	contradiction,	we	assume	there	exists	x	∈	S	such	that	P	(x)	is	true	and	Q(x)	is	false	and	then	produce	a	contradiction	from	this.		84	CHAPTER	3.	(c)	(Distributive	Laws)	A	∩	(B	∪	C)	=	(A
∩	B)	∪	(A	∩	C)	and	A	∪	(B	∩	C)	=	(A	∪	B)	∩	(A	∪	C).	Therefore,	the	set	S	=	{x,	y,	z}	that	we	encountered	earlier	has	cardinality	3	and	so	|S|	=	3.	Figure	15.17:	Transitive	tournaments	of	orders	3,	4,	5	Theorem	15.11	A	tournament	T	is	transitive	if	and	only	if	no	two	vertices	of	T	have	the	same	outdegree.	Suppose	that	there	is	a	coloring	of	the	arcs	of	a
digraph	D	and	that	s	is	a	sequence	of	colors	such	that	when	s	is	applied	to	every	vertex	u	of	D,	we	arrive	at	a	directed	u	−	v	walk	for	a	fixed	vertex	v	of	D,	except	for	one	vertex	x	of	D,	where	applying	s	to	x	results	in	a	directed	x	−	y	walk,	where	y	∈	V	(D)	−	{x,	v}.	In	this	section	we	will	see	how	to	construct	statements	from	open	sentences	with	the	aid
of	these	quantifiers.	Since	no	vertex	adjacent	to	v	is	colored	1,	the	vertex	v	may	now	be	colored	1,	which	produces	a	5-coloring	of	G	and	so	χ(G)	≤	5.	P3	=	{{a},	{d},	{b,	c}}.	So	3x	−	7y	=	2k	and	3y	−	7z	=	2ℓ,	where	k,	ℓ	∈	Z.	...........................................................................................................................................	Therefore,	s0	=	1,	s1	=	2	and	s2	=	4.	As
we	saw	in	the	proof	of	Result	3.20,	the	argument	goes	quite	simply	after	that.	Definition	5.8	Let	R	be	a	relation	defined	on	a	nonempty	set	S.	For	statements	P	and	Q,	determine	whether	the	compound	statement	43	1.6.	SOME	APPLICATIONS	OF	LOGIC	(P	∧	Q)	⇔	((∼	P	)	∨	(∼	Q))	is	a	tautology,	a	contradiction	or	neither.	Another	quarter	is	then
deposited.	A	sentence	that	is	interrogative,	imperative	or	exclamatory	does	not	have	a	truth	value;	thus	none	of	these	kinds	of	sentences	are	statements.	A	digraph	D	is	periodic	if	there	is	a	partition	{V1	,	V2	,	.	For	example,	every	finite	nonempty	set	of	real	numbers	and	N	have	a	least	element,	while	Z	and	the	open	interval	(0,	1)	of	real	numbers	do
not	have	a	least	element.	(T)	5.	Result	to	Prove:	A	relation	R	is	defined	on	Z	by	a	R	b	if	3a−	7b	is	even.	Then	we	must	show	that	2(k	+	1)	=	0	where	k	=	0.	By	Corollary	5.65,	the	composition	g	◦	f	:	A	→	C	is	also	bijective	and	so,	by	definition,	|A|	=	|C|.	4.2	Additional	Examples	of	Induction	Proofs	In	the	preceding	section,	all	of	the	results	concerned
establishing	formulas	for	sums	of	numbers.	Example	6.35	Determine	the	worst	case	time	complexity	of	the	Binary	Search	Algorithm.	The	league	is	to	be	divided	into	a	certain	number	of	divisions.	Also,	(4,	1)	∈	R	and	(1,	4)	∈	R	but	(4,	4)	∈	/	R.	(c)	Getting	a	tax	refund	is	sufficient	to	make	me	happy.	or	as	If	n	is	an	odd	integer,	then	5n	+	3	is	even.	Since
there	are	2k	subsets	of	B,	there	are	2k	sets	C	∪	{ak+1	},	where	C	⊆	B.	(h)	Tuition	will	decrease	next	year.	1,	0..........	If	a	coin	is	flipped	three	times,	there	are	8	=	23	possibilities:	HHH	HHT	HTH	HTT	THH	THT	TTH	TTT.	output	x	(b)	In	this	case	a	=	8,	b	=	6,	c	=	4.	(d)	D	=	{1,	{1},	{1,	2}}.	(a)	Observe	that	S	is	a	subset	of	itself.	Assume	that	x	is	odd.
Since	2	·	0	=	0,	the	statement	is	true	for	n	=	0.	Let	D′	=	D	−	E(C)	be	the	spanning	subdigraph	of	D	whose	arcs	are	those	not	belonging	to	C.	Since	(x	−	2)2	≥	0,	it	follows	that	(x	−	2)2	−	3	≥	0	−	3	=	−3	and	so	f	(x)	≥	−3.	These	observations	are	summarized	in	the	theorem	below.	Quite	possibly,	some	of	these	algorithms	are	better	than	others.	(a)	a4	=
a3	−	a2	+	a1	+	2(8	−	3)	=	9	−	4	+	1	+	10	=	16,	a5	=	25	and	a6	=	36.	ALGORITHMS	AND	COMPLEXITY	Dividing	the	inequality	n2	≤	Cn	by	n,	we	have	that	n	≤	C	for	all	n	≥	k.	3	3	Thus	f	=	Θ(g),	where	C1	=	13	,	C2	=	2	3	and	k	=	3	in	the	definition.	Determine	the	state	table	for	the	finite-state	automaton	whose	state	digraph	is	shown	in	Figure	15.37.
Actually,	for	every	two	finite	sets	A	and	B,	|A	×	B|	=	|A|	·	|B|	=	|B|	·	|A|	=	|B	×	A|.	Thus,	the	function	f	in	Result	5.59	is	a	permutation	on	R+	,	while	the	function	φ	in	Example	5.62	is	a	permutation	on	R.	552	CHAPTER	14.	image,	b	is	an	image	of	a	under	f	:	b	=	f	(a).	6	................................................	(a)	1	∈	A.	Q:	I	will	renew	my	lease.	(b)	a	function	g	:	A
→	B	that	is	onto	but	where	g(a)	=	g(b).	However	running	a	program	that	implements	an	algorithm	to	solve	the	problem	on	a	different	(faster)	computer	or	with	different	(improved)	software	typically	results	in	a	time	improvement	that	is	a	constant	multiple	of	the	earlier	time	used	and	depends	little	on	n.	Assume	the	following:	For	a	nonnegative
integer	k,	the	power	set	of	every	set	with	k	elements	has	2k	elements.	Partially	ordered	sets	are	discussed	in	Chapter	11.	{b}	.......................	(b)	The	function	f	is	not	onto	since,	for	example,	there	is	no	integer	n	such	that	f	(n)	=	0.	2	the	formula	holds	for	n	=	1.	(d)	X	R4	Y	if	|X	∩	Y	|	=	1.	Example	4.22	For	a	fixed	positive	real	number	a	and	a
nonnegative	integer	n,	the	nth	power	of	a	is	ordinarily	defined	by		1	if	n	=	0	an	=	a	·	a	·	·	·	a	(n	factors	a)	if	n	∈	N.	Note	that	ak+1	=	3ak	+	3k	=	3(k3k−1	)	+	3k	=	k3k	+	3k	=	(k	+	1)3k	.	Since	we	are	proving	this	statement	by	contradiction,	we	begin	by	assuming	that	the	statement	is	false.	Example	1.19	For	an	integer	n,	consider	the	two	open
sentences	P	(n):	n3	+	2n	is	even.	Show	that	(P	∧	(P	⇒	Q))	⇒	Q	is	a	tautology.	(b)	The	function	f	is	onto.	Next	show	that	2k+1	>	(k	+	1)2	.	Since	0	is	not	related	to	1	and	1	is	not	related	to	3,	we	can	also	indicate	this	by	writing	0	6	R	1	and	1	6	R	3.	Therefore,	mn2	=	=	(2a	+	1)(2b	+	1)2	=	(2a	+	1)(4b2	+	4b	+	1)	8ab2	+	8ab	+	2a	+	4b2	+	4b	+	1	=	2(4ab2
+	4ab	+	a	+	2b2	+	2b)	+	1.	What	the	Binary	Search	Algorithm	does	to	the	sequence	s	is	shown	in	Figure	6.5.		a=1	a1	a2	a3	a4	a5	a6	a7	a8	a9	a10	k	=	20	b	=	10	3	7	8	11	12	15	16	18	20	22	n	=	10	...	In	1970	Benjamin	Weiss	and	Roy	Adler	conjectured	that	every	strong	aperiodic	digraph	with	uniform	outdegree	has	a	synchronized	coloring.		For	a	set	A
containing	elements	that	are	also	sets,	it	can	occasionally	be	confusing	whether	a	given	element	belongs	to	A	or	whether	a	given	set	is	a	subset	of	A.	Consequently,	g	is	not	onto.	As	a	consequence	of	Theorem	5.23,	we	have	the	following	corollary.	Let	S	denote	the	set	of	odd	integers	and	consider	the	open	sentences	P	(n):	n2	+	1	is	even.	State	the
negation	of	the	quantified	statement	below.	v	u........	(c)	Investigate	the	truth	values	of	P	(n)∧Q(n),	P	(n)∨Q(n)	and	P	(n)⊕Q(n)	for	various	integers	n.	√	√2	Case	2.	Prove	or	disprove:	If	G	is	a	graph	with	an	odd	cycle	for	which	there	exists	a	3-coloring,	then	χ(G)	=	3.	Eleven	cities,	denoted	by	c1	,	c2	,	.	If	a	set	is	described	by	listing	its	elements,	then	the
order	in	which	the	elements	are	listed	does	not	matter.	(e)	reflexive,	transitive.	Let	E	denote	the	set	of	even	integers	and	O	the	set	of	odd	integers.	Prove	for	any	n	≥	2	sets	A1	,	A2	,	.	For	the	converse,	assume	that	7	−	n	is	even	and	so	7	−	n	=	2ℓ	for	some	integer	ℓ.	(c)	What	information	do	(a)	and	(b)	provide?	Time	will	not	permit	your	instructor	to
prove	all	theorems	in	class	but,	especially	if	your	instructor	emphasizes	proofs	in	class,	it	is	a	good	idea	to	read	the	proofs	of	any	theorems	discussed	in	class.	Let’s	see	how	the	Principle	of	Mathematical	Induction	works	in	practice.
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